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h − 5

*

� a h ≥ 5 � C'G/037 OM = h − 5
�pDBa

h < 5 � C'G/037 OM = 5 − h
\ � 7�J/<!C'G_ 2L4)034 � JL:�-?:?C'G=25�3<=@�254 �

r =
√

OP 2 − OM2 =
√

52 − (5 − h)2 =
√

10h − h2
\
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1
2
(10 − h) =

√

10h − h2 �
(10 − h)2 = 4(10h − h2) �

5h2 − 60h + 100 = 0 �
h2 − 12h + 20 = 0 �

(h − 10)(h − 2) = 0
\

� G/03@E03al<=@E0 � h = 10
<=@

h = 2
\�� G?>94 � C'G/0�G/03DF�3G!C�DF4 10

_ K <=@
2
_ K \ � 	A<!C|0�C'G=2XC

h = 10
�§DP�=034�2NG/<=@�D{�&<=7?C�2L.�H=.F2L790IC'G=2XC�Ú1>94'CcH92L46460L4cC'G=@E<?>i�3G�C'G/0��=0L@æC|0'Ù�<?a�C'G/0_ <=790O25798�DB4qCE2L79�30L7?C�C|<�C'G/0cC|<=H�<?aiC'G/0�4&HiG/03@E0 \ �

�������	��

�����F� � <�2X�=<?DF8�a1@�2 _ CED1<=7/4 � z�0O4'C�25@æC�JL:�.10§C�CEDF79� d = 2R � DFKIH/. :=DB79�cC'G=2XCÞC'G/0_ <=790OG=2L4q@�2!8?DB>94
R
25798�G/0XD1�3G!C

R
\ � >9H9H9<=4)0AC'G=2XC�2�G/<=@�D{�&<=7?C�2L./H=.F2L790M23C�G/03DF�3G!C

h_ >=CE4ÞC'G/0 _ <=790M2L798�C'G/0M4&HiG/03@E0MDB7 _ DB@ _ .1034y<?ai@�2!8?DBD
r1
25798

r2 � @E0L4&Hi0 _ CEDP�=0X.P: \ �
	c<!CE0C'G=23C
h ≤ R

4&DB7 _ 0cC'G/0 _ <=790�G=2L4�G/0XD1�3G!C
R
\ �] 4�DB7 C'G/0 DF7=DPCEDF23.OH9@E</J?.103K � z�0G=2X�=0 � DB7nC'G/0 _ <=790 � R

R
=

R − h

r1

� <=@
r1 = R − h � 25798�DB7�C'G/0�4&HiG/03@E0 �

r2 =
√

OP 2 − OM2

=
√

R2 − (R − h)2

=
√

2Rh − h2
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� G/03@E03al<=@E0 � C'G/0O4&>9K <?aiC'G/0�2L@E0L2L4�<?a9C'G/0MCæz�< _ DF@ _ >/.B25@ _ @E<=4646~&460 _ CEDF<=7/4�DB4
πr2

1 + πr2
2 = π(R − h)2 + π

(

√

2Rh − h2
)2

= π(R2 − 2hR + h2) + π(2hR − h2) = πR2 �z�G?D _ GI89</034y79<!C�8903Hi03798�<=7
h
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bh = 1

2
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�

B

C

P (x, y)

(5, −6)

x

y

4

4

1
2
(4)(x − 5) + 1

2
(4)(4 − y) = 20 �

x − 5 + 4 − y = 10 �
y = x − 11

\
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y = x − 11
<?a94'.1<=H90

1
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(5, −6)
C|<

(15, 4) � z�G?D _ G�G=2L4q.F0L79� C'G 10
√

2
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(11, 0)
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2
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Q��� 1 B ��� -
��+,���F�41�� : \
²L0XC

a � b � 2L798 c
J/0�C'G/0�DB7=D{CEDB2L.p7=>9K;J/0L@�<?a�89<?.{.F2L@�4�C'G=2XC ] 798/@E0 z � ä�03@|7/2L@E8 �25798�µpG=25@�.1034�G/0X.18 � @E0346H90 _ CED �=03. : \�� G/0Oal<?.B.F<5zODF79��CE25J=.F0�@E03H9@E034)037?CE4�C'G/0�0)�=<?.B>=CEDF<=7<?apC'G/0�G/<?.F8=DB79�X4�2LaBCE0L@y032 _ G�<?apC'G/0OC'G=@E0L0�@E<?>9798=4 \�� 0MCE25�50�al<=@y�X@�257?CE058IC'G=2XCqC'G/0C|<!C�2L.i25K�<?>97?C�<?apK�<=790):�zODB.{.i23.Pz�2§:/4�J/0

a + b + c
\

� C�25@æC � DB@�4'C � <?>9798 � 0 _ <=798 � <?>9798 � G?DF@E8 � <?>9798
a a − 2b − 2c 3a − 6b − 6c 9a − 18b − 18c
b 3b 7b − 2c − 2a 21b − 6c − 6a
c 3c 9c 25c − 2a − 2b� G?>94 � z�0O790L058�CE<�46<?.P�=0cC'G/0O4�:/4|C|03K

9a − 18b − 18c = 27 �
21b − 6c − 6a = 27 �
25c − 2a − 2b = 27 �z�G?D _ G�:=DF03.F8/4qC'G/0O4)<?.{>=CED1<=7

a = 55 � b = 19 � 25798 c = 7
\

jæj \ � ��� ���!������"�$��*�	�F�?/>�����/�� � 7?�����F2��>1t� 7�
.
��	$?1 BDC�\
²L0XC

An � Bn � 25798 Cn
J/0MC'G/0O@E0L4&Hi0 _ CEDP�=0O25K�<?>97?CE4qC'G=23C ] 798=@E0§z � ä�03@|7/2L@E8 �25798Qµ´G=2L@E.F0L4�G/<?.F8�23aBC|03@A@E<?>9798

n
\�� 0�25@E0��§D �=0L7NC'G=23C

A3 = B3 = C3 = 27
\� <=@'�LDF79�OJ=2 _ �Xz�25@E8=4 � z�0��30XC

A2 = 27
3

= 9

B2 = 27
3

= 9

C2 = 27 + 18 + 18 = 63 �C'G/0L7 �
A1 = 9

3
= 3

B1 = 9 + 6 + 42 = 57

C1 = 63
3

= 21 �25798��97/2L.{.P: �
A0 = 3 + 38 + 14 = 55

B0 = 57
3

= 19

C0 = 21
3

= 7
\
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� <?.P�=0Mal<=@
x � z�G/0L@E0 0 ≤ x < 2π

Û
21+3 cos x − 10 × 2−1+2 cos x + 22+cos x − 1 = 0

\
� ��� ���!������"�$�) ��"���- ����� ���4�3
Q��� 1 B �3� -.�	+,�����41 � : \

� G/0��§DP�=037�05�?>923CEDF<=7�DF4�0L�=>/D �?2L.F0L7?C�CE<
2X3 − 5X2 + 4X − 1 = 0 � z�G/03@E0

X = 2cos x \N� 0;46050�C'G=2XC X = 1
DF4�2;4)<?.{>=CED1<=7��pz�G/0L7 _ 0 � C'G/0�790§z 05�?>923CEDF<=7a12 _ CE<=@�4�DF7?CE<

(X − 1)(2X2 − 3X + 1) = 0
\ ä9>=C

X = 1
DF4�2L.B4)<I2�@E</<!C�<?a´C'G/04)0 _ <=798Ia12 _ C|<=@ \ � 0L7 _ 0 � z�0�G=2§�=0 (X − 1)2(2X − 1) = 0 � z�G?D _ G��§DP�=034 X = 1

2254�2�4)0 _ <=798I4)<?.{>=CED1<=7�al<=@
X
\Þ� G?DF4�K�0L2L7/4yC'G=2XCy03DPC'G/0L@

2cos x = 0
<=@

2cos x = 1
2
�z�G?D _ GIDF4A05�?>/DP�?23.1037?C�CE<

cos x = 0
<=@

cos x = −1
\ � 7�C'G/0�@�2579�30 0 ≤ x ≤ 2π �C'G/0�4)<?.{>=CED1<=7/4�25@E0

x = π
2
� x = π � x = 3π
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� 4)0�0L2 _ G;<?a�C'G/0�7=DF790�8?D1�§DPCE4
1 � 2 � 3 � 4 � 5 � 6 � 7 � 8 � 9 0'ÙL2 _ CE. :;<=7 _ 0MC|<�al<=@|KH9@�DFK�0�7=>9K;J/0L@�4qz�G/<=460O4&>9K�DF4y2L4y46KI2L.{.i254yH9<=464'D1J?.10 \
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4 � 6 � 2L798 8
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4 � 6 25798 8
\p] K�<=79�C'G/0�Cæz�</~&8=DF�§D{CyH9@�DFK�0L4�C'G/03@E0�2L@E0�Cæz�<�H9@�DFK�0L4yzODPC'G�.F0L258=DB79��8=DF�§D{C
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2L4�<=790I<?aÞ<?>9@�Cæz�</~68?D1�§DPCAH9@�DFK�0L4 \ � DF7 _ 0
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25798

5
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89
\
� a 3
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2L798
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\ � DF7 _ 0�C'G/0I462LK;0I8=DF�§D{C�4O2LH9H90L2L@�DF7NC'G/0�>97=DPCE4_ <?.{>9K�7�DF7NJ9<!C'G�460XC�4 � C'G/0�4&>9KI4AK�>94'C�J/0�C'G/0�462LK;0 � 7/2LK;0X.P: 207

\ µ�.F0L2L@E. : � C'G?DF44&>9K DB4;C'G/0}4&K�23.B.F0L4|C�H9<=464'D1J?.10S>9798903@IC'G/0}@E034'C|@�D _ CEDF<=7`C'G=23C�z�0 <=7=. : _ <=7/4'D18/0L@H9@�DFK�0L4;G=2X�?DF79��<=790S<=@�Cæz�<Ö8=DF�§D{C�4 \ � G/0QCæz�< 4)0§CE4�z�G?D _ Gn:=DF03.F8}C'G?DF4�4&>9K 25@E0
{2 � 3 � 5 � 41 � 67 � 89} 2L798 {2 � 5 � 7 � 43 � 61 � 89} \

