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a + b + c = 1
P*dBCE-8W*6j\Y/*<H\

(1 + a)(1 + b)(1 + c) ≥ 8(1 − a)(1 − b)(1 − c)
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(a + b)(a + c)
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¹?68DBKY62P
1 + a ≥ 2

√

(1 − c)(1 − b)
e � � �

48139A1:U:<7C[U�;�P
1 + b ≥ 2

√

(1 − a)(1 − c)
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<7DB^
1 + c ≥ 2

√

(1 − b)(1 − a)
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(a, b)
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P�=Q/'68CE6
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13D2\E67p868CQ.0-2UVc*\E1Z-*D'.XP

a
<�DB^

b − 2
9AcB.Y\�@'6 h <�KE\E-*C[.�- h
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P
b
P7<7DB^
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HA = x
P

HB = y
<�DB^

HC = z
ew4813DBK]6

HA ⊥ HB
P
HB ⊥ HC

P*<�DB^
HC ⊥ HA

P�=Q6
/*<HW*6

x2 + y2 = c2 P
y2 + z2 = a2 P
z2 + x2 = b2 e

47-2U�W213DBp�\Y/'6T.[;'.]\]689
P7=Q6?-'@�\E<813D

x2 =
−a2 + b2 + c2

2

P
y2 =

a2 − b2 + c2

2

P
z2 =

a2 + b2 − c2

2

e
¹?68DBKY62P 4ABC
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HABC
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1
3
[ABC]h = 1

3
[HAB] · HC

P
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h =
xyz

2[ABC]
=

√

2(−a2 + b2 + c2)(a2 − b2 + c2)(a2 + b2 − c2)

8
√

s(s − a)(s − b)(s − c)

P

=Q/'6�CE6
s = 1

2
(a + b + c)
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= 217
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<�DB^
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P*1 h
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i
⌋

= j
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∑
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√
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√
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√
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√
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√
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y(x − 1) ≥ 3(x − 1) ≥ 2x
e o <�C¤.Yc'1V\E6b�

xyz + 3xy > xyz = yz + (x − 1)yz ≥ yz + 2xz
P

T*c'1kK]-*D2\]CE67^21V\�� � �reL�m-*DBK
x < 3

-2c
y < 3

e
48cBdBdB-*.0-*D'.�^k� <�@'-*CE^�T2c�6

y ≥ 3
e�u U3-*C[.

x = 1
-2c

x = 2
e

481
x = 2

P�-*DbW*6Hc*\�C]U68.0-2c�^*CE6
yz + 4z = 2yz + 6y

P�-2c
yz + 6y = 4z

e�m-*DBK
(y − 4)(z + 6) = −24

e'½mC
y − 4 ≥ −1

6X\
z + 6 ≥ 7

P*^'-*DBK
y − 4 = −16H\

z +6 = 24
e2§k68U:<jKY-*DB^2c'1V\��<

(x, y, z) = (2, 3, 18)
P�T*c'1'6�.]\w6]¢�6�KE\E1�W*689b68D2\�cBDB6

.0-2UVc*\E1Z-*D�e
481

x = 1
P -*D�W*68c*\�C]U6�.r-2c�^'CE6

2z = 3y
P KY6¨T2c'1�KY-*DB^2c'1V\�^*1:CE67KE\E6�9S6�D2\��<

(x, y, z) = (1, 2a, 3a)
-��c

a ≥ 2
�¯KE<7C

y ≥ 3
�¤68.Y\¤cBD>6�D2\E136�Cse ��U67K]1:dBCE-4T2c�6�9S6�D2\0P

-*D�W	U68CE1V¥�6 h <�K]1VUZ689b68D2\�T2c�6QKY68.�\]C[13d*UZ6X\E.m.r-*D2\�@21Z68DS.r-2U:c*\E13-*D'.�e
481

y = 2
PsU���U6>T2cB<8\E13-*D?^'60W*136�D2\

3x = z
P8^�� -.�cjUZ68.k\]CE1:d'U36H\[.�.r-2U:c*\E13-*D'.

(b, 2, 3b)-.�c
b > 0

6�.]\�cBD�68D2\E1Z68C��ZDB-�\E-*D'.sT*c�6�U�� -*D?C]U6�K]cBd��68CE6 U36�KE<7.
a = 1

d�-2cBC�U36�.�\]C[13d*UZ6X\E.
^*cSdB<�C[<�pHC[<�d�/'6?dBC]U67K\U6�^B68D2\i�re

481
y = 1

PsU����6>T2cB<8\E13-*D?^'60W*136�D2\
3x = z+xz

PHKs� 6�.]\��<�^213CE6
(x+1)(3−z) = 3

P
<HW*6�K

x+1 ≥ 2
e�§�6HU3< K]-*DB^*c'1�\I�<

x+1 = 3
6X\

3−z = 1
�XKs� 68.Y\��< ^*1:CE6*P

x = z = 2
e

��U6�K]13d'CE-4T*c�689b68D2\0P*UZ6�\]CE1:d'U36H\
(2, 1, 2)

68.Y\¤@*136�D�.r-2U:c*\E13-*D�e§�1:D'<�U36�9S6�D2\0P?UZ68.5.0-2UVc*\E1Z-*D'.5.r-*D2\�UZ68.J\]CE1:d'U36H\[.�^'6�U3< h -*C]9S6
(1, 2a, 3a)

P
(a, 2, 3a)

-.�c
a > 0

6�.]\ cBDb68D2\E1Z68C0P*<813D'.Y1�T*c�6
(2, 1, 2)

6X\
(2, 3, 18)

e
� ew�3<H�MW�c�6HU:U36�.?.0-*D2\�\E-2c*\]68.?UZ68.jW2<8UZ6HcBC[.QdBC[13.r6�.?dB<�C�UZ6bCE68.Y\E6>�3dB<�C?^	U6 h <8c*\i��^'6SU3<
^*1 W*1:.L13-*DS^'6

a3 dB<�C 7 U3-*C[.'T2c�6 a
68.Y\ cBDS68D2\E1Z68C¤D'<H\EcBCE68U^T2c�68U3KY-*DiT2c�6 º

�Z@�� ��6�.�6�D2\E136�C[. D'<8\EcBCE6HU3.
a
P
b
6H\

c
.0-*D2\¤\E68U:.DT2c�6

a3 + b3 + c3 6�.]\�^*1 W*1:.L13@*U36dB<�C
7
eiW�c�6�W2<�c*\¤<8UZ-*C[.�U36?CE68.Y\E6?^B6TU:<Q^*1 W*1:.L13-*DS^'6

a · b · c
d'<7C

7
º
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a
9S-'^*c'U3-

7
P2K]68UVUZ6

^B6
a3 68.Y\ CE6�.Ld�6�KE\E1�W*689b68D2\D�

a ≡ 0
P

1
P

2
P

3
P

4
P

5
P

6

a3 ≡ 0
P

1
P

1
P

6
P

1
P

6
P

6
e

�¯@7����� <7d'C]�68.?UZ6A\E<7@*U36�<8c5K]13¦r^'6�.L.LcB.XP�-*DJKY-*D'.]\E<H\]6©T2c�6b.L1
a3 + b3 + c3 6�.]\^*1 W*1:.L13@*U36�d'<7C

7
P�Ks� 68.Y\�T2c�6�9b-'^2c'UZ-

7
P�-*D�<

(a, b, c) ≡ (0, 0, 0)
-2c

(0, 1, 6)�v�<?U�� -*CE^*CE6?d'C]�68.]�Le*��<�D'.�UZ68.�^B6Hc�xlKE<7.XP'-*D�<
abc ≡ 0 (mod 7)

e

S 6Yx�\�=Q6AUZ-'-'Gb<H\�.0-2UVc*\E1Z-*D'.�\]-
d'CE-'@*U36�9�.Q- h \Y/'6RIF<Xx�1 §�1:D'<�U36b- h \Y/'6 �7_X`Va
½�U�;*9Sd*13<7^B6lIF<8\Y/*U689S<H\E1[T2c�6 ��68U3p86*P*pX1�W*68D � � O7O8��� �7_7� 	2e
� e U£�\[<7D2\�^'-*D'D�U6 cBDqCE67KE\[<7DBpXU36

ABCD
P�^	U6H\E6�CE9�1:DB6�C�^'68c�x�d�-21:D2\E.