� a9z�0 _ <=7/4'D18/0L@Þ23.B.F<5zODF79�cH/@EDBK;034ÞzOD{C'G�K;<=@E0cC'G=2L7�Cæz�<I8?D1�§DPCE4 � C'G/0L7�z�0 _ 2574&>9@E0X.P:;G=2§�=0�<=7=.P:�<=790�4&> _ G � 4&DB7 _ 0OCæz�<�z�<?>/.18�4'>9K�CE<�K�<=@E0OC'G=2L7
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207 � C'G/037�C'G/0A.1032!8?DF79�c8?D1�§DPCÞ<?a=C'G?DF4H9@�DFK�0�KI>94|CyJ/0
1
\�� >9@�C'G/03@|K�<=@E0 � C'G/0MCE0L7/4�8?D1�§DPCE4�<?aiC'G=@E050�H9@�DFK�0L4yKI>94|CqDB7 _ .B>i8/0C'G/0�8=DF�§D{C�4

4 � 6 � 25798 8 � J?>=CMC'G?DB4��§D �=0L4�>94�2N4&>9K <?a�K;<=@E0�C'G=2L7
280 � z�G?D _ G�DB42!�X23DF7�C|</<�.B25@E�30 \�� G/0L@E0Xal<=@E0 � C'G/0�4&K�23.B.F0L4|C�4'>9K DB4
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{} �BC'G/0�03K�H?C�:I4)0§C �'� {1 � 2 � 4 � 5 � 8} � {6 � 7} � 25798I4)<I<=7 \ � >iJ=4)0§CE4qz�G?D _ GI2L@E0�79<!CzOD _ �50L8�DB7 _ .B>i8/0 {2 � 3 � 4 � 5 � 7 � 8 � 9} � {1 � 2 � 3} � 25798�<!C'G/03@�4 \] C,C'G?DB4Þ4'C�2!�30 � z�0A23.F46<cz�257?C,CE<�@E0 _ 23.B.!C'G=2XC�DBa/2M460XC S

G=2L4
n
03.F0LK�0L7?C�4 � C'G/0L7C'G/0OC|<!C�2L.�7=>9K�J903@y<?a´4&>iJ=4)0§CE4�<?a

S � DB7 _ .B>i8?DF79� S
DPCE4603.{a´2L798�C'G/0�03K�H?C�:I4)0§C � DF4 2n�14'DF7 _ 0�0L2 _ GI03.F0LK�0L7?C�<?a

S
DF4�0XD{C'G/03@ÞDB7�<=@q79<!C�DF7I2�H92L@�CED _ >/.F2L@q4'>iJ/460XC � \] aBC|03@q2�J=DPC�<?a��i898?.BDB79�M25@E<?>9798 � z�0O4)0L0cC'G=23C�C'G/03@E0�2L@E0��?>/D{CE0�2Oal0§z zOD _ �50584&>iJ=4)0§CE4�<?aÞC'G/0N460XCO�§DP�=037�DF7QC'G/0;H9@E</J?.103K \Q� @w:=DB79�ICE<�z�@EDPC|0IC'G/03K 2L.{.q89<5z�7�DB4H9@E</J=2!J?.P:�79<!C,2c�3</</8MD18/0L2A�F>97=.F0L4&4 � <?a _ <?>9@�4)0 � z�0�z�03@E0�4|CE> _ �ADB7OC'G=2XC,4679<5z�4|C|<=@EKC'G=23CMz�0�K�0L7?CEDF<=79058nDB7SC'G/0 � 0 _ 0LK�J903@�DF4&4&>i0 � \ � >9@æC'G/0L@EK;<=@E0 � C'G/0L@E0�89</034�79<!C4)0L0LK�CE<OJ90�2��=>/D _ �yz�2X:AC|< _ G=2L@�2 _ CE0L@�D{�&0�C'G/034)0y4&>iJ=4)0§CE4�2L798 _ <?>97?C�C'G/0LK 8?DF@E0 _ CE.P: \] �3</</8�790&Ù3C�4|C|03HSDB4OC|<�C|@w:Q�i798?DF79��C'G/0N7=>9K�J903@�<?a�zOD _ �5058�4&>iJ=4)0§CE4�<?a�246KI2L.{.103@�460XC \ ²L0XC

Sn = {1 � 2 � 3 � . . . � n} � 25798�.F0XC Wn
J/0�C'G/0c7=>9K�J903@Þ<?a?zOD _ �50584&>iJ=4)0§CE4I<?a

Sn
\e� 0;z�2L7?C�CE< _ 2L. _ >/.F2XC|0

W10
\e� 0N�i@�4|C�4|CE2L@�CMzOD{C'Gn4)<=K�0XC'G?DB79�0L2L4&DF0L@ \

�12 � µp<=7/4&DF8903@ S0 = {} \c� G/0L@E0�DB4M<=7=. :�<=790�4&>iJ=4)0§C �}C'G/0�03K�H?C�:N460XCyDPCE4603.{a �Ö25798C'G?DB4y4&>iJ=4)0§CÞDF4ÞzOD _ �5058��=G/037 _ 0 � W0 = 1
\

�1J � µp<=7/4&DF8903@ S1 = {1} \�� G/03@E0N25@E0N<=7=.P:�Cæz�<�4&>iJ=4)0§CE4 � {} 2L798 {1} � J/<!C'GS<?az�G?D _ G�25@E0AzOD _ �50L8��?G/0L7 _ 0 � W1 = 2
\

� _ � µp<=7/4&DF8903@ S2
\�� G/0L@E0�2L@E0

4
4'>iJ/460XC�4 � 0L2 _ G�zOD _ �50L8��=G/037 _ 0 � W2 = 4

\
�18 � µp<=7/4&DF8903@ S3

\p� G/0L@E0q25@E0
8
4'>iJ/460XC�4 � <=7=. :c<=790�<?aXz�G?D _ G�DF4p79<!C/zOD _ �5058c�17/2LK;0X.P: �

{1 � 2 � 3} � �=G/0L7 _ 0 W3 = 7
\

�l0 � µp<=7/4&DF8903@ S4
\p� G/0L@E0q25@E0

16
4&>iJ=4)0§CE4 � <=7=.P: 3

<?aXz�G?D _ GA25@E0q79<!C=zOD _ �50L8M�F7/25K�03. : �
{1 � 2 � 3 � 4} � {1 � 2 � 3} � 2L798 {2 � 3 � 4}� �=G/0L7 _ 0 � W4 = 13
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S9
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S10
z�G/037�z�0�H/>=CC'G/0�25898?D{CEDF<=7/2L.p7=>9K;J/0L@
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2L798

9
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_ <=7?C�2LDB7/4
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25798

9 � C'G/0L7D{C _ 257/79<!C _ <=7?C�2LDB7
7 � 4&DB7 _ 0�D{CADB4AzOD _ �50L8 � 2L798�C'G/0�@E0L4|CM<?a A

KI>94|COJ/0�2�zOD _ �50584&>iJ=4)0§CA<?a
S6
\A� G?>94 � C'G/0�7=>9K;J/0L@�<?apzOD _ �50L8N4'>iJ/460XC�4M<?a S9

_ <=7?C�2LDB7=DF79�
8
2L798

905�?>92L.B4
W6 � C'G/0�7=>9K;J/0L@c<?a´zOD _ �5058�4'>iJ/460XC�4O<?a S6

\�� G/0L@E0Xal<=@E0 � C'G/0�7=>9K;J/0L@A<?azOD _ �50L8I4'>iJ/460XC�4�<?a
S9
z�G?D _ GI89<�79<!C _ <=7?CE23DF7�J/<!C'G
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2L798

9
DB4

W9 − W6
\
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S9 � \�� G?>94 �
W10 = W9 + (W9 − W6) = 2W9 − W6

\
� 7�C'G/0c4&25K�0�z�2§: � z�0c46050�C'G=23C W9 = 2W8 − W5 � 2L798 W8 = 2W7 − W4 �25798I46<I<=7 \�� 0L7 _ 0 �

W10 = 2W9 − W6 = 2(2W8 − W5) − W6 = 4W8 − W6 − 2W5

= 4(2W7 − W4) − W6 − 2W5 = 8W7 − W6 − 2W5 − 4W4

= 8(2W6 − W3) − W6 − 2W5 − 4W4

= 15W6 − 2W5 − 4W4 − 8W3

= 15(2W5 − W2) − 2W5 − 4W4 − 8W3

= 28W5 − 4W4 − 8W3 − 15W2

= 28(2W4 − W1) − 4W4 − 8W3 − 15W2

= 52W4 − 8W3 − 15W2 − 28W1

= 52(13) − 8(7) − 15(4) − 28(2) = 504
\

� G?>94 � C'G/0O7=>9K;J/0L@�<?a9zOD _ �5058�4&>iJ=4)0§CE4�<?a S10
DB4
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A
8/<�79<!C _ <=7?C�2LDB7

n
à � a A

8/</0L4M79<!C _ <=7?CE23DF7
n �C'G/0L7
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DF4�DPCE4603.{ap2czOD _ �50L8I4'>iJ/460XC�<?a

Sn−1
\�� G/03@E0�25@E0

Wn−1
4&> _ G�460XC�4

A
\] 464'>9K;0�79<5z#C'G=2XC

A
_ <=7?C�2LDB7/4

n
\ � a A

8/</0L4�79<!C _ <=7?CE23DF7
n − 1 � C'G/037IC'G/0H92L@�C�<?a

A
C'G=23C´DB4�.10XaBC,23aBC|03@,@E0LK�<L�?DF79�
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DF4�2�zOD _ �50L8�4'>iJ/460XC,<?a

Sn−2
\,� G?>94 � C'G/03@E025@E0

Wn−2
zOD _ �50L8�4&>iJ=4)0§CE4�<?a

Sn
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n
25798�8/<�79<!C _ <=7?C�2LDB7

n − 1
\ � a

A
8/</0L4 _ <=7?CE23DF7

n − 1 � C'G/0L7 A
_ 2L7/79<!C _ <=7?CE23DF7

n − 2 � 4'DF7 _ 0cDPC _ 2L7/79<!C _ <=7?C�2LDB7 3_ <=7/460 _ >=CED �=0MDB7?C|0L�30L@�4 \�� 037 _ 0 � C'G/0MH92L@�Cq<?a A C'G=2XC�z�0O�30XCÞ23aBC|03@Þ@E03K;<3�=DB79�
n
2L798

n − 1
DB4y2MzOD _ �5058�4&>iJ=4)0§C�<?a

Sn−3
\�� G/0L@E0�2L@E0

Wn−3
4'> _ G�4)0§CE4

A
\� G/034)0O25@E0O2L.{.�<?aiC'G/0�H9<=464'D1J?DB.{D{CEDF0L4qal<=@

A
\�� G?>94 �

Wn = Wn−1 + Wn−2 + Wn−3
\

� � 0 _ 257 _ G/0 _ ��C'G=23C
W3 = W2 + W1 + W0

25798
W4 = W3 + W2 + W1

\ � � 7<!C'G/0L@iz�<=@E8/4 � 0L2 _ GcC|03@|K 2LaBCE0L@�C'G/0yC'G?DB@E8ODF4,C'G/0�4&>9K <?a!C'G/0yC'G=@E0L0�H/@E0)�=DF<?>94�CE0L@EK�4 \	c<5z#z�0 _ 2L7Iz�@�D{CE0�<?>=C�C'G/0�4)0L�=>i037 _ 0�4|CE2L@�CEDB79��23C
W0

C|<;�30§C
1 � 2 � 4 � 7 � 13 � 24 �

44 � 81 � 149 � 274 � 504 � . . .
\�� G?>94 � W10 = 504

\
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n(ρ) = 0

\M� G/0L7
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sin(∠A1Ak+1B)

sin θ
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sin θ
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sin θ
=
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sin θ
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∑
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(

θ +
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sin θ
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(
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sin θ
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
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(
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al<=@,2L.{.?Hi<=4'D{CED �=0�DB7?C|0L�30L@�4
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n→∞
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k ≥ 1 � .10§C Sk
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8=DF�§D{C�4 � 25798�.10§C sk
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Sk
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k ≥ 2 � z�0QG=2X�=0 sk = uk + vk + wk � z�G/0L@E0 uk
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Sk
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1 � vk
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uk+1 = 9sk � vk+1 = uk � 25798
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P (x) = 0 � z�G/03@E0
P (x) = x4 − 10x3 + 9 = (x − 1)(x3 − 9x2 − 9x − 9)
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λ
25798

λ
\ � DF7 _ 0

rλλ = 9
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DB4�4&>/Ü _ D1037?CE.P:Q.F2L@E�30N46<�C'G=23C ln(r + ε)

ln n
≤ 1 − ln(r + ε)

ln 10

\ � 0325@E@�2579�§DB79�IC'G?DF4DF790L�=>923.BDPC�: � z�0�G=2§�=0
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\ � 4&DB79��05�?>923CEDF<=7Q� � �'� z�0�46050�C'G=23C tn = O(nα)
\ � DF7 _ 0

0 < α < 1 � DPCÞal<?.{.1<5z�4ÞC'G=23C lim
n→∞
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B
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P

Q

R

S

T

γ

²L0XC
H
J90MC'G/0O4)0 _ <=798�DB7?C|03@�4)0 _ CED1<=7�<?a

γ
zOD{C'G

AC
\�� G/037

∠BHM = 90◦ �G/0L7 _ 0 � BH ⊥ AC
\ ²L0§C

R
J90qC'G/0�DF7?CE0L@�460 _ CEDF<=7�<?aLC'G/0�C�2579�3037?CE4´C|<

γ
23C

P
25798

Q
\²L0XC

A′ 25798 C′ J/0�C'G/0Ial0L0XCM<?a�C'G/0�H90L@EHi03798=D _ >/.F2L@�4Oa1@E<=K A
2L798

C
C|<

BC
2L798

AB � @E0346H90 _ CED �=03. : \ ²L0§C T
J90OC'G/0�H9<?DF7?Cy4'> _ G�C'G=23C

TA
2L798

TA′ 2L@E0�C�2579�3037?C�CE<C'G/0 _ DF@ _ >9K _ DF@ _ .F0�<?a 4BAA′ � 2L798�.10§C S
J90�C'G/0IH9<?DF7?CA4'> _ GNC'G=2XC

SC
25798

SC′25@E0cCE2L79�30L7?CÞCE<�C'G/0 _ DF@ _ >9K _ DF@ _ .F0�<?a 4BCC′ \
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� DF7 _ 0
A � B � A′ � 2L798 H

25@E0 _ <=7 _ : _ .BD _ � z�0�G=2§�=0
∠HA′A = ∠HBA = ∠HBP = ∠HQP �25798
∠HAA′ = ∠HBA′ = ∠HBQ = ∠HPQ

\
� 037 _ 0 � 4HAA′ ∼ 4HPQ

\´] .F46< � 4TAA′ ∼ 4RPQ � J90 _ 23>94)0
∠TAA′ = ∠TA′A = ∠ABA′ = ∠PBQ = ∠RPQ = ∠RQP

\
µ´<=7/4605�?>i0L7?CE. : � 4HA′T ∼ 4HQR

\ � COal<?.{.1<5z�4MC'G=23C 4HA′Q ∼ 4HTR
\� G?>94 � ∠HQA′ = ∠HR T

\
� 7QC'G/0N4&25K�0�z�2§: � 4&DB7 _ 0 ∠HCC′ = ∠HQP

25798
∠HC′C = ∠HPQ �z�0eG=2X�=0 4HC′C ∼ 4HPQ

\Ç] .F46< � 4SCC′ ∼ 4RPQ � 25798#G/0L7 _ 0 �
4HCS ∼ 4HQR

\�� G/0L7 4HQC ∼ 4HR S
\�� G?>94 � ∠HQC = ∠HR S

\� G/03@E03al<=@E0 � ∠HR T + ∠HR S = ∠HQA′ + ∠HQC = 180◦ � z�G?D _ G4)G/<5z�4qC'G=2XC�C'G/0�H9<?DF7?C
R
DB4�<=7�C'G/0�4605�XK�0L7?C

TS
\

� DF7 _ 0 4HTR ∼ 4HA′Q
2L798 4HR S ∼ 4HQC � z�0��30XC

TR : A′Q = HR : HQ = RS : QC
\

� G/037
TR : RS = A′Q : QC

\ � DB7 _ 0
AA′ ⊥ BC

25798
MQ ⊥ BC � z�0�G=2§�=0

AA′ ‖ MQ � 25798�C'G/03@E03al<=@E0 � A′Q : QC = AM : MC
\N� 0 _ <=7 _ .{>i890IC'G=2XC

TR : RS = AM : MC
\� G/0L7�C'G/0;H9<?DF7?C

M
�?2L@EDF0L4�<=7�C'G/0�4&DF890

AC
a1@E<=K

A
C|<

C � C'G/0;H9<?DF7?C R�?25@�D1034c<=7�C'G/0�4)0L�XK;037?C
TS

a1@E<=K
T
C|<

S � 462XCEDF4'a{:=DB79� TR : RS = AM : MC
\� G/03@E03al<=@E0 � C'G/0O.F< _ >94�<?a R DB4qC'G/0�4605�XK�0L7?C

TS
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f
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A � B
z�G/<=4)0�8?DF4|CE2L7 _ 0�2LH92L@�C�DB4

1
DB7?C|<

2
H9<?DF7?C�4�23COC'G/0�462LK;0�8?DF4|CE2L7 _ 025H/25@æC \ -9@E<3�=0yC'G=2XC´al<=@´257!:O7/23CE>9@�23.

n � |A−B| = n
DBK�H=.BDF0L4 |f(A)−f(B)| = n

\
:<��+#+,���F�6"�$ � ����- -
�x� ��- �3
 �	���>�!��1U� 7��!
	����
 � � 7 � �9���>1 ��-(7�� � � \

� G?DB4O@E034&>/.PC�DF4M2I4&Hi0 _ DF23. _ 2L4)0I<?a�C'G/0�al<?.{.1<5zODB79��C'G/05<=@E03K <?a�ä�0 _ �!KI257�2L798³�>925@�.1034 � � � Û�²L0§C
f
J90�2;aF>97 _ CEDF<=7Qa1@E<=K

En
CE<

En � z�G/03@E0 En
DF4�2 á > _ .{D18/0L2L746H/2 _ 0OzOD{C'G;�B�i7=DPC|0 � 8?DFK�0L7/4'D1<=7 n ≥ 2

\ � apC'G/0L@E0�0'Ù5DB4'C�4c<=790�@E0L23.´7=>9K;J/0L@ L > 04&> _ G�C'G=2XC
d
(

f(A), f(B)
)

= L
z�G/0L790)�=03@

A � B ∈ En
25798

d(A, B) = L � C'G/0L7
f
DB4y257�DB4)<=K�0XC|@w:I<?a

En
�{C'G=23CÞDB4 � f H/@E0L460L@w�=034�8?DF4|CE2L7 _ 0 � \� 0�79<!CE0MC'G=2XC�C'G?DF4y@E034&>/.PC�89</034y79<!C�G/<?.18�al<=@�C'G/0O@E0L23.i.{DF790 \

� � ¤æ�X�&�X¢ ® �
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� � � �'� H/H \ � �5� � � � � \



� �

	c0'ÙLC`z�0�G=2§�=0	Cæz�< 4)<?.{>=CED1<=7/4 C|< H9@E</J?.103K�4#<?a�C'G/0 � 0325K � 03.F0 _ CEDF<=7
á ÙL2LKIDB7/23CEDF<=7�al<=@�C'G/0 
=� ��� � ¶ ° � ��� �
� � ä�03.F�X@�2!8/0 � � � �5� � Û 
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n
J/0�2�Hi<=4'D{CED �=0NDB7?C|0L�30L@�25798

P (x)
2�H9<?.P:=79<=KIDB2L.y<?a�8/05�X@E0L0

2n
4&> _ GC'G=23C

P (0) = 1
2L798

P (k) = 2k−1 al<=@
k = 1 � 2 � . . . � 2n

\ -9@E<3�=0�C'G=2XC
2P (2n + 1) − P (2n + 2) = 1
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	c<!CE0ÖC'G=2XC 4ABE ∼= 4CDE
� ]�] � � \� G?>94 � BE = DE

25798
AE = CE

\ ²L0XC�CEDB79�
x = BE = DE � z�0��30§C a − x = AE = CE

\ä=: C'G/0 � G/05<=@E03K <?a#-?:!C'G=2!�3<=@�2L4 � z�0 G=2§�=0
(a − x)2 + b2 = x2 � <=@ a2 + b2 = 2ax

\
� G/037

x =
a2 + b2

2a

\
� 4&DB79�

BE = x
2L4�2�J=25460cDB7 4BDE � C'G/0_ <=@E@E0L4&Hi<=798?DF79��G/03DF�3G!CADB4

CD = b
\�� G/0L@E0Xal<=@E0 �C'G/0�25@E032�<?a 4BDE

DF4
1

2
xb =

1

2

(

a2 + b2

2a

)

b =
b(a2 + b2)
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15
DF4cJ/23.F2L7 _ 0L8 �z�G/0L@E03254