K
6H\

LCE6�.Ld�6�KE\E1�W*689b68D2\ .LcBC
[BC]

6H\�.LcBC
[CD]

\E68U:.ZT2c�6lU36�.�\]CE1:<7DBpXU36�.
ABK

P
AKL

6X\
ADL

<81Z68D2\ U3<?9 ¤6�9S6?<813CE6'e
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A B

CD

K

L

n

m

y

m − y

n − xx

u¤.r.YcB9b6
[ABK] = [AKL] = [ADL]

e ��6H\
AD = m

P
AB = n

P
DL = x

P*<�DB^
BK = y

e�,�/'6�D
[ADL] = 1

2
mx

P
[ABK] = 1

2
ny
P'<�DB^

[AKL] = mn − 1
2
mx − 1

2
ny − 1

2
(m − y)(n − x) = 1

2
mn − 1

2
xy
e

§2CE-*9
[ABK] = [ADL]

=Q6R-'@�\E<813D
mx = ny

��\Y/*<8\j1:.HP x

n
=

y

m
= t

Pw.r<X;�e
4813DBK]6

[ABK] = [AKL]
P21�\ h -2U:U3-7=?. \Y/*<H\

ny = mn − xy
e o c*\[\E1:DBp

x = nt
<7DB^

y = mt
P7=Q6T.06�6?6�<�.L1VU�;�\Y/*<H\

t2 + t − 1 = 0
e¤¹?68DBKY62P

t = 1
2

(√
5 − 1

) e
§�-*D�W*68C[.06HU�;�P 1 h

t = 1
2

(√
5 − 1

) P 1�\l13.S<F.L1:9Sd*UZ6�9S<H\[\]68C�\]-FW*6�C[1 h ;#\Y/*<H\
[ABK] = [AKL] = [ADL]

e�,�/2cB.HP \Y/'6RdB-213D2\[.
K
<�DB^

L
<�CE6N^'6H\E6�CE9�1:DB67^

@�;l\Y/'6QK]-*DB^*1�\E1Z-*D'.
BK

BC
=

DL

DC
=

√
5 − 1

2

e
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� eB,BCE-2c2W*6�C¤\E-2c*\]68. U36�. .r-2U:c*\E13-*D'.�^*c>.[;'.]\\�6�9S6Q.Lc'1 W2<7D2\�^�� 1:DBKY-*D'D*c�68.�C]U676HUZ68.
x
P
y
P

u
6X\

v
e

x2 + y2 = 1
P

u2 + v2 = 1
P xu + yv = 1

P
xu − yv = 1

2

e
�*9�/6 #&%G' )�+&, B ��	 � � % £ +N� + � %7% �/; � # ' � �N;�1-,3+ � 	�� � � # � �/, ��£ � % � �N6�¤�� ;�> #&% %-@��A �
B # ���ED # , � � 	GF&;�H&+JI/+ % ; K > � �:�[� ��� , , �:£ # ,��N6uª/�
� � �$;*B + �76 # �$6
0 H&+ � �G���/;*1:,G+���	 �:L
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47-21V\
x
P
y
P
u
P
v
^'6�.mC]U676HU3.¤\E68U:.�T2c�6

x2 + y2 = 1
� � �

u2 + v2 = 1
� � �

xu + yv = 1
��Ms�

xu − yv = 1
2

e �:���
��6�.�U6>T2cB<8\E13-*D'.�� � �w6H\�� � �¢.r-*D2\mU6>T2c'1�W2<8UZ68D2\]68.��<

x = cos θ
P

y = sin θ
P

u = cos α
P

v = sin α
P

-.Uc
θ
P
α ∈ [0, 2π)

e
�2��U6¥T*cB<H\E1Z-*D���Ms�k.H��U67KYC[1V\�<8UZ-*C[.

cos(θ −α) = 1
�8Ks� 68.Y\��<�^*1:CE6*P

θ = α
�3d'c'1:.'T2c�6

−2π < θ − α < 2π
�e�*Ks� 6�.]\m�<Q^*1:CE6*P

x = u
6H\

y = v
e

IF<�1:.�<8UZ-*C[.XP2U���U6>T2cB<8\E13-*Db�V�7�¢.H��U67KYC[1V\M�
x2 − y2 = 1

2

e �u5U�� <�13^B6Q^'6Q� � �YP*1VU'W21Z68D2\
^*1:CE67KE\E6�9S6�D2\

x2 = 3
4

6X\
y2 = 1

4

e§�1:D'<�U36�9S6�D2\0P2U36�.�T2cB<�^*CEcBd*UZ6X\E.
(x, y, u, v)

.r-2U:c*\E13-*D'.m.0-*D2\��
(√

3

2
,

1

2
,

√
3

2
,

1

2

) P (√
3

2
, −1

2
,

√
3

2
, −1

2

) P
(

−
√

3

2
,

1

2
, −

√
3

2
,

1

2

) P (

−
√

3

2
, −1

2
, −

√
3

2
, −1

2

) e

� e���6�.�68D2\E1Z68C[.
a0
P
a1
P
a2
P
. . .
P
a100

.L<8\E1:. h -*D2\ <8c�xlK]-*DB^*1�\E1Z-*D'.m.Lc'1 W2<7D2\E6�.Z�
a1 > a0 ≥ 0

P
ak+2 = 3ak+1 − 2ak (

d�-2cBC
k = 0

P
1
P
2
P
. . .
P
98)

e
§�-*9�dB<�CE6�C¤U36�.mDB-*9b@*CE6�.

a100
6X\

299 e�47-*D2\Y¦]1:U:.�U67pH<8c�x¤º?�2� cBDb6�.]\Y¦Y1VUB\E-2c2¾�-2cBC[. d*U:cB.pHC[<7DB^JT*c�6jU�� <�c*\]CE6 º 481�-2c'1�P�UZ6¥T*c�6HUHº
�*9�/6 #&%G' )�+&, B ��	 � � % £ +N� + � %7% �/; � # ' � �N;�1-,3+ � 	�� � � # � �/, ��£ � % � �N6�¤�� ;�> #&% %-@��A �
B # ���ED # , � � 	GF&;�H&+JI/+ % ; K > � �:�[� ��� , , �:£ # ,��N6uª/�
� � �$;*B + �76 # �$6
0 H&+ � �G���/;*1:,G+���	 �:L
¡ # ' 6 )�, 9�/6 � ��� # �$6 % + 6 #&%G' � � # ��)�+-,�£ # ,��$6�ª/��� � � L

½mD�W2<Qd'CE-2c2W*6�C�T2c�6
a100 > 299 eS -�\E-*D'.Q\E-2c*\�^�� <7@B-*CE^_T*c�6Rd'c'1:.'T2c�6

a0
6H\

a1
.0-*D2\Q68D2\E1Z68C[.HP�U3<
KY-*DB^21V\E13-*D

a1 − a0 > 0
^'-*D'DB6

a1 − a0 ≥ 1
e	�m6

ak+2 = 2ak+1 − 2ak
P�-*D>^	U6�^*c'1�\�T2c�� 1VU
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6Lx�13.]\]6
^'68c�x�KY-*D'.]\E<�D2\]68.
λ
6H\