49
DF4�79<!C´J/23.F2L7 _ 0L8 � \ -9@E<3�=0�C'G=2XC�C'G/03@E0�2L@E0�<=7=. :c�i7=DPC|0X.P:MKI257!:OJ/23.F2L7 _ 0L87=>9K;J/0L@�4 \

� ��� ���!������"�$ � ����- -
�x� ��- ��
 �	��� �4�31U� 7��!
	����
 � � 7 � �9���>1 ��-97�� � � \
²L0XC

pk
J/0yC'G/0

k
��� H9@�DFK�0 \´� G/037

p1p2 · · · pk > k!
al<=@,23.B.

k
\�� <=@´4&>/Ü _ D1037?CE.P:.F2L@E�30

k � z�0�G=2X�=0 k! > 10k \M� G?>94 � C'G/0L@E0�0'Ù5DB4'C�4c2L7NDB7?C|0L�30L@ k0 > 0
4&> _ G�C'G=2XC �al<=@M032 _ G

k ≥ k0 � z�0�G=2X�=0 p1p2 · · · pk > 10k \ � <=@A4&> _ G k � DBa n
DF4O2�7/23CE>9@�23.7=>9K;J/0L@�zODPC'GQ0'ÙL2 _ CE. :

k
8/0 _ DBK�23.�8=DF�§D{C�4 � C'G/0L7 p1p2 · · · pk > n � z�G?D _ GNDFKIH/.{D1034C'G=23C

n
_ 2L7/79<!C�G=2§�=0

k
8?DF4|CEDF7 _ C´H/@EDBK;0ya12 _ CE<=@�4�2L798MC'G/03@E03al<=@E0 _ 2L7/79<!C�J/0�J/23.F2L7 _ 0L8 \� G?>94 � DBa n DF4qJ=2L.B257 _ 058 � C'G/0L7 n

G=2L4�.103464�C'G=257
k0
8?D1�§DPCE4 \,� G/0 _ <=7 _ .{>94&DF<=7�al<?.{.1<5z�4 \
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å \c] .FJ903@�C�2L798näi2L@'J=25@�2�H/.B2X:�C'G/0�al<?.{.1<5zODB79���X25K�0 \�° 7�2�C�2!J?.10�C'G/0L@E0�25@E0
19994'CED _ �!4 \ á 2 _ GOH/.B2X:=03@,DB7OCE>9@|7�K�>94'C�@E03K;<3�=0�a1@E<=K C'G/0yCE25J=.F0�4)<=K�0�4'CED _ �!4 � H9@E<3�=DF890L8C'G=23C,G/0y@E0LK�<L�=034�23C�.103254|C´<=790y4'CED _ ��25798M23CpK;<=4|C,<=790�G=23.Ba?<?a5C'G/0y4'CED _ �!4,@E0LKI2LDB7=DF79�<=7OC'G/0yC�2!J?.10�2XC´C'G/0�K�<=K;037?C�<?a/G?DF4�K;<3�=0 \´� G/0�H/.B2X:=03@�z�G/<O.F0L2§�=0L4´Ú1>94'C�<=790�4'CED _ �<=7�C'G/0MCE25J=.F0M.1<=460L4ÞC'G/0��X25K�0 \ äi2L@'J=25@�2�K;<3�=0L4��i@�4|C \

� 0XCE0L@EKIDB790cal<=@´z�G?D _ G�<?a/C'G/0cH/.B2X:=03@�4ÞC'G/03@E0O0'Ù5DB4'C�4q2�zODB7/7=DF79�A4'C|@�2XC|0L�): � 2L79889034 _ @�D1J/0MC'G?DB4�4|C|@�23CE05�): \
� ��� ���!������"�$ � ����- -
�x� ��- ��
 �	��� �4�31U� 7��!
	����
 � � 7 � �9���>1 ��-97�� � � \� G/0L7;C'G/0L@E0�25@E0

k ≥ 2
4|CED _ �54c@E0LKI2LDB7=DF79��<=7;C'G/0�CE25J=.F0 � z�0�zOD{.B.,462§:;C'G=2XC

k
DF4�2 ����

�4�3= � ��

� �!�����IDBapC'G/0�H=.F2§:=0L@�z�G/<;G=254yC|<�H=.F2§:�DB4�4&>9@E0�CE<I.F<=4)0OC'G/0��X2LK;0 �25798�z�0�zODB.{./462§:�C'G=2XC

k
DF4q2 �D�4���3�!��= � ��
.���!������DBa/C'G/0MH=.F2§:=0L@´z�G/<�G=254�C|<�H=.F2§: _ 257_ @E0L2XC|0�2O.F<=4&DB79�MH9<=4&DPCED1<=7�al<=@�C'G/0�<=H9H9<=790L7?C \

� >9H9H9<=4)0�C'G=23C
k
DF4�2N.1<=4'DF79��H9<=4&DPCED1<=7 \�� G/0L7

k + 1 � k + 2 � . . . � 2k
25@E0zODF7/7=DB79��Hi<=4'D{CEDF<=7/4 � 4&DB7 _ 0�D{C�DB4OH9<=464'D1J?.10�CE<N.1032X�=0 k

4'CED _ �!4O<=7NC'G/0�CE25J=.F0�al<=@�C'G/0<=H9H9<=790L7?C \,� G/03@E03al<=@E0 � 2k+1
DF4�2�.F<=4&DB79��H9<=4&DPCED1<=7�4&DB7 _ 0 � 2 _'_ <=@E8=DB79�yCE<MC'G/0�@E>/.F0L4 �C'G/0�H=.F2§:=0L@qG=2L4qC|<�.F0L2§�=0O23C�.103254|C

k + 1
25798�K;<=4|C

2k
4|CED _ �54�<=7�C'G/0cCE25J=.F0 � z�G?D _ G�§DP�=034�2czODF7/7=DB79�MHi<=4'D{CEDF<=7�CE<�C'G/0�<=H/Hi<=79037?C \

� DF7 _ 0
k = 2

DF4�2�.1<=4'DF79��H9<=4&DPCED1<=7 � z�0A890L8=> _ 0�C'G=2XC´C'G/0�.1<=4'DF79�yHi<=4'D{CEDF<=7/4�25@E0C'G/0�DB7?C|0L�30L@�4
Un � z�G/0L@E0 U0 = 2

2L798
Un+1 = 2Un + 1

\ ä=:�DF798?> _ CED1<=7 � DPC _ 257J90�46G/<5z�7�C'G=23C
Un = 3 × 2n − 1

al<=@
n ≥ 0

\ 	c<!CE0�C'G=2XC
1999

89</034c79<!C�G=2§�=0C'G/0cal<=@|K
3 × 2n − 1 � 4&DB7 _ 0 1999 + 1

DF4q79<!CÞ8?DP�?DF4'D1J?.10
3
\ � C�al<?.B.F<5z�4�C'G=2XC 1999 DB42MzODB7/7=DF79�MHi<=4'D{CEDF<=7 \�� G?>94 � äi2L@'J=25@�2 � z�G/<�K;<3�=0L4��i@�4|C � G=2L4�2czODF7/7=DB79�M4'C|@�2XC|0L�): \� G/0�4'C|@�2XC|0L�):�DF4�89034 _ @�D1J/058I2!J/<L�=0 \ � C�4'>/Ü _ 0L4yal<=@Aäi2L@'J=25@�2OCE<�.F0L2§�=0�<=7�C'G/0CE25J=.F0 � <=7 _ <=7/4)0 _ >=CEDP�=0cCE>9@|7/4 � 2�7=>9K�J903@y<?a�4'CED _ �!4�0L�=>923.9CE<

U9 = 3 × 29 − 1 = 1535 �
U8 = 3 × 28 − 1 = 767 �
U7 = 3 × 27 − 1 = 383 �
U6 = 3 × 26 − 1 = 191 �
U5 = 3 × 25 − 1 = 95 �
U4 = 3 × 24 − 1 = 47 �
U3 = 3 × 23 − 1 = 23 �
U2 = 3 × 22 − 1 = 11 �
U1 = 3 × 2 − 1 = 5 �
U0 = 2

\
� \ �F2 � � 0XCE0L@EKIDB790 2L.{.MH923DF@�4 (x, k)

<?a�Hi<=4'D{CED �=0nDF7?CE05�303@�4;z�G?D _ G 462XCEDF4'a{:eC'G/005�?>923CEDF<=7
3k − 1 = x3 \

�lJ � -9@E<L�=0�C'G=2XC´DBa n DB4�257ODB7?C|0L�30L@,�X@E0L2XC|03@pC'G=2L7 1
2L798�8?D �´0L@E037?C´a1@E<=K

3
C'G/03@E025@E0O79<�H923DF@�4

(x, k)
<?apHi<=4'D{CED �=0MDB7?C|0L�30L@�4�4&23CEDB4&a{:?DF79��C'G/0�0L�=>92XCED1<=7

3k − 1 = xn \
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� ����/���2�"�$�� � � �F� ���<73�47�� �����>1&) � �3�	��1 ��-97�� � � �67��<2 � ���	- -.��� ��- ��
 �	��� �4�31�� 7?� 
����3
 �
� 7 � �9���	1 ��-(7�� � � E 5;� =���/��|�<7��!7?��� ����	 
 � -9������� � � \

�12 � µi.10325@�.P: � (x, k) = (2, 2)
DF4M2I4)<?.{>=CED1<=7 \�� 0�zOD{.B.�46G/<5z	C'G=2XC�C'G/03@E0I25@E079<I<!C'G/0L@Þ4)<?.{>=CED1<=7/4 \²L0XC

x
25798

k
J90cH9<=4&DPCEDP�=0�DF7?CE05�303@�4�4'> _ G�C'G=2XC

3k − 1 = x3
\,� G/037

x
DF4q0)�=0L7 �4&DB7 _ 0

3k − 1
DB4�0)�=0L7 � 25798�C'G?>94 � x ≥ 2

\�� >9@æC'G/0L@EK;<=@E0 � z�0�G=2§�=0
3k = x3 + 1 = (x + 1)(x2 − x + 1)

\
� C�al<?.B.F<5z�4AC'G=2XC x2 − x + 1 = 3s al<=@A46<=K;0�DF7?CE05�303@ s ≥ 1

\ � � 0 _ 257/79<!CcG=2§�=0
s = 0

J/0 _ 2L>9460
x ≥ 2

\ � � <5z�0)�=03@ � x2 − x + 1
DF4q79<!C _ <=79�X@E>i037?C�C|<

0
K�</8=>/.F<

9 �254yz�0 _ 257 _ G/0 _ ��JL: _ <=7/4&DF8903@EDB79�
x ∈ {0 � 1 � . . . � 8} \A� G/03@E03al<=@E0 � s = 1

\A� G/0L7
x2 − x + 1 = 3 � �§D �=DB79� x = 2 � a1@E<=K	z�G?D _ G k = 2

al<?.{.1<5z�4 \
�lJ � ²L0§C n

J90�2L7}DB7?C|0L�30L@��X@E0323CE0L@OC'G=2L7
1
al<=@cz�G?D _ G�C'G/0L@E0Q0'Ù5DB4'C�Hi<=4'D{CED �=0DF7?CE05�303@�4

x � k 4&> _ G�C'G=2XC 3k − 1 = xn \�� 0czOD{.B.9H9@E<3�=0MC'G=23C n = 3
\

� DB@�4'C � z�0N</J/460L@w�=0�C'G=2XC n
_ 2L7/79<!C�J/0�0)�=0L7 \ � <=@ � DBa n = 2r � z�0�z�<?>/.18G=2X�=0

(xr)2 = 3k − 1 ≡ −1 (mod 3)
\�� G?DB4cDB4cDBK�H9<=464'D1J?.10 � 4&DB7 _ 0�2�4)�?>925@E0�DB4_ <=79�X@�>i0L7?CÞCE<I0XD{C'G/03@

0
<=@

1
K�</8=>/.F<

3
\

	c<5z 460XC
n = 2r + 1

\�� G/037
3k = xn + 1 = x2r+1 + 1 = (x + 1)a �z�G/0L@E0

a = 1 − x + x2 − · · · + x2r \ 	c<!CE0�C'G=23C x + 1 > 1
25798�23.F46<

a > 1�lJ/0 _ 2L>9460
n > 1 � \ � Cyal<?.{.1<5z�4yC'G=23C x + 1 = 3u 25798 a = 3v al<=@y4)<=K�0�Hi<=4'D{CED �=0DF7?CE05�303@�4

u
2L798

v
\�� G/037

x ≡ −1 (mod 3)
25798

3ν = a ≡ 1 + 1 + · · · + 1 ≡ 2r + 1 (mod 3)
\

� G?>94 � 2r + 1 ≡ 0 (mod 3)
�5C'G=23CÞDF4 � r ≡ 1 (mod 3)

\ � 0L7 _ 0 � r = 1 + 3w
al<=@4)<=K�0�79<=79~'7905�X2XCEDP�=0ODB7?C|0L�30L@

w
\ 	A<5z

3k = x2r+1 + 1 = (x1+2w)3 + 1
\ � @E<=KH92L@�CM�F2 �|� z�0IK�>94'CcG=2X�=0 x1+2w = 2 � z�G?D _ G�DBK�H=.BDF0L4AC'G=23C w = 0

\I� G/0L@E0Xal<=@E0 �
r = 1

2L798
n = 3

\

� G=2XC _ <=K�H=.10§C|034�C'G/0 :<��- �F�	-�al<=@,C'G?DF4ÞDF4&4&>i0 \ � 0L798�K�0�:=<?>9@ ° . :/KIH/DB2!8 _ <=79~C|034'C�K�2XC|03@EDB2L.B4Þ25798O:=<?>9@�7=D _ 0c4)<?.{>=CED1<=7/4Þ2L798��303790L@�23.BDP�'23CEDF<=7/4�C|<�H9@E</J?.103K�4ÞDB7�C'G/0
:<��- �F�	- \




/�
� � � � � ��� �a��� �
�,� ��( �}� �A(M ��	��
���
 ���O%&$6(

� �0�>��� �!��= @92������!
 7��F2#�����<��- � -
��"�7�"���� ��� $ � � � � ���	-9
ä=:�-?23>/./· \ 	�2!G?DB7 � H/>iJ?.BDB4)G/0L8�JL:�-9@EDB7 _ 0§C|<=7 � 7=D �=0L@�4'D{Cw:�-9@E03464 � � �!� �
� � ä�	 � ~ � �!� ~ �5� � � � ~ 
 �FH92LHi03@'J=2 _ � �'� � � � H/2!�3034 � � � 	 �
� \ � � \)*�?/>����� ��2 "�$�
�����������������1�% � 732��!7 � �0��/��	-9

� �4$�1D5;��� ��/	��� ���	1 CA�/\
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A3

I

J

K

M

L

α12

β12

α23

β23

α31

t

wKx�y
K z x�yo�Rx��0��y�xK�6��x���y��0���q���

α12
{����

β12

Q
L

yo�Rx��
��y'x2�6��xK��y�� ���q���
α23

{K���
β23

Q {����
M

yo�Rx5�0��y�xK�6��x���y��0���~���
α31

{����
t
F wKx�y

d
{����

d′ z x5yo�Rx5� x2���1yo�������	yo�Rxy�{K���2xK��y6�Dy'�
A2

� �����
K

{K���
L

Q ��x2��}�x���y�� ��x2� � F ´"�Rx2�
IK + d = IL − d′ {K���

JK − d = JL + d′
Q � ����� · ��� �.� · x���{���x

IK + JK = IL + JL
F

² �0���
�
{��6�¿� Q z �q�o���R�o� �RxK�6�0���±yo�Rx�y6{����2x2��y���y'�
A1

� �����
K

{K���
M

Q2· x5� z y6{K�
�
IK + JK = IM + JM

F ´������ Q
IL + JL = IM + JM

F
� � ·�Q {��.�.���~x�yo��{�ySyo�RxD���0��x

t
�0������y�y�{K���2xK��y�y'�

A3

F wKx�y
t′ z x�yo�Rx�y�{K���2xK��yy'�

A3

· ���0�.�~}R{��.��x2��yo�������	�2�
J

{K���|�0�±����y
β23

F wKx�y
M ′ z xEyo�RxE�0��y�xK�6��x���y��0�������

t′
· ��yo�

α31

F � ��{ z �K��x Q
IM ′ + JM ′ = IL + JL

Q � ����� · ��� �.����y������
�0� · ��yo��{�y
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IM ′ − IM = JM − JM ′ \�] 4M2�@E034&>/.PC � z�0IG=2X�=0 |JM − JM ′| = MM ′ �z�G?D _ G _ <=7?C|@�258=D _ CE4�C'G/0 � @EDB2579�§.F0 � 7905�?>92L.{D{Cw: |JM − JM ′| < MM ′ \�� G/0L@E0Xal<=@E0 �
t
K�>94'C�J/0MC�2579�3037?CÞCE<
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A�BDCLK�F±G6I�J�J2L�M1O �RQ�L�I�UuV	X.Y2Z�Y�[�\�]5^�`�sÚY��RdNMOM \K]�t�dK[.[.j�f d2n�a�c�X�d2[2^RY	�KX6­2n	 �X�dKe"�'\�£
² ��}�}�����x5yo��{�y

x1 > x2 > · · · > xn
{���xE��xK{2�	����� z xK�6� F ³����K��xDyo��{2y

n
∑

k=1

x2
k −

∑

1≤j<k≤n

ln(xj − xk) ≥ n(n − 1)

4
(1 + 2 ln 2) − 1

2

n
∑

k=1

k ln k
F

¨�Y+MOM \�e"c�^�`�shj�����\1f���dRc0d2j�f
f�\�n�g�Y	��\�eRnS �X6d�e��o\�F
´"���
���0��y�xK��x2�oy��
��� z ��y����QP��'�R�¿y�}���� z � x2� �0������y���x ·|M ��y��0������� ��x�� z �OR�x2{�� �³R� x2�'��x�¸������|��SxK��x5�0� g�\2¥���\�]�\1[@M~d�c��@T\/M~dRc0j?U���\1[5]�\�f�V \�eR[�\1j
­�e�\WM \�eic"[K��Z�T\�X6j�\��KX�ng�sña�Q � o X Q R.{K�����0xK� I�J�J�J�Q }�} FZY�T X/[]\ F
´"�Rx��oy6{��ly��0����}	���
��y · {K��{���y���{2�
� �5{±}R��� z �0xK�Ã}	����x��5{�y�yo�Rx±���6{K��x�^K{K�|�
�R{2y��0��������?_>`a��o���0x�³���� ��y�x��.����� � �	x��
� T � � \ {K��������� ��x�� z ��R�xK{K� �/b�{K���0xcb_����� x2�S{�����R�x2{�� �wK���R�0�<dS{����'�
���0� g�sñace gS\2¥���\5]�\fM~dRc��@T\WM~d�c0j�U���\�[�['Z�T\��lj0d2f�\�[�¶ �@g ��h�T�J�Q b�{K����Ro�R�
�T�����P�Q }R} FiTKJ � X/[]\ F R�xK{K� ��³R�0xK����x~¸E���'����Sx2��xq��{���x�{���x · �����
��y��0�����
� g�sña �@g I�Q

i ��y'� z ��x T � ��PRQ }R} FSO�O�P [ L�J {K���u}R����}	����x��b{��2x2��xK�6{2�
�kj.x�� ������� ����yo�Rx|}���� z � x2�µ yo�Rxb��{K��x {K� I ��J�L�¶ yo��{2y��Rxb�����¿��xK���
� IKJ�J�J	F ¸Exu��x�y'x2�'���0��xK��yo�Rx �|�
���0�������{K���	x±���Kyo�Rx±x%^�}R��xK�.�.�0���E���Dyo�Rx�� x��
y"�.�0��x����Kyo�Rx��
��x � ��{K����y������
{±������x�}����¿�������|�
{K�
���x2�
{2y�x��qy���¸ExK���|�¿y'xE}	��� �R�������0{2�0� F
l ]�£nm ´"�Rx�}�����}�����x2���o� z ����y6y�x���{������
��y��0��� · ���0�.�E�0����� ��x2��¸ExK���|�¿y'x�}	��� �R�������0{2�0� F
¸�x�x�^�}R�
{K�
��x��qyo��{�y��Rx��o� z ����y6y�x��qyo���
�±}R��� z �0xK� z xK�'{2����xE�¿y · {K� Q �0�~���
����}��0���0��� Q
����y · x2��� ����� · � µ {2y9�0xK{K�oy9����y�y��poZqfr]sut7vnw�x�y{z7|~}
�5y ��xK{���x2�6� ¶'Q {K��� z x���{K����xyo�Rxh����� � ����� · �ñ�����
��y��0���_����x2��¸ExK���|�¿y'xu}����¿�������|�
{K�
� F ¸�x · {K�~�R��}��0����yo��{�y�����~xE���"��������xK{���x2�6�±�'���R� ���	���q{������¤x2��xK��y µ {���� Q �R��}�x2�0�R���¿� Q ������xEx2�0xK�~xK��y6{���� ¶
}����R��� F ² �0���'xD�����o�	�.�������
��y��0������{�� z xKxK����x��'x2� ��x�� Q2· xD�o���R�o� �RxK�iyo���0�9}���� z � x2�§y��
z x��'y��
������}�xK� F� �~yo�Rx��oy6{2y�xK�~xK��y±���"yo�Rx�}R��� z �0xK� Q yo�Rx��o��������y��0�����

1 ≤ j ≤ k ≤ n �
· {K��'� x2{��6�¿�~{�y��R}��|�����
�

1 ≤ j < k ≤ n �
µ yo���0����{K� z xKxK���'���'��xK��y'xK�~�
�|yo�Rx�}���� z � x2��oy6{2y�xK�~xK��y�{ z �K��x ¶�F ´����0� · {���}	���
��y'xK������y z � � � w�´¤¸ca���R � �
if��² Q � �'�o�R�
�
��xK� ����R�|�R{��o�
��� QR� �R�R� z �6�	��� Q � ���'y'���
{ Q�· �R��{2�0�����o� z ����y6y�x����o���|��x2��y������R� · �
����yo��{�yyo�Rx±���¿��x2�5�
��x � ��{K����y��D�
�¤�
�D��y6������{���}	x2�oy��������Æ��� Q ����yo�Rx�� x��
y"�.�0��x����Kyo�Rx��0��x � ��{2�
�¿y�� Q

yo�Rx��.���|�~{�y�� ��� n
∑

k=1

x2
k

�
����xK}��0{��oxK� z � 1

n

∑

1≤j<k≤n

(xj − xk)2
F
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 0 _ C|037IHi<?DB7?C � X � 
 � � �'� G=2L4�C|@�DB.{DF790325@ _ </<=@E8=DB7/23CE0L4
1

sin A + cos A
:

1

sin B + cos B
:

1

sin C + cos C
�

25798OC'G/<=4)0A<?a?C'G/0 � :=K�K�058?DF2L7�Hi<?DB7?C � X � � �'� 25@E0 sin A : sin B : sin C
\ á �=>92XCEDF79�C'G/0L460MCæz�<�Hi<?DB7?CE4 � z�0�</J?C�2LDB7

sin A

sin B
=

sin B + cos B

sin A + cos A
=

√
2 sin(B + 45◦)

√
2 sin(A + 45◦)

�
sin(A + 45◦) sin A = sin(B + 45◦) sin B �

1
2

(

cos 45◦ − cos(2A + 45◦)
)

= 1
2

(

cos 45◦ − cos(2B + 45◦)
) �

cos(2A + 45◦) = cos(2B + 45◦)
\ � � �° a _ <?>9@�460 � C'G/0 _ : _ .BD _ H90L@EKI>=C�23CEDF<=7/4�<?ay� � � K�>94'C�G/<?.F8S2L.B4)< \�� <S4&23CEDB4&a{:S� � �'� DPCal<?.B.F<5z�4�C'G=23C�03DPC'G/0L@

A = B
<=@

(2A + 45◦) + (2B + 45◦) = 360◦ \c� G?DB4A.F2L4'C_ <=798?D{CEDF<=7�DF4�05�?>/DP�?23.1037?C�C|<
A + B = 135◦ \ µ´<=7/4605�?>i0L7?CE. : � 2L.{.i<?a/C'G/0cal<?.B.F<5zODF79�_ <=798?D{CEDF<=7/4�K�>94'C�G/<?.F8´Û

�BD � A = B
<=@

A + B = 135◦ � �BDBD � B = C
<=@

B + C = 135◦ ��FD{DBD � C = A
<=@

C + A = 135◦ � �FD � � A + B + C = 180◦ \
� @E<=K �FD � C|<��FD � �|� DPCÞDB4�0L2L4�:�C|<�46050cC'G=2XC�C'G/0L@E0�2L@E0�<=7=. :�Cæz�<�Hi<=4&4&DFJ=D{.BDPCED10343Û�12 � A = B = C = 60◦ � <=@�1J � A = B = 45◦ � C = 90◦ �12L798�D{C�4 _ : _ .BD _ H90L@EKI>=C�23CEDF<=7/4 � \� 0 _ <=7 _ .{>i890�C'G=2XCc<=7=. :�05�?>/DB.B23CE0L@�23.´C|@EDB2579�§.F0L4c25798�@�D1�3G!C'~'2579�§.F058NDF46<=4 _ 03.F0L4C|@EDB2579�§.F0L4yK;0L0XC�C'G/0 _ <=798?D{CEDF<=7/4�<?aiC'G/0�H/@E</J=.F0LK \
:<��+#+,���F� \�] �3</</8�z�05J=4&DPC|0�al<=@y2�8=DB4 _ >94&4&DF<=7N<?apC'G/0 
 0 _ C|037;Hi<?DB7?Cy25798;2�.BDB4'Cy<?a@E03al03@E0L7 _ 0L4yDB4 ] .10'Ù�ä�</�3<=K;<?.B7!:pÝ 4Þz�05J�H925�30�23C
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k ∈ � \�� DF798 min
n∈ �

(

2

n
+

n2

k

) \
:<��+ � ��
.��������� 

�4+ ���47�- 
���� ���!������
�"�$ � 7 � �<�3�>
 ::�F��� 
�	1 C 7�� � $?1 ��-(7�� � ���'7��<2 ::�3���
:���- �!� 
 1U� �!
.
�� ��-9� � � �3���F�	- � � �473���;:<�������>=3�>1 � ��� � �!��1U� B 1 � � % \

� D Ù
k ∈ �I� 2L798�.F0XC fk(x) =

2

x
+

x2

k

\�� DF7 _ 0
f ′

k(x) =
2(x3 − k)

kx2
� z�0�46050C'G=23C

fk(x)
DB4�890 _ @E0L2L4&DB79�N<=7 [

1,
3
√

k
] 25798�DB7 _ @E0L2L4&DB79�N<=7 [

3
√

k, ∞
) \�� G?>94 � <=7C'G/0�DB7?C|03@w�?2L.

[1, ∞) � C'G/0�aF>97 _ CED1<=7 fk(x)
DF4MK�DF7=DBKIDP�&058�2XC

3
√

k
\�� G/0L@E0Xal<=@E0 � C'G/0KIDB7=DFK�>9K	�?2L.{>i0�<?a

fk(x)
<=7 � < _'_ >9@�4y23Cq03DPC'G/0L@ ⌊

3
√

k
⌋ <=@ ⌊

3
√

k
⌋

+ 1
\

� <=@Þ257!:
m ∈ �I� z�0�G=2§�=0

fk(m) − fk(m + 1) =
2

m
+

m2

k
− 2

m + 1
− (m + 1)2

k

=
2k − m(m + 1)(2m + 1)

m(m + 1)k
�

25798�G/037 _ 0 � fk(m) ≤ fk(m + 1)
DBaÞ2L798�<=7=.P:�D{a

k ≤ 1
2
m(m + 1)(2m + 1)

\²L0XC�CEDB79�
m = b 3

√
kc � z�0�G=2§�=0

min
n∈ �

(

2

n
+

n2

k

)

=











2

m
+

m2

k

D{a
k ≤ 1

2
m(m + 1)(2m + 1) �

2

m + 1
+

(m + 1)2

k

D{a
k > 1

2
m(m + 1)(2m + 1)

\
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�
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�
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$���&%�-4
�' 
�
*(42 
 '�
��
� +/-�
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A�BDC�
5FDG6I�J�J2L�M�O���Q�L�I�U V	XoY2Z�Y�[�\K]�^�`�¯2Y�[���j�Yqa�\1j�M�j�`2d2n
��d�k±d2[�d���j0n���d�Z"dKe¤F
�¤�R��� z ���

ABCD
��{K���0���'�
���'� x

Γ
· �¿yo���'xK��y'��x

O
F�� �
���'� x

Γ
y����	�.�RxK���.�0��x2�

AB
{K���

AD
{�y

M
{����

N
Q ��x2��}�x���y�� ��x2� � F ² ��}�}�����xEyo��{2y�{�y6{����2x2��y�y'�

Γ
�~x�x�y��yo�RxD��xK����x2��y��

AM
{����

AN
{2y

E
{����

F
Q ��xK�.}	xK��y��¿��x��¿� Q {K����yo��{2y

EF
�
��y'x2�6��xK��y��

BC
{K���

CD
{2y

P
{K���

Q
Q ��xK�.}	xK��y��¿��x��¿� F

³����K��xDyo��{2y
[AMON ]

�
��yo�Rx��2xK����x�y'���0����x2{��~���
[AEF ]

{K���
[CPQ]

Fµ
[Z1Z1 . . . Zn]

��x2����y'x2��yo�RxE{���x2{�����yo�Rx
n[ �2���

Z1Z2 . . . Zn

F ¶
a�YKfl�Rc0j�Y�eb^�`�shj�����\1fS��d�c d�j
f�f�\1n�g�Y	��\�eRnS �X6d�e��o\�F

wKx�y
σ = 1

2
(AF + FE + EA)

{K���
s = 1

2
(CP + PQ + QC)

F ² �0���'x
Γ

�
�yo�Rx�x%^��'�0���'�0xq��}�}����.�¿y'x�{K����� x
A

��� 4AEF
Q yo�RxK�

AN = AM = σ
F � ��y�x�yo��{�y

Γ
�0�5{2�0����yo�Rx��
���'�0���'�0x~��� 4CPQ

F wKx�y
r

{����
ρ z xqyo�Rx��0�R�6{���������� 4CPQ

{K���
4AEF

Q ��x2��}�x���y�� ��x2� � F ´��RxK�
[CPQ] = rs

{����
[AEF ] = ρσ

F
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A

B

C

D

E
F

M N

O

P

Q

Γ

� DF7 _ 0
DA ‖ CB

25798
AB ‖ DC � C|@EDB2579�§.F0L4 AEF

2L798
CQP

25@E0O4&DBKID{.F2L@ \
� 037 _ 0 � ρ

r
=

σ

s

\�� G/037
[AEF ][CPQ] = (ρσ)(rs) = (ρs)(rσ) = (rσ)2 = [AMON ]2 �z�G?D _ G _ <=KIH/.F0XCE0L4qC'G/0OH9@E</<?a \
	�
 ��
 ��
�
������ ���Æ
/� 	 9�0�5��*0�7 � �����*7	� ��7��&	�� 7 % 5); � ;��� 3 
 3�
Æ
/��")"�-�"�3 %��*-4
 