µ
\]6HU:U36�.�T2c�6*PwdB-2cBC

k = 0
P
1
P

. . .
P
100

P¤-*DF<�1�\
ak = λ · 1k + µ · 2k e�£2DAc*\E1VU:1:.r<�D2\�K]6H\[\E6TCE68U:<8\E13-*D�dB-2cBC k = 0

6H\
k = 1

P�1:U*W21Z68D2\
ak = 2a0 − a1 + (a1 − a0)2

k e�£*D�d'<7Ci\E1ZK]c'UV1Z68CM�
a100 = 2a0 − a1 + (a1 − a0)2

100

= (a1 − a0)2
99 + (a1 − a0)(2

99 − 1) + a0

≥ 299 + (299 − 1) + a0 ≥ 299 + a0 ≥ 299 P
^k� -s�c�U:<�K]-*DBK]U:cB.Y1Z-*DA<7D'DB-2cBDBK\U6�6Be
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ABC
=T1�\Y/�.Y1Z^'6
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pHCE68<8\E6�C�\Y/*<7D

BC
P�UZ6X\

M
@B6 \Y/'6�9�13^B¦

d�-21:D2\�- h
AC

P8<7DB^jU36H\
L
@'6�\Y/'6�dB-213D2\�<H\�=Q/21ZKL/�\Y/'6�@*1:.06�KE\]-*C�- h

∠B
K]c*\[.¢.Y1Z^'6

AC
e

u|.]\]C[<�13p8/�\�UV13DB6?1:.�^'C[<X=?D�\Y/*CE-2c�p8/
M
d'<7C[<8U:U368UB\]-

AB
P�K]c*\[\E13DBpj\Y/'6�@*1:.06�KE\]-*C

BL<8\
D
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L
d'<7C[<8U:U368Uk\]-
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P�K]c*\[\E13DBp
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E
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a = BC
P
b = CA

P*<7DB^
c = AB

P*<7.�cB.LcB<8U[e
§�1:C[.Y\0PH=Q6�DB-�\E6 \Y/*<8\

L
13.¤@B6X\i=Q6768D

A
<7DB^

C
P7<7DB^ LC

LA
=

BC

BA
=

a

c

e�,k/2cB.XP

c
−→
LC + a

−→
LA =

−→
0
e � � �

¹?68DBKY62P
c(

−−→
BC − −→

BL) + a(
−→
BA − −→

BL) =
−→
0
P7=Q/21ZKL/�pX1 W*6�.

(a + c)
−→
BL = c

−−→
BC + a

−→
BA

e � � �
u U3.r-�P2cB.Y13DBpT� � �YP

(a+c)(
−−→
LM +

−−→
MC) = (a+c)

−→
LC = a(

−→
LC −−→

LA) = a
−→
AC = 2a

−−→
MC

�
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=Q/'6�DBK]6 −−→
ML =

c − a

c + a

−−→
MC

e¢4813DBK]6
LE ‖ BC

P�=Q6j.06�6�\Y/*<8\ −−→
ME =

c − a

c + a

−−→
MB

e
48139A1:U:<7C[U�;�P�cB.Y13DBpA� � ��<7pH<�1:DkP�=Q6Sp86X\ −−→

LM =
c − a

2c

−→
LA
P�<7DB^
.Y13DBK]6

MD ‖ AB
P

=Q6Q/*<XW*6 −−→
MD =

c − a

2c

−→
AB

e S -7=AP
a − c

2(a + c)

(−−→
BC +

−→
BA

)

=
a − c

a + c

−−→
BM =

−−→
ME =

−−→
MD +

−−→
DE

=
c − a

2c

−→
AB +

−−→
DE

P
=Q/21ZKL/�6�<�.L1VU�;?;*1368U3^'.

2c(a + c)

a − c

−−→
DE = c

−−→
BC − a

−→
BA
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(

c
−−→
BC + a

−→
BA

)

·
(

c
−−→
BC − a

−→
BA

)

= c2a2 − a2c2 = 0
e
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BL

<�DB^ −−→
DE

<�CE6Q-*Ci\Y/'-'p8-*D'<�Uie�,�/2cB.HP
ED ⊥ BL
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(1 + x1)(1 + x2) · · · (1 + xn)

1 + x1x2 · · · xn

≤ 2n−1 P ∀x1
P
x2
P
. . .
P
xn ∈ [1, +∞)

e

�¯@7��f
/'6�DS^B-'68.¤\Y/'6Q6¥T*cB<8U:1�\�;�/'-2UZ^'º
"$#&% I ���7�-F�� �
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A ⊆ {1

P
2
P
. . .
P
n} P*U36H\ p(A) =

∏

i∈A xi
e�,�/'6�D

(1 + x1)(1 + x2) . . . (1 + xn) =
∑

A

p(A)
e

S -�\E6�\Y/*<H\ h -*Cw<�UVU
a
P
b ≥ 1

P�=Q6T/*<HW*6
a + b ≤ 1 + ab

P�=T1�\Y/A6¥T*cB<8U:1�\�;�1 h <7DB^A-*D*U�;
1 h

a = 1
-*C

b = 1
e¤�Z\ h -2U:U3-7=?. \Y/*<8\ h -*C <�UVU

A ⊆ {1
P
2
P
. . .
P
n} P�=Q6?/*<HW*6

p(A) + p
(

A
)

=
∏

i∈A

xi +
∏

i6∈A

xi ≤ 1 +

n
∏

i=1

xi
e
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(1 + x1)(1 + x2) · · · (1 + xn) =

∑

A

p(A) =
1

2

∑

A

[

p(A) + p
(

A
)]

≤ 1

2

(

1 +
n
∏

i=1

xi

)

∑

A

1 = (1 + x1x2 · · · xn)2n−1 e
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p(A) = 1
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= 1
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x2
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xn
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x1 =
√

2
<�DB^

xn+1 =
√

2 + xn

h -*C <�UVU
n > 1

e�§713DB^
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lim
n→∞

xn
� �Z@��

lim
n→∞

4n(2 − xn)
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x1 = 2 cos(π/4)
e|u¤.r.YcB9b6>\Y/*<H\

xn = 2 cos(π/2n+1)
h -*C

.0-*9S6Td�-*.Y1V\E1 W*6j13D2\E67p868C
n
e�,k/'68D

xn+1 =

√

2 + 2 cos

(

π

2n+1

)

=

√

4 cos2
(

π/2n+1

2

)

= 2 cos

(

π

2n+2

) e
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xn = 2 cos(π/2n+1)
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limn→∞ xn = 2
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P7=Q6?/*<HW*6

2 − xn = 2

(

1 − cos

(

π

2n+1

))

= 4 sin2

(

π

2n+2

) e
4813DBK]6

sin x ∼ x
<7.

x → 0
P8=Q6�CE6�<7^*1VU�;�-'@2\[<�1:D

2 − xn ∼ 4π2/4n+2 <�. n → ∞ e
,k/'6?CE68.Lc'U�\0P

limn→∞ 4n(2 − xn) = 1
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0 < a < b <

π
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P�\Y/'68D
�3<H� a

b
<

sin a

sin b

� �Z@�� sin a

sin b
<

π

2

a

b
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I =

(

0,
π

2

) <�DB^
f(x) =

sin x

x

em,�/'6�D
f ′(x) =

cos x

x2
(x − tan x)h -*C�<�UVU

x ∈ I
e �Z\k13.k=Q68UVU2G7DB-7=?Dj\Y/*<8\

x < tan x
h -*C�<�UVU

x ∈ I
P8.0-�\Y/*<H\

f ′(x) < 0
P

=Q/21ZKL/b9S6�<�D'.�\Y/*<8\
f
1:.�^'67KYCE68<7.Y13DBp�-*D

I
e�,�/'6�CE6 h -*CE6*PB1 h

0 < a < b <
π

2

P'\Y/'6�D
f(a) > f(b)