 -/�*
�
 3���%

� ��-43 +.� 0����85�����7R!K�S�*�p��; � � 	 �"���/�*% � "�3 ��'�
�
 % � ���!0���50! 0 � ����5 �4%�� 3 �#��
*(�"�3 �$
*(/' 
���")+ �$' -$'.�
0�
�
 
��&2/�&%7�4
 � 
 3 +/%5� 7 % � ��	�� ,�	�������� �p�)	 9�7 � �4% � ")�4(�
 3 +���+/2��� �+/-���3�(� % 5 +*+/����"&(�� ��% 	�(���' "�3 -6�
��7R��� �/0��S�/7�� � � ����% � -�����3��*�&%:9 �*% � ��	��5�6; ��;������1�*9 ��% �4-4
�'.�*
� � !�&
 % ' 
��<9���'�
���"�
 -�+���� ��!K�K�.� �
��; , 7 7 % � 3�
�
 - � +/3�����"���3�'��4%¤��-�� 3 "�-$��-�%�0�	�% � �&	��"�$5 �.�<7 � %"!�
�
 � 0�
� � (�+/3�'�� 0�
�
 
��&2/�&%<, 3 +�'.��"� -$����+$%�
1�4% � �&	����$5�� � ����7�9 	�� � % � (�� 
*-�"#����' % ��
� �-�+$3 -6� -�+���' 
�� ��"#
 � 
�����"�;

A�BDC���FDG6I�J�J2L�M�O���Q�L�I�U V	XoY2Z�Y�[�\K]�^�`�¯2Y�[���j�Yqa�\1j�M�j�`2d2n
��d�k±d2[�d���j0n���d�Z"dKe¤F
i �~yo�Rx��o� �RxK�����"y'���
{������0x

ABC
Q y'�6�0{K����� x2�

DBC
Q
ECA

Q
FAB

Q {K��xq�o��� ��oy'�6�	��y'xK� x%^Ky�xK���R{K���¿�b�o�	�.��yo��{�y
∠DBC = ∠DCB = ∠ECA = ∠FBA = φ{����

∠CAE = ∠BAF = θ
Q�· �Rx2��x

∠BAC + θ < 180◦
Q
∠ABC + φ < 180◦{����

∠ACB + φ < 180◦
F

³����K��x�yo��{�y
[ABDE] = [CAFD]

F�µ
[Z1Z1 . . . Zn]

��x2����y'x2�5yo�Rx~{K��xK{����yo�Rx
n[ �2���

Z1Z2 . . . Zn

F ¶
� F�a�YKfl�Rc0j�Y�e�^�`E �X6d�e��lj0[��oY��¤\�f
f�Y�c"g�Y�[�d�]�Y�n"®'£��S£ l M�j
f�j�Y� �\�X'X6d�X6j
n���d2f�f d�]�YKf
j�]�n�a�Z"d�j eiF

� x����6�oy�� z ��xK����x�yo��{2y 4BDC
�
� �0�������'x2�0xK� F ´"�Rx2��x2������x Q5· x©�~{��½��x�y

x = BD = DC �
������xK�K��x2� Q 4ABF

{K��� 4ACE
{���x��.�
�|���0{K� Q�· ���0�.�|�0�|}R��� x2�yo��{2y

BF/CE = c/b
F � xE{K�
������{���xDyo�RxE������� � · �
���Ex � ��{2�
�¿y�� x2� M

[ABDE] = [ABDCE] − [CED]

= [ABC] + [BDC] + [ACE] − [CED]
Q

[CAFD] = [CAFBD] − [BDF ]

= [ABC] + [BDC] + [AFB] − [BDF ]
F

´"�Rx2��x2������x Q�· x · �
���	��xKx��qy���}����2��x5yo��{�y
[ACE] + [BDF ] = [AFB] + [CED].

µ�T�¶



� �

� G/0�@E0X.10)�?2L7?Cq25@E03254y25@E0
[ACE] =

1

2
b · CE · sin φ � [BDF ] =

1

2
x · c

b
· CE · sin(2φ + B) �

[AFB] =
1

2
c · c

b
· CE · sin φ � [CED] =

1

2
x · CE · sin(2φ + C)

\
� >iJ/4|CED{CE>=CEDF<=7IDB7�� � � 25798�4&DBK�H=.BD{� _ 23CEDF<=7I@E0L8=> _ 0L4�C'G/0OH9@E</J?.103K�CE<�H9@E<3�=DB79�cC'G=2XC

b2 sin φ + xc sin(2φ + B) = c2 sin φ + xb sin(2φ + C)
\

á Ù5H92L798=DB79�cC'G/0�4'DF79034�<?aiC'G/0O2579�§.F0�4'>9K�4 � 25798�</J=4)03@w�=DB79�AC'G=23C
xc cos 2φ sin B = xb cos 2φ sin C�lJL:�C'G/0 � DB790I²32§z#DB7 4ABC �'� z�0MaF>9@æC'G/0L@q@E0L8=> _ 0OC'G/0OH9@E</J?.103K�CE<

b2 sin φ + xc sin 2φ cos B = c2 sin φ + xb sin 2φ cos C
\

� DF7 _ 0
sin φ

DF4q79<=79~E�&0L@E<��BDF7�<=@E8/0L@�al<=@,C'G/0cH/@E</J=.F0LK C|<�J/0M79<=79~EC|@ED �=DB2L. �'� 25798�4&DB7 _ 0
2x cos φ = a � C'G/0O.F2L4'Cq0L�=>92XCED1<=7�DF4�0L�=>/D �?2L.F0L7?C�CE<

b2 + ac cos B = c2 + ab cos C �z�G?D _ G � JL:;C'G/0�µ´<=4'DF790N²32Xz � @E058?> _ 034AC|<IC'G/0�DF89037?CED{Cw: ab2 + ac2 = ac2 + ab2 �25798�z�0O25@E0�89<=790 \
jæj \ � ��� ���!������"�$ � �����	- � E 5;����1t�������!7 ���3��/���- 
.��� $?1 � 7�� �4-973207?16:�% 1 � � % \

..................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
..
..
..
.
..
....................................................................................................................................................................................................................................................

..

..

...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.................................................................................................................................................................................................................................................................................
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
..
.
....
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...
..
..
...
..
..
..
...

.................................................................................................................................................................................................................................................................................................................................................................................................................................................
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..
..
.
..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

...

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

..........................................................................................

..............................................................................................................................................

.......
........

........
........

........
........

........
........

.........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

.......

........
........

.........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

........
........

.............................................................................................................................................................................................................................

....

....

....

....

....

....

....

....

....

....

....

....

....

....
..
..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

.

.

.

..

.

.

.

.

.

.

.

..

.

.

.

........
.......
.....
.
.
.
..
.
.
.
.
.
.
.
..
.
.
...................

.

.

.

..

.

.

.

..

.

.

.

.

.

..

....................
..
.
.
.
.
.
..
.
.
.
..
.
.
........

.......
....

.

.

.

..

.

.

.

.

..

.

.

.

.

.

......................
.
.
.
.
.
..
.
.
.
.
..
.
.
........

.......
....

.

.

.

..

.

.

.

.

..

.

.

.

.

.

.........
.......
.....
.
.
.
.
.
.
..
.
.
.
.
..
.
.
...................

....................
..
..
..
..
..
..
..
...
..
..
..
..
..
..
..
..
...................

.

.

.

.

.

.

..

.

..

..

..

..

..
..
..
..
..
...
...
....	

α

..

.

.

.

..

.

.

..

.

.

..

.

..

.

..

..

.

..

...

..

..

φ

..
..
..
..
...
..
..
...
...
...
...
....
....

φ

..

.

.

..

.

.

..

.

.

..

.

..

.

..

.

..

.

..

..

..

.

...

..

..

...

..

φ

....
...
...
.....
......
........
........

φ

..

..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
.
.

θ

...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..θ

..
..
..
..
..
..
..
..
..
..
..
...
..
...
...
...
...
...
.....
.....
.....

θ

...
...
...
...
...
....
....
....
.....
.........
....................

θ

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
..

θ..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..

θ

A

B B′ C

C′

D

E
E′

E′′

F

F ′

F ′′

G

M

N

P

`



� �

²L0XC
AD

_ >=C
BC

23C
P
zODPC'G

∠APC = α
\�� D{C'G/<?>=C�.1<=4&4y<?a´�303790L@�23.BDPC�: � z�0K�2§:�2L464'>9K;0

α < π/2
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[ABDE] = [ABD] + [ADE] =
AD · (BB′ + EE′)

2
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[AFDC] = [AFD] + [DCA] =

AD · (CC′ + FF ′)

2

\
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²L0XC

N
J/0MC'G/0OHi<?DB7?C�<?a

`
4&> _ G�C'G=2XC�C'G/0�8?DF@E0 _ C|0L8I2579�§.F0Oa1@E<=K

CN
C|<

`
DF4

θ25798�.F0XC
M

J/0cC'G/0OH9<?DF7?Cq<=7
`
4'> _ G�C'G=2XC�C'G/0�8?DF@E0 _ C|0L8�2579�§.F0Ma1@E<=K

`
CE<

BM
DF4

θ
\²L0XC

G
J/0�C'G/0cH/@E<5Úw0 _ CEDF<=7�<?a

A
<=7?CE<

CN
\,� G/0L7

∠NAG+∠CAE = π
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AG · AE

AC
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AN · sin θ sin φ

sin(θ + φ)
�

z�G/0L@E0cz�0�G=2§�=0�2L.B4)<�>946058�C'G/0�²32Xz <?a � DF79034�DF7 4AEC
\�� DBKID{.F2L@E. : �

FF ′ =
AM · sin θ sin φ

sin(θ + φ)

\
� 037 _ 0 �

FF ′ − EE′ =
MN · sin θ sin φ

sin(θ + φ)
�
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FF ′ − EE′ = sin α(F ′′P − E′′P )

= sin α
(

(BF ′′ + F ′′P ) − (CE′′ + E′′P )
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� 4&DB79�AC|@EDB2579�§.F0L4�<?aiC'G/0�4&25K�0�G/03DF�3G!C � z�0�</J!CE23DF7
[EFX]

[GHC]
=

EF

GH

2L798 [XCF ]

[Y CG]
=

CX

CY
=

[XCB]

[Y CB]
�

z�G/0L@E0
[∆]

890379<!C|034�C'G/0O25@E032�<?a9C'G/0�Hi<?. :=�3<=7
∆
\�� G/0L7

[EFX]

[GHC]
=

[XCF ]

[Y CG]
=

[XCB]

[Y CB]
=

EF

GH

\
� G?>94 �

[EBCF ]

[GBCH]
=

[EFX] + [XCF ] + [XCB]

[GHC] + [Y CG] + [Y CB]
=

EF

GH
�

z�G?D _ G _ <=KIH/.F0XCE0L4qC'G/0OH9@E</<?a \
	�
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 ��
�
������ ���q� 5�0��S�1� � 	��#	 50������%���
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/� 	 9�0�5��*0�7 � �����*7	� ��7��&	�� 7 %

5�; � ;��� 3 
 3�
�
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�
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 � 
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�
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 Û 
/� � 
 � � � -
��� ��
���2 "�$ �?��
/�0��� � �>�!+ � $?7?1 �<7 � 7?
 7$���!1 � 7��F7�� \
� 7QC|@EDB2579�§.F0 ABC � .10§C D � E � F � J/0IC'G/0NK�D18/~&H9<?DF7?C�4�<?aq4&DF89034 BC � CA �

AB � @E0L4&Hi0 _ CEDP�=0X.P: \ ²L0§C M � N � P J/0�Hi<?DB7?CE4c<=7�C'G/0�4605�XK�0L7?C�4
FD � FB � DC �@E0L4&Hi0 _ CEDP�=0X.P: � 4&> _ G�C'G=2XC FM : FD = FN : FB = DP : DC
\

-9@E<L�=0cC'G=23C
AM � EN � FP

2L@E0 _ <=7 _ >9@|@E037?C \
j \�� ���9�3�!����� "�$ � � � � ��� ��73��1 
��(�32��	���41 � ��� � � ���!
�:<�������>=?�!7�����@��3
?�!���(�����	1 ����-
��������1
BDC�\

� DF7 _ 0 0)�=03@w:�4'C�23CE0LK�0L7?CSDF7 C'G/0�H9@E</J?.103K DB4Ö23Ü;790L~'DB7!�?25@�DF2L7?C � z�0�KI2X:254&4&>9K�0czODPC'G/<?>=CÞ.F<=464�<?ap�30L7903@�2L.{D{Cw:�C'G=2XC 4ABC
DF4�0L�=>/D{.F2XC|03@�2L. \²L0XC

AM ∩ EN = X
2L798

AM ∩ FP = Y
\Þ� G/037 4AFM ∼= 4EFN �25798;G/037 _ 0 � ∠MAF = ∠NEF � DBK�H=.P:?DF79�cC'G=2XCy�=>9258/@�DB.B23CE0L@�23. AFXE

DF4 _ : _ .BD _X\
� DFK�DB.B25@�.P: � 4AEM ∼= 4FEP

�§D �=0L4
∠EAM = ∠EFP � DBK�H=.P:?DF79�}C'G=2XC�=>9258/@�DB.B23CE0L@�23.

AFY E
DB4 _ : _ .{D _X\

� Cqal<?.B.F<5z�4�DFKIK;0L8=DB23CE03. :�C'G=23C X = Y � z�G?D _ GIK�0L2L7/4�C'G=23C AM � EN � 2L798
FP

25@E0 _ <=7 _ >9@E@E0L7?C \
jæj \&� ���9�3�!����� "�$ � � ��7�-
2 � � � � �F�41 B �9��� �./������Q�'�0��-9� � ��� � �0��/��	-9

� �4$�1�� 7?=32���" ��- =�1
�*��- +#7�� $ \

²L0XC
λ =

F M

F D
=

F N

F B
=

DP

DC

�{C'G/0��§D �=0L7�@�23CEDF< � \ ²L0§C S = AM ∩ FE
2L798

T = FP ∩ AC
\A� G/034)0�Hi<?DB7?CE4c<?a,DB7?C|03@�4)0 _ CED1<=7�0'Ù5DB4'C � 4&DB7 _ 0 0 < λ < 1

\ � DF7 _ 0
4AFE ∼= 4FBD ∼= 4EDC ∼= 4DEF � z�0�G=2X�=0

F S

SE
=

F M

AE
=

F M

F D
= λ
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	c<!CE0MC'G=2XC
F D

CT
=

DP

P C
=

DP

DC − DP
=

DP

DC

1 − DP

DC

=
λ

1 − λ
�

25798�G/037 _ 0��{CE25�5DB79�O2 _'_ <?>97?C�<?aiC'G/0�<=@�D1037?CE2XCED1<=7�<?a9C'G/0�4605�XK�0L7?C�4 �|�
ET

T A
= − F D + CT

2 F D + CT
= −

F D

CT
+ 1

2
F D

CT
+ 1

= −
1

1 − λ
1 + λ

1 − λ

= − 1

1 + λ

\
� >9@æC'G/0L@EK;<=@E0 �

AN

NF
= − AF + F N

F N
= −

(

1 +
AF

F N

)

= −
(

1 +
F B

F N

)

= − 1 + λ

λ

\
� G=@E<?>i�3G}C'G/0��=03@�CED _ 034;<?a 4AFE � z�0SG=2§�=0�C'G=@E050 _ 0)�=DB257/4 �Ö257 DF7?CE0L@�D1<=@_ 0)�?DF2L7
AM

2L798�Cæz�<I0&Ù3C|03@EDF<=@ _ 0)�=DB257/4
EN

2L798
FT

\ � 4&DB79�O05�?>923CEDF<=7;� � � 2L.F<=79�zOD{C'G�C'G/0M.F2L4'C�Cæz�<I0L�=>92XCED1<=7/4y2!J/<L�=0 � z�0�</J!CE23DF7
F S

SE
· ET

T A
· AN

NF
= λ ·

(

− 1

1 + λ

)

·
(

− 1 + λ

λ

)

= 1
\

ä=: C'G/0 _ <=7!�=0L@�460�<?a;µ´0)�?2=Ý 4 � G/05<=@E03K � C'G/0^.{DF79034 AM � EN � 2L798 FP
25@E0_ <=7 _ >9@E@E0L7?C \

jæj�j \ � ���9�3�!����� �F7�- � 7 � �<�0�	
8::�<��� 
�>1 C 7�� � $?1 ��-(7�� � � \
� <?D{C

α
.F2Q�?2L.F03>9@ _ <=KIKI>9790}890n@�25H/Hi<=@æCE4�8�¸0X�i7=DB4�8/2L7/4N.wÝl¸0379<=7 _ ¸0 \ � ] DF7/4'D

α ∈ [0, 1]
\ � ° 7SC|@E<?>?�=0��?>i0N.1034 _ </<=@E89<=7/7�¸0L0L4�J=25@w: _ 0L7?C|@�D1�?>i0L4��1H/25@�@�25H/Hi<=@æCNâ2

(A, B, C) � 8/0L4yHi<?DB7?CE4 M � N 0XC
P
4)<=7?CÞ@E0L4&Hi0 _ CEDP�=03K;037?C

(

1 − α

2
,

1

2
,

α

2

) � (1 − α

2
,

1 + α

2
, 0
) 0XC (

0 ,
1 − α

2
,

1 + α

2

) \
²L0L4 _ </<=@E89<=7/7�¸0L0L4�J=25@w: _ 0L7?C|@�D1�?>i0L4�8�Ý >97nHi<?DB7?C�890;.B2�8/@E<?DPC|0

(A, M)
46<=7?C�89<=7 _890�.F2�al<=@EK;0 (

(1 − x) + x
1 − α

2
, x

1

2
, x

α

2

) 0XC _ 0X.B.F0L4M8pÝ >97QHi<?DB7?Cc8/0�.B2�8/@E<?DPC|0
(E, N)

890M.F2Oal<=@EK;0 (
(1 − y)

1

2
+ y

1 − α

2
, y

1 + α

2
, (1 − y)

1

2

) \
° 7eC|@E<?>?�=0 �?>i0n.1034 _ </<=@E89<=7/7�¸0L0L4�J/2L@w: _ 037?C|@EDF�=>i034Q890n.wÝ DB7?C|03@�4)0 _ CED1<=7^8/0L48/@E<?DPC|034

(A, M)
0§C

(E, N)
46<=7?C�890O.B2�al<=@EK;0�H/@X¸0 _ ¸058/0L7?CE0�2§�=0 _

x =
1 + α

1 + α + α20XC
y =

1

1 + α + α2

\ � 0�K�ß0LK�0�.F0L4 _ </<=@E89<=7/7�¸0L0L4cJ=25@w: _ 0L7?C|@�D1�?>i0L4c890�.�Ý DF7?CE0L@�460 _ ~CED1<=7�8/0L4�8/@E<?DPC|034
(A, M)

0XC
(F, P )

��¸03@ED{��037?CAÛ
(

(1 − x′) + x′ 1 − α

2
, x′ 1

2
, x′ α

2

)

=
(

(1 − z)
1

2
, (1 − z)

1

2
+ z

1 − α

2
, z

1 + α

2

) �



�!�

<=7�C|@E<?>?�=0�2LDB7/4&D
x′ =

1 + α

1 + α + α2

0XC
z =

α

1 + α + α2

\
-/>/DF46�=>i0

x = x′ 0XC��=>i0 x � y 0XC z
46<=7?C _ <=KIH9@�DF4q0L7?C|@E0

0
0XC

1 � .F0L4Þ4)0L�XK;037?CE4
AM � EN

0§C
FP

46<=7?C _ <=7 _ <?>9@�257?C�4�23>;H9<?DF7?C�8/0 _ </<=@E89<=7/7�¸0L0L4�J/2L@w: _ 037?C|@EDF�=>i034
(

1 + α2

2(1 + α + α2)
,

1 + α

2(1 + α + α2)
,

α(1 + α)

2(1 + α + α2)

) \
	�
 ��
 ��
�
������ ��� 	 � ���$�85 	 9 5
� 7Æ�.��	�� � �%�����|� 5)0������ � 		�#	�5
������% ��
*(/��+$%�
�"�-�+��)���
*� 	 9�0�5 �/0�7 � �����*7	� ��7 ��	 � 7�% 5); � ;��$ 3 
 3�
 
*��")"�-�"�3 % �*-4
 
 -/�*
�
 3���% � ��-�3 +�� 0����85�����7R!K�S�*�

��; � � 	��"���W�*% � "�3 ��'�
�
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∑
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√
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√

α logc a+
√

α logc b

≤
√

abc
(

aα− 1

2 + bα− 1

2 + cα− 1
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√
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α logb a+
√
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√
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