P�=Q/213KL/l13.�6¥T*c'1 W2<�U36�D2\w\E- a

b
<

sin a

sin b

e
�¯@7���Z\�13.�=Q6HU:U¢G�DB-7=?DR\Y/*<H\ 2

π
x < sin x < x

1 h
x ∈

(

0,
π

2

) e�,�/'6�CE6 h -*CE6*P
1 h

0 < a < b <
π

2

P�\Y/'6�D
sin a < a

<�DB^ 2

π
b < sin b

e�,k/2cB.XP sin a

sin b
<

π

2

a

b

e
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β
P
γ
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b
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c
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γ = 2α

1 h <7DB^S-*D*U ;l1 h
c2 = a(a + b)
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a
P
b
P
c
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b
1:.?<bd'CE1:9b62P

<7DB^
γ = 2α
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c2 = a(a + b)

e�,k/'68DkP*cB.Y13DBp�\Y/'6A�8<H=�- h §�-*.Y13DB68.HP

c2(a − b) = a(a2 − b2) = a(c2 − 2bc cos α)
e

,k/21:.l.Y139�d'UV1:¥�6�.T\]-
c = 2a cos α

e#481:DBKY6
c sin α = a sin γ

� h CE-*9�\Y/'6F�8<X=g- h
4813DB68.]�]P2=Q6?-'@2\[<�1:D

sin γ = sin 2α
em�Z\ h -2UVUZ-7=?.¤\Y/*<8\

γ = 2α
-*C

γ = π − 2α
em��D

\Y/'6�U3<H\[\]68CwKE<7.r6*P�.Y13DBK]6�=Q6�<�U:.0-Q/*<HW*6
γ = π − α − β

P8=Q6 ¥�DB^?\Y/*<H\
α = β

P8=Q/213KL/
139�d'UV1Z68. \Y/*<H\

a = b
e�,�/'6�D

c2 = 2a2 <7DB^ 4ABC
13. 1:.0-*.rKY6HUZ68.¤<�DB^lCE13p8/�\Y¦L<�DBpXUZ6�^

=T1V\Y/�/7;*d�-�\E6�D*cB.r6
c
�7\Y/2cB.

α = π/4
<�DB^

γ = π/2
e���DS@B-�\Y/�KE<7.r6�.XP

γ = 2α
e

§�-*D�W*68C[.06HU�;�P*1 h
γ = 2α

P2\Y/'6�D
sin γ = 2 sin α cos α

PB-*C��:cB.L1:DBp�\Y/'6��8<H=�- h
4813DB68.�<�DB^l\Y/'6��8<X=�- h §k-*.L1:DB6�.E�

c

a
=

sin γ

sin α
= 2 cos α = 2

(

b2 + c2 − a2

2bc

) P

=Q/21ZKL/A;21Z6HUZ^*.
c2(b − a) = a2(b2 − a2)

eT� h
a 6= b

P'=Q6l-'@�\E<813D
c2 = a(a + b)

e
� h

a = b
P2\Y/'68D

α = β
e¤481:DBKY6

γ = 2α
P*1V\ h -2U:U3-7=?.¤\Y/*<8\ 4ABC

1:.m1:.0-*.rKY6HUZ68.m<7DB^
CE13p8/�\Y¦L<�DBpXUZ6�^�=T1V\Y/

c2 = 2a2 P*<7DB^ c2 = a(a + b)
13.m.Y\E1VU:U*\]CEc�6'e

�¯@7��48cBd'd�-*.r6 \Y/*<8\
γ = 2α

e.§2CE-*9�\Y/'6m/7;'dB-�\Y/'6�.r6�.�<7DB^�dB<�C[\k�3<H�]Ps=Q6¤.06�6 \Y/*<H\
c2 −a2 = ab

�H\Y/2cB.
c > a

e¤��6H\
d = gcd(a, c)

P�<7DB^TU36H\
a′ <7DB^ c′ @B6�\Y/'6�KY-*d'CE1:9b613D2\E67p868C[.T^B6H¥�DB6�^
@�;

a = da′ <�DB^ c = dc′ eT,k/'68D d(c′ − a′)(c′ + a′) = ba′ e4813DBK]6
b
13.�d'CE1:9b62P

b | d
-*C

b | (c′ − a′)
-*C

b | (c′ + a′)
e¤� h

b | d
-*C

b | (c′ − a′)
P

\Y/'6�D
b | (c − a)

Pk=Q/213KL/
1:9Sd*U:136�.�\Y/*<8\
b ≤ c − a

P¢K]-*D2\]C[<�^21ZKE\E1:DBpl\Y/'6A\]CE1:<7DBpXU36
13DB6¥T*cB<8U:1�\�;�e¢,�/2cB.HP

c′ + a′ = kb
h -*C¤.r-*9b6TdB-*.L1�\E1�W*6j1:D2\]6�p86�C

k
eS -7=

kd(c′ − a′) = a′ P21:9Sd*U�;213DBp�\Y/*<H\ k
^*1 W*13^B68.

a′ ew481:DBKY6 k
<�U:.0-A^21�W21Z^'6�.

c′+a′ Ps=Q6m.r676 \Y/*<8\ k ^*1 W*13^B68.¢@B-�\Y/ c′ <7DB^ a′ ew�Z\ h -2UVUZ-7=?.k\Y/*<H\ k = 1
P
b = a′+c′ P<7DB^

d(c′ − a′) = a′ e�u¤.m<QCE6�.Yc'UV\0P d | a′ <�DB^ dc′ = a′(d + 1)
e 4813DBK]6

a′ <7DB^ c′<7CE6?K]-*dBC[139S6*P7\Y/'6jU:<8\[\E6�Cw.0/'-7=?. \Y/*<H\
a′ | d

e¤¹T6�DBK]6*P
a′ = d

<7DB^
c′ = d + 1

e�f
6
¥�D'<8U:U ;b/*<HW*6

b = 2d + 1
P
a = d2 PB<�DB^ c = d(d + 1)

e S -�\E6T\Y/*<8\
d > 1

PB.L1:DBKY6
b < a + c

P*<�DB^S/'6�DBK]6*P
b ≥ 5

e
§�-*D�W*68C[.06HU�;�P'U36H\

b = 2d + 1
@B6Q<Qd'CE1:9b6�=T1V\Y/

b ≥ 5
P'<7DB^�U36H\

a = d2 <�DB^
c = d(d + 1)

e�,k/'68D
c − a < b < c + a

13. 6�<�.L1VU�;SKL/'67KLG76�^>�3.L1:DBKY6
d > 1

�YPB<7DB^
\Y/2cB.HPk\Y/'68CE6b6Yx71:.Y\[.j<A\]CE1:<7DBpXU36�=T1V\Y/R.Y1Z^'6�.

a
P
b
P�<�DB^

c
e>I5-*CE67-8W*6�CrPk\Y/'6�CE68U:<8\E13-*D

c2 = a(a+b)
1:. -'@2\[<�1:DB67^?<8\¢-*DBK]6*P�<7DB^Q�Z<X�k.0/'-7=?.�\Y/*<8\

γ = 2α
1:DT\Y/213.�\]C[13<�DBpXUZ6'e

��DNK]-*DBK]U:cB.Y1Z-*DkP�\Y/'6A.Yc'1V\[<�@2UZ6Q\]CE1:<7DBpXU36�.�<7CE6Q\Y/'-*.06?=T1V\Y/>.Y1Z^'6�.
b = 2d + 1

P
a = d2 P*<�DB^ c = d(d + 1)

h -*C .0-*9S6TdBC[139S6
b ≥ 5

e
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n = 1
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n > 1

e�,�/'6�D
3n+1 − (n + 1)3 + (n + 1) − 3

≥ 3(n3 − n + 3) − (n + 1)3 + (n + 1) − 3

= (n − 1)(n − 2)(2n + 3) ≥ 0
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mn − 2 > n3 − n
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m ≥ 3
<7DB^
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(a, b, c)
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b
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c
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a ≤ b ≤ c
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a ≤ −2
P2\Y/'68D

ba + ca − 2 ≥ −4
<�DB^

a3 − a ≤ −6
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a = −1
PB\Y/'68DS\Y/'6l.r67K]-*DB^R6¥T*cB<H\E1Z-*DR@'67K]-*9b68. 1

b
+

1

c
− 2 = 0

e�,�/2cB.HP
b = c = 1

e �Bc*\
a = −1

P
b = c = 1

13.mDB-�\ <Q.r-2U:c*\E13-*DS- h \Y/'6T¥�C[.]\�6¥T*cB<H\E1Z-*D�e
� h

a = 0
P�\Y/'6�D

0 < b ≤ c
e �*;R� ∗ �¤<7DB^S\Y/'6l¥BC[.Y\�<7DB^S\Y/213CE^R6>T2cB<8\E13-*D'.j- h\Y/'6�.[;'.]\]689
P8=Q6�KY-*DBK]UVc�^B6 \Y/*<H\

(b, c) ∈ {(1, 1)
P
(1, 2)

P
(2, 1)

P
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P
b
P
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1 ≤ b ≤ c
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b + c = 2
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b = c = 1
P*<�DB^

a = b = c = 1
1:.m<?.0-2UVc*\E1Z-*D�- h \Y/'6?.[;*.Y\E6�9Ne
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a = 2

P*\Y/'6�D
2 ≤ b ≤ c

e¤,�/'6�.r67K]-*DB^b6>T2cB<8\E13-*D>@'67K]-*9b68.
b2 + c2 = 8
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¹?68DBKY62P

b = c = 2
P*<�DB^

a = b = c = 2
1:.m<?.0-2UVc*\E1Z-*D�- h \Y/'6?.[;*.Y\E6�9Ne

,k/'68CE6 h -*CE62P
a = b = c = 1

<�DB^
a = b = c = 2
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� 68DB6�C[<8U:1�~L6�\Y/'6 h -2U:U3-7=T13DBp�13^B68D2\E1V\�;q.r-�\Y/*<8\51�\F13D�W*-2U W*6�.|<�D
n
`Va -*CE^B68C

^B6X\]68C]9A13D'<�D2\Q13D5d*U3<7KY6
- h <
3 �

� -*CE^'6�C�^'6H\E6�CE9�1:D'<7D2\0P�<7DB^5d'CE-�W*6b;*-2cBC�p868DB6�C[<8UZ¦
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∣

∣

∣

∣

∣

∣

−bc b2 + bc c2 + bc
a2 + ca −ca c2 + ca
a2 + ab b2 + ab −ab

∣

∣

∣

∣

∣

∣

= (bc + ca + ab)3
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3 × 3

9�<8\]C[1 x?13DA\Y/'6QpX1�W*68Db^B6X\]68C]9A13D'<�D2\m9�<H;S@'6j=?C[1V\[\E6�DA13DA\Y/'6 h -*C]9
M − (ab + bc + ca)I
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I
13.¤\Y/'6

3 × 3
1Z^'6�D2\E1�\�;A9S<H\]CE1 xQ<7DB^

M =





b + c
a + c
a + b



 ·
[

a b c
] e
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x1
P
x2
P
. . .
P
xn
13Dbd*U3<7KY6

- h
a
P
b
P
c
P h -*C

n ≥ 2
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��6H\
S1 =

∑

i

xi
<�DB^

S2 =
∑

i<j

xixj
�V\Y/'6N¥BC[.Y\�<�DB^�.r67K]-*DB^#.[;'9�9b6X\]CE13K
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x1
P
x2
P
. . .
P
xn
�Le���6X\

U =











S1 − x1

S1 − x2
...

S1 − xn











<�DB^
V =











x1

x2
...

xn











P

<7DB^AUZ6X\
M = U · V > ��=Q/'6�CE6 V > ^'6�DB-�\E6�.�\Y/'6j\]C[<7D'.Ld�-*.r6Q- h V �re ��6X\ I

^'6�DB-�\E6
\Y/'6

n × n
1Z^'6�D2\E1�\�;A9S<H\]CE1 x�e

4813DBK]6S\Y/'6>9�<8\]C[1 x
M
/*<7.QC[<7DBGN-*DB62P¢1V\?/*<�.Q<7DF6813p86�D'.LdB<7KY6>- h ^*1:9b68D'.L13-*D

n−1
KY-*CECE6�.Ld�-*DB^213DBp�\E-j\Y/'6�6H1Zp868D�W2<�UVc�6

0
eku¤D�;�W*6�KE\]-*C�1:DT\Y/21:. 6H1Zp868D'.rd'<�K]6�13.¢<�U:.0-

<7DS6813p86�D�W*6�KE\]-*C�- h
M − S2I

KY-*CECE6�.Ld�-*DB^213DBp�\]-�\Y/'6?6813p86�D�W2<8U:c�6
0 − S2 = −S2

e
f
6T<8U3.r-lDB-�\E6�\Y/*<H\

U
13.�<�D�6813p86�D�W*6�KE\]-*C¤- h

M
K]-*C]CE68.rdB-*DB^*1:DBp�\E-Q\Y/'6?6H1Zp868D�W2<�UVc�6

V > · U = S2
1 − ∑

i x2
i = 2S2

e�,k/21:.�139�d'UV1Z68.Q\Y/*<8\
U
13.l<�D#6813p86�D�W*6�KE\]-*CQ- h

M − S2I
K]-*C]CE68.rdB-*DB^*1:DBp�\E-�\Y/'6?6813p86�D�W2<8U:c�6

2S2 − S2 = S2
e¤�Z\ h -2U:U3-7=?.¤\Y/*<H\

det(M − S2I) = (−S2)
n−1S2 = (−1)n−1Sn
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x1
P
x2
P
. . .
P
xn
@'6

n
13DB^'6H\E6�CE9�1:D'<8\E6�.8e�§2-*C�68<�KL/

i
P�U36H\

pi =
∏

`6=i

x`
P

<7DB^ h -*CT<�UVU�^213.]\E13DBKE\
i
P

j
P

k
PwUZ6X\

pi,j,k =
∏

`6=i,j,k

x`
eF,k/'68DFU36H\

s =
∑

`

p`
<�DB^

si,j =
∑

`6=i,j

pi,j,`

h -*C
i 6= j

e5�3,�/'6>1:DB^B6Yx
`
CEcBD'. h CE-*9

1
\]-

n
.Lc�@7¾�67KE\j\E-N\Y/'6

13DB^21ZKE<8\E67^�CE68.Y\]C[1ZKE\E13-*D'.�eku#dBCE-'^2c�KE\m-8W*6�C <7DS689Sd2\�;A.06X\�- h 1:DB^*13KY68.m1:.�6>T2cB<�U'\]-
1
e �

��.L1:DBpw\Y/'6�.r6mDB-�\[<8\E13-*D'.HP0=Q6m^B6H¥�DB6�< ^'6H\E6�CE9�1:D'<7D2\
∆ = ∆(x1, x2, . . . , xn)<7. h -2U:U3-7=?.\�

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

−p1 x2
2s1,2 + p1 . . . x2

ns1,n + p1

x2
1s2,1 + p2 −p2 . . . x2

ns2,n + p2
...

...
...

x2
1sn,1 + pn x2

2sn,2 + pn . . . −pn

∣

∣

∣

∣

∣

∣

∣

∣

∣

�

\Y/*<8\�1:.HP
∆i,i = −pi

<7DB^
∆i,j = x2

jsi,j + pi

h -*C
i 6= j

eAf
6�=T1:UVU¢d'CE-�W*6A\Y/*<H\
∆ = (−1)n−1(n − 2)sn eIJc'UV\E1:d'U ;
CE-7=?.

1
P
2
P
. . .
P
n
13D

∆
@�;

x1
P
x2
P
. . .
P
xn
P�CE68.rdB67KE\E1 W*68U ;kP�<�DB^

\Y/'6�D 6Lx8\]C[<�KE\#\Y/'6 h <�KE\E-*C[.
x1
P

x2
P

. . .
P

xn

h CE-*9 K]-2U:cB9�D'.
1
P

2
P

. . .
P

n
P

CE6�.Ld�6�KE\E1�W*6HU�;�e¤£2D2\]CE136�.
∆i,i

CE6�9�<�1:D�cBDBKL/*<7DBp86�^kP�=Q/21:U36j6�<7KL/l6�D2\]C�;
∆i,j

h -*C
i 6= j@B6�KY-*9S6�.

xixjsi,j + pj = s − pi
e S -7=APB<�^'^*1:DBpQCE-7=?.
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P
3
P
. . .
P
n
\E-A\Y/'6?¥�C[.]\

CE-7=�pX1�W*68.

∆ =

∣

∣

∣

∣

∣

∣

∣

∣

∣

(n − 2)s (n − 2)s . . . (n − 2)s
s − p2 −p2 . . . s − p2

...
...

...
s − pn s − pn . . . −pn

∣

∣

∣

∣

∣

∣

∣

∣

∣
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S -7=·=Q6 h <7KE\]-*C
(n − 2)s

h CE-*9�\Y/'6�¥�C[.]\�CE-7= �Z.r-S\Y/*<H\�\Y/'6�¥�C[.]\�CE-7=q@'67K]-*9b68.�<
CE-7=·- h

1
.]��<�DB^Q\Y/'6�Dl.Lc�@�\]C[<�KE\�\Y/'6�¥�C[.]\¤K]-2U:cB9�D h CE-*9 6�<7KL/A- h \Y/'6T-�\Y/'68C KY-2UVcB9SD'.

\]-�p86X\

∆ = (n − 2)s

∣

∣

∣

∣

∣

∣

∣

∣

∣

1 0 0 . . . 0
s − p2 −s 0 . . . 0

...
...

...
...

s − pn 0 0 . . . −s

∣

∣

∣

∣

∣

∣

∣

∣

∣

e
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∆ = (n − 2)s(−s)n−1 = (−1)n−1(n − 2)sn e
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§�1:C[.Y\�=Q6
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a
P

b
P

c
@�;

1/a
P
1/b

P
1/c

P¤CE6�.Ld�6�KE\E1�W*6HU�;�P
<7DB^�9Ac'UV\E1:d'U ;S@'-�\Y/A.L13^B68.�@�;

(abc)4
\]-�-'@�\E<813D

∣

∣

∣

∣

∣

∣

−a2 a(b + c) a(b + c)
b(c + a) −b2 b(c + a)
c(a + b) c(a + b) −c2

∣

∣

∣

∣

∣

∣

= abc(a + b + c)3
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c
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∣

∣

∣

∣

∣

∣

−a b + c b + c
c + a −b c + a
a + b a + b −c

∣

∣

∣

∣

∣

∣

= (a + b + c)3
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a + b + c = 0
P

\Y/'6�DA=Q6Qp86H\ \Y/*CE6�6Q13^B68D2\E1ZKE<�UkKY-2UVcB9SD'.8e ¹?68DBKY62P*\Y/'6�^'6H\E6�CE9�1:D'<7D2\�/*<�.m\Y/'6 h <7KE\]-*C
(a + b + c)2

ej481:DBKY6Q\Y/'6l^B6X\]68C]9A13D'<�D2\�1:.�.[;'9�9b6X\]CE13K <7DB^R/'-*9S-'p86�DB6�-2cB.j- h \Y/'6
\Y/213CE^A^B6�pHCE6762P�\Y/'6�\Y/21:CE^ h <7KE\]-*C /*<�. \Y/'6 h -*CE9

k(a + b + c)
h -*Cw.0-*9S6TKY-*D'.]\E<�D2\

k
e

4813DBK]6�\Y/'6TK]-'6
MbK]1Z68D2\¤- h
a3 13DQ\Y/'6?^'6H\E6�CE9�1:D'<7D2\w1:. 1

P�=Q6j9�cB.]\¤/*<XW*6
k = 1

e�,�/213.
dBCE-8W*6�. � � �re

f
6¤=T1:UVU�DB-7=�p868DB6�C[<8U:1�~L6 � � �k��=Q/21ZKL/j13.¢6>T2c'1�W2<8UZ68D2\�\E-?p868DB6�C[<8U:1�~]13DBp \Y/'6�pX1 W*6�D
1Z^'6�D2\E1�\�;7�re¤��DAd*U3<7KY6T- h

a
P
b
P
c
P�=Q6TKY-*D'.Y1Z^'6�C

a1
P
a2
P
. . .
P
an
e���6H\

S =
∑

i

ai
P2<�DB^

UZ6X\
D
@'6m\Y/'6 9�<8\]C[1 xm=Q/'-*.r6�68D2\]CE136�.¢<7CE6

Dii = −ai
<7DB^

Dij = S−ai

h -*C
i 6= j

e
f
6�=T1VU:UB.0/'-7=�\Y/*<H\ |D| = (−1)n−1(n − 2)Sn e� h =Q6b.r6H\

S = 0
1:D

D
P�=Q6bp86H\

n
13^B68D2\E1ZKE<�U¤K]-2U:cB9�D'.�eR,k/'68CE6 h -*CE62P

Sn−113.j< h <�KE\E-*C�- h |D| eS481:DBKY6l\Y/'6S^'6H\E6�CE9�1:D'<7D2\�1:.T<�.[;'9�9b6X\]CE13K�<7DB^N/'-*9b-'p868DB67-2cB.d�-2U ;'9S-*9�1:<�Um- h ^B6�pHCE676
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P¤\Y/'6
CE689S<813D*1:DBp h <7KE\]-*C?1:.

kS
h -*CQ.r-*9b6
KY-*D'.]\E<�D2\

k
e

476H\[\E1:DBp
a1 = 1

<7DB^
ai = 0

h -*C
i 6= 1

Pk=Q6A¥�DB^>\Y/*<8\ −k
1:.�\Y/'6b^'6H\E6�CE9�1:D'<7D2\

|B| P�=Q/'6�CE6 B
13.j\Y/'6

(n − 1) × (n − 1)
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2(m + ωn + ω2p) = a + b − ω2(c + d) − (b + c) − (d + a) − ω(c + d)

= −(1 + ω + ω2)(c + d) = 0
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1/(ak)1/k 2-uN�#5 k = 1
2
2
2
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2
n
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¦��m¦ � e�� � O7O2��� �2¡ ��P ��¡�¡ 	 � , # ) # 6 �����-F ¡ �
I � ��. ' , � �	G; � +&A&, �$�-;5>N, # +$� �<+'e
u�T*cB<7^'C[cBd'U36

(a, b, c, d)
- h d�-*.Y1V\E1 W*6m13D2\E67p868C[.¢1:.¢.r<81Z^�\]-T/*<HW*6m\Y/'6C8 � # ) � + �=0

� � ��� )�, # ) �/, �EF 1 h 68<�KL/�- h \Y/'6�.Y1 x�1:D2\]6�p86�C[.
ab+1

P
ac+1

P
ad+1

P
bc+1

P
bd+1

P
cd+1

1:.�< dB6�C h 67KE\�.'T2cB<7CE6'es§2-*C�6Lx�<�9Sd*UZ62P768<�KL/T- h \Y/'6 h -2U:U3-7=T13DBp¤D*13DB6�T*cB<7^'C[cBd'U36�.
/*<7.¤\Y/'6b�¤13-*d�/*<�D2\E13DB6?d'CE-*d�68C[\�;L�

(3, 5, 16, 1008)
P

(3, 8, 21, 2080)
P

(3, 16, 33, 6440)
P

(3, 21, 40, 10208)
P

(3, 33, 56, 22360)
P

(3, 40, 65, 31416)
P

(3, 56, 85, 57408)
P

(3, 65, 96, 75208)
P

(3, 85, 120, 122816)
e
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CE6�d'CE6�.r6�D2\w\Y/'6T¥�C[.]\w\E6�CE9S.8e
"$#&%(' � � # � �:F B �/, 	���� ��6 " 9+���	 � ��ª%£ � � �(� # ;e� � � I �/,G6 �
�J+ � > # D ) %G' �
� �N6 �/;�B + �J, ���:;
B + � ' � % £ � � � � # B '��� # ª + � � �JD � % � # 1 �/,���9+ � � ��ª B # ,3+ % ; � � " � L B L " +
A-+
6
� +&;
H # A-, #��� # ; " )�+ � ��e

��Dgd'CE-'@*U36�9 � O - h /213.�@B-'-'G
∆
�V\Y/'6 h -2cBC[\Y/ @B-'-'G - h ¥ , �(���ND��:� ��	G+s�YP�¤1Z-*dB/*<7D2\EcB.S- h u U36Lx�<�DB^'C[13<�dBCE-*dB-*.068.\��� 	 # � � �  (# ' , � ' D � �/,G6 6 ' 	 � ���N+N�*�����

)�, # � ' 	2� #�  + � F �t¢ # � ��	3, �/+&6 ��� �:F ' � �(�<F � 6C+ 6 � ' +-, �JL��%¹?6�pX1�W*68.T<�.r-2U:c*\E13-*DR1:D
C[<8\E13-*D'<�U�D*cB9b@'6�C[.]� 1

16

P 33
16

P 68
16

P 105
16

e
£2c'U36�C � � � 	7P � � 	r�¢pX1 W*6�. \Y/'6 h -2UVUZ-7=T1:DBp�.r-2U:c*\E13-*D�\E-©�¤13-*d�/*<�D2\EcB.H��d'CE-'@*U36�9 1:D

13D2\E67p868C[.
(a, b, c, d)

�
��6H\

a
<7DB^

b
@B6 .Yc�KL/�\Y/*<8\

ab+1 = p2 ��=T1V\Y/ p
<7DT1:D2\]6�p86�C��YP

c = a+b+2p
P

<7DB^
d = 4p(p + a)(p + b)

e�,k/'68Dl=Q6T<�U:.0-A/*<XW*6
ac + 1 = (p + a)2

P
bc + 1 = (p + b)2

P
ad + 1 =

(

2p(p + a) − 1
)2 P

bd + 1 =
(

2p(p + b) − 1
)2 P

cd + 1 = (2pc − 1)2
e

,k/'6Qd'CE-*d�-*.r67^�.06¥T*c�68DBKY6�- h T2cB<�^*CEcBd*UZ68.
(an, bn, cn, dn)

KE<7Db@B6Q-'@2\[<�1:DB67^ h CE-*9
£2c'U36�Cr� .l.0-2UVc*\E1Z-*D h -*C

a = 3
<�DB^

p
/*<HW213DBpb13D2\E67p868CjW2<8U:c�68.ApHCE6�<H\]68CT\Y/*<7D

3
P¤1:D

13DBKYCE68<7.Y13DBp�-*CE^'6�CrP�<7DB^Q.Lc�KL/T\Y/*<H\
p2 −1 ≡ 0 (mod 3)

e�,�/'6�CE6 h -*CE6*P�\Y/'6�.0-2UVc*\E1Z-*D
\]-�\Y/'6TdBCE-'@2UZ689 <8\¤/*<7DB^A1:.\�

• an = 3
h -*C

n = 1
P
2
P
. . .

�

• pn =

{

3m + 1
h -*C

n = 2m − 1
P

3m + 2
h -*C

n = 2m
�

• bn =
p2

n − 1

3
=

{

m(3m + 2)
h -*C

n = 2m − 1
P

(m + 1)(3m + 1)
h -*C

n = 2m
�

• cn = an + bn + 2pn =

{

(m + 1)(3m + 5)
h -*C

n = 2m − 1
P

(m + 2)(3m + 4)
h -*C

n = 2m
�

• dn = 4pn(pn + an)(pn + bn)

=

{

4(3m + 1)(3m + 4)(3m2 + 5m + 1)
h -*C

n = 2m − 1,

4(3m + 2)(3m + 5)(3m2 + 7m + 3)
h -*C

n = 2m
e
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p = 2

Pw=Q6N-'@�\E<813DJ\Y/'6¨T2cB<�^*CEcBd*UZ6
(3, 1, 8, 120)

Pw=Q/21ZKL/J13.lDB-�\Q<79S-*DBpb\Y/'6
dBCE-*dB-*.06�^l-*DB68.�e S -�\E6�<�U:.0-�\Y/*<8\�\Y/'6�CE6�<7CE6DT2cB<�^*CEcBd*UZ68.�- h d�-*.Y1V\E1 W*6 1:D2\]6�p86�C[.�=T1�\Y/
an = 3

<7DB^�\Y/'6��¤13-*d�/*<�D2\E13DB6�d'CE-*d�68C[\�;A=Q/21ZKL/S<7CE6QDB-�\m<79S-*DBpT\Y/'6�T*cB<7^'C[cBd'U36�.
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(3, 5, 1008, 62496)
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\Y/213.?d'CE-'@*U36�9RP

3031
P¢<7DB^�/*<XW*1:DBpl\Y/'6¨�¤13-*d�/*<�D2\E13DB6SdBCE-*dB6�Ci\�;8��=Q6AU:1:.Y\ \Y/*CE6�6b- h

\Y/'6�9 �
(248, 1545, 3031, 4645441488)

P
(1545, 3031, 8904, 166786015280)

P
(3031, 5013, 15840, 962717421848)
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� � 	%�'e3£�eL�¤13KLG�.r-*DkP=� �76
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������A��� 6 � 1 $�� <5�/	 �;	��"<F< � ,2'2
0.F���/,� �!"��� % � 3 � '5)E	 '>'7'*���@<&� � ��< � , +8�/&D����!"��&D+D� 
��'2�54�& �0� , '2�54�& �0� ,�1&� 3�' �"1 $ 	�'>' � ? $�� 1 1 ,�'8��� % 
8
��/��
D
���/-��!;�0����, 1�	>,#+21�	�3*) 	�<&� $�� ' ��	��#� +21�,

+�! � . 
 & �8���F4���9��0����&�.�9 ,��D�/�0����!5. % ��,2	E.���+ !"& � 3 < � 4 $ � +-,��-
�
 � 1-
�9�9 .��/&D+D� 1-
�
 
��54F�5,*) & �8+���! $ �F�����F, 0< ,�+ 15	 3-���-��+ 
-��B-!;
 B$
�����!�?

-	.0-3/ qf2!\�^D^:405 y 7 �bc y 7:7�; =bA�B<? BA@�4�BFC9?`��/<@R;S:>4 ^��� A =�BD/���4�H�et-(; c�4gA @�;m=&?dB9@�=�:>B�;�4�@�=#;�H
�PBDCk/�-�;#/eq

Q����
a
c
b
c
c
Le�2�eW������e�9f����! �W��2�!���p$ ��aehkLe�p��Q0Q�ab"R�i�������

a2 + b2 + c2 = 1
qV

�!W�W��0�����p�
1

1 − ab
+

1

1 − bc
+

1

1 − ca
≤ 9

2

q

X B�:m7�=#;�BD-YC9?i= \84	?5ARB<? BA@g4�A H5CwB�B9;�� 4�Bi@R:S;�T�\ =#:&?ZC9?i= \84n4AB9;>=>BDA h
l WD�!� Re��Q��t������� �����0fg �W��p�2 <�e�9o(ae��$S S��Mn <Q'Q�ab"�"%��QRQR W��p$ M2�9o(a� �W(�p$&�p�(� �!W2���9"R�2W(s

����� s3W($<$#W9l  #�ef�5
2(1 − ab)(1 − bc) + 2(1 − bc)(1 − ca) + 2(1 − ca)(1 − ab)

≤ 9(1 − ab)(1 − bc)(1 − ca)
c

6 − 4(ab + bc + ca) + 2abc(a + b + c)

≤ 9 − 9(ab + bc + ca) + 9abc(a + b + c) − 9a2b2c2 c
0 ≤ 3 − 5(ab + bc + ca) + 7abc(a + b + c) − 9a2b2c2 c
0 ≤ 3 − 5(ab + bc + ca) + 6abc(a + b + c)

+ abc(a + b + c − 9abc)
q u y v

n�M,����� ��Y�� 
 Y ���e�9o(ae��$S S��M5c9ln�n����W��
a + b + c − 9abc = (a + b + c)(a2 + b2 + c2) − 9abc

≥ 3
3
√

abc · 3
3
√

a2b2c2 − 9abc = 0
q u�\ v
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½mDA\Y/'6?-�\Y/'6�C¤/*<7DB^�P

3 − 5(ab + bc + ca) + 6abc(a + b + c)

= 3(a2 + b2 + c2)2 − 5(ab + bc + ca)(a2 + b2 + c2)

+ 6abc(a + b + c)

= 3(a4 + b4 + c4) + 6(a2b2 + b2c2 + c2a2) + abc(a + b + c)

− 5(ab(a2 + b2) + bc(b2 + c2) + ca(c2 + a2))

=
[

2(a4 + b4 + c4) + 6(a2b2 + b2c2 + c2a2) − 4ab(a2 + b2)

− 4bc(b2 + c2) − 4ca(c2 + a2)
]

+(a4 + b4 + c4 + abc(a + b + c)

− ab(a2 + b2) − bc(b2 + c2) − ca(c2 + a2)

=
[

(a − b)4 + (b − c)4 + (c − a)4
]

+ a2(a − b)(a − c)

+ b2(b − c)(b − a) + c2(c − a)(c − b) ≥ 0
P �¯MX�

.L1:DBKY6
(a − b)4 + (b − c)4 + (c − a)4 ≥ 0

<�DB^
a2(a − b)(a − c) + b2(b − c)(b − a) + c2(c − a)(c − b) ≥ 0

13.¤\Y/'6�=Q6HU:U3¦rG7DB-7=?DS47KL/2cBCr� .���DB6¥T*cB<8U:1�\�;�e S -7=�� � � h -2U:U3-7=?. h CE-*9 � � �¢<7DB^S�¯MX�re
f
6?.r676�\Y/*<H\�6>T2cB<�UV1V\�;S/'-2U3^'.�1 h <7DB^S-*D*U ;l1 h

a = b = c =
√

3/3
e
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�! !;� % +8��
�
�.F+ &D
��$?+���& �/4*+ 
8���;��9:� B-!;
/
���B-!;�������8+���� �/�0
F���5,H+ 
-� B-!;
 B$
�����!�� % +".�� 
 
 �AB-!;
F�����:+ 
-��9:
�!;� 4/���-��!"��

!;��� .�
D+2+ 
/�/+8& �

a
,
b
,8���-�

c
��!;� �-
������-�54��F+ &D��� !;��� 
-�8.�9:�0��!"�@� . % 
:+ 
/�/+

a2 + b2 + c2 = 1
,2+ 
8���F,J��
�!

��
 
 % 
��0��+ ���-+ �
k ≥ 1

,�G(� 
0�F���
1

k − ab
+

1

k − bc
+

1

k − ca
≤

9

3k − 1
�

-	.0-3- q 2!\�^D^:4 5 y 7A4(c y 7A7J; =bA�B<? BA@�4�B C9? ��O ]9/9A�B X ? 4AO \5=�H�+ =�=>B�I�c�BD-*I �|7�4gA�; O ]�4
et-(; c�4gA @�;m=&?�H F /<T8Be4ACb79A T�H �P4�A%Ck/�-b?�q

Q����
I
Le�,������ <�e"��p�(�%�!�kW(s 4ABC

ct���e*w$&�g�
R
�9�e*

r
L��� S��Q "% <�!"%aehk���9*� SaeQ

�9�e*� <�����D*( <aeQgc��!��QRxb��"!�! �W���$)M q
V
�!W�W��0�����p�

6r ≤ AI + BI + CI ≤
√

12(R2 − Rr + r2)
q

��q X B�:�7�=#;>BD- CD? g A�]D/�B�? g :>=�H X /�-`��BA@g4�Hd^ g Hfe XMg q
2(��B��5}~� fg �W�� �|$)� � Q ���!fgaehI�p�(�'s3W��P����� $#�ps<�. #�e��o�ae�p$< )�>MkW���$ Mtq ;
Q����

K
�9�e*

s
L�� �����2���!���2�9�e*������2Q �phi <xb�p�! <hI�g�%�p�OW(s5����� �%�! <�9�efg$#�eq��OQR <�ef

�����0ln�p$S$ �RjD�eW9l �iu3W��'����Q�M2�%W�x��!W�W�� v s3W��%h�a�$#��Q

AI =

√

bc(s − a)

s

c
BI =

√

ca(s − b)

s

c
CI =

√

ab(s − c)

s

c
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abc = 4KR
P

K = sr
P

K =
√

s(s − a)(s − b)(s − c)
P�<�DB^J\Y/'6bu I � �mI

��DB6>T2cB<�UV1V\�;kP7=Q6Q-'@�\E<813D
AI + BI + CI

3
≥ 3

√
AI · BI · CI =

3

√

abc

s2

√

s(s − a)(s − b)(s − c)

=
3

√

abcK

s2
=

3

√

4RK2

s2
=

3
√

4Rr2
e

,k/2cB.XP
AI + BI + CI ≥ 3

3
√

4Rr2
e ,�/213. 1:DB6>T2cB<�UV1V\�;b1:.�.]\]CE-*DBp86�C¤\Y/*<�DS\Y/'6A-*DB6

dBCE-*dB-*.06�^kP'@B6�K]<8cB.06�£2c'U36�Cr� .���DB6>T2cB<�UV1V\�;A139�d'UV1Z68.¤\Y/*<8\
3

3
√

4Rr2 ≥ 6r
e
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AI+BI+CI ≥ 6r13.?1V\E6�9 ��� e � 13D�� � 	*eJ½mD�\Y/'6R-�\Y/'68C?/*<�DB^kPw1�\]689 �7� e � 13D�� � 	A13.T\Y/'6b13DB6¥T*cB<8U:1�\�;
AI +BI +CI ≤ 2(R+r)

PH=Q/213KL/j13.¢.Y\]CE-*DBp868Ck\Y/*<�DT\Y/'6�dBCE-*dB-*.06�^Q-*DB62P7@B6�K]<8cB.06
\Y/'6 =Q6HU:U3¦rG7DB-7=?D?£2c'U36�Cr� .w��DB6>T2cB<�UV1V\�;

R ≥ 2r
1:9Sd*U:136�.k\Y/*<H\

(R−2r)(2R−r) ≥ 0
P

<7DB^l\Y/21:.�13.�6¥T*c'1 W2<�U36�D2\w\]-
2(R + r) ≤

√

12(R2 − Rr + r2)
e
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