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Part A: 5 marks each

1. If x is the positive integer for which x? = 132 — 42 — 32, what is 2?
(A) 4 (B) 6 (C) 8 D)10  (E) 12

Solution: We have 22 = 132—42—-32 = 13x13—4x4—3x3 =169—16—9 =
144.

Since 22 = 144 = 122 and 7 is a positive integer, we must have x = 12.

We can also solve this problem by noting that 32 + 42 = 52 and 5% + 122 =
132, which are the smallest two “Pythagorean triplets”. This implies that
13% = 52+12? = (32442)+122%, from which we notice that 12% = 132 —42—-32.

Yet another alternate solution is

22 =132 -3 4% = (13-3)(13+3)—4*> = 10-16—16 = 9-16 = (3-4)* = 12?

Answer: |(E)
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1 3 5 n
2. If —+ -+ - =—, what is n?
2+4+6 12,Watlsn
(A) 9 (B) 13 (C) 19 (D) 25 (E) 29

Solution: Let us represent each fraction with 12 as its denominator.

1 3 5 6 9 10 649410 25
The left side s ~ 4+ >4 2= 0 2 10 _0+9+10 20
eleftsideis 5+ +5 =5+ 55 12 12

n

15, from which

We have now shown that this equation simplifies to % =
we see that n = 25.

We can also solve this problem by multiplying both sides of the equation by
12, which gives us 12-2 +12-3+12-2 = n, which implies that 6+9+10 = n,
or n = 25.

Answer: | (D)

3. Let S = 2026 + 202.6 + 20.26 + 2.026. Which of these integers is
closest to S?

(A) 2050 (B) 2250 (C)2450 (D) 2650  (E) 2850

Solution: Let us represent each number using three decimal places. Adding
the four numbers, we get:

2026.000
-+202.600
+20.260
+2.026

= 2250.866

Of the five options, 2250 is the integer closest to S = 2250.866.

2 (© 2026 Canadian Mathematical Society



Canada Lynx 2026 https://clmc.math.ca/2026/ Official Solutions

We can also solve this problem by estimating the sum S. We see that the
first two numbers add up to approximately 2000 + 200 = 2200, and that S is
slightly larger than 2200 since the remaining two numbers contribute little
to the sum S. This implies that the answer has to be the option that is
slightly more than 2200.

Answer: |(B)

4. The line with equation y = 3z — 7 intersects the line with equation
Yy = —%a: + 7 at the point (a,b). What is the value of %?

A:  ®;  ©1 D (B

Solution: Let (a,b) be the intersection point of the two lines. We have
b=3a—T7and b=—5+7.

Therefore, 3a — 7 = —3 + 7, which implies 3a + § = 7+ 7, or 72—“ = 14.
Multiplying both sides by 2, we get 7Ta = 28, or a = 4. Substituting a = 4
into the equation b = 3a — 7, we find that b=3-4—-7=12—7 =5, and so

(a,b) = (4,5) must be the intersection point of the two lines.
It follows that g = %.

We can also get the correct answer in a simpler way without having to solve
for a and b. From above, we have b = 3a — 7 and b = —¢ + 7. Adding the

two equations, we get 2b = 3a — § = 57“, which implies that 2b = 57“, which
is equivalent to g = %.

Answer: | (D)
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5. Let {10,12,14,...,94,96,98} be the set of even two-digit numbers.
How many even two-digit numbers contain the digit 67

(A) 13 (B) 14 (C) 15 (D) 16 (E) 17

Solution: We are looking for all even two-digit numbers that contain the
digit 6.

Let’s break our analysis into two cases: when 6 is the first digit, and when 6
is the last digit.

There are 5 options for when 6 is the first digit: 60,62, 64, 66, 68.

There are 9 options for when 6 is the last digit: 16, 26, 36, 46, 56, 66, 76, 86, 96.
However, notice that the number 66 appears in both lists, and so we need
to ensure this option is not counted twice. To find the correct answer, we
add 5 and 9 and then subtract 1 to account for the number that appears
twice. (This is an illustration of the Inclusion-Exclusion Principle used in

combinatorics problems.)

Therefore, the correct answer is 5+9 — 1 = 13.

Answer: | (A)
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Part B: 5 marks each

7

1. The distance from Toronto to Ottawa is exactly 430 kilometres.
Sally left Toronto at exactly 12:00 and drove towards Ottawa at
a constant speed of 100 kilometres per hour. When she passed a
certain Tim Hortons coffee shop, she accelerated to 120 kilometres
per hour and drove the rest of the trip at this speed.

If Sally’s trip took 4 hours, at what time did Sally pass the
Tim Hortons coffee shop?

(A)2:00 (B)2:15 (C)2:30 (D) 245  (E) 3:00

Solution: Suppose Sally reaches the coffee shop after exactly x hours. Since
her trip from Toronto to Ottawa took exactly 4 hours, she drove for z hours
at 100 kilometres per hour, and for 4 — x hours at 120 kilometres per hour.

Since the distance from Toronto to Ottawa is 430 kilometres, we have 430 =
100z + 120(4 — =) = 100z 4 480 — 1202z = 480 — 20x, which simplifies to
20z = 480 — 430 = 50, or x = 33 = 2.5.

Thus, Sally reached the coffee shop exactly 2.5 hours after she began to
drive. Since she left Toronto at 12:00, she arrived at Tim Hortons at 2:30.

Answer: | (C)

2. There is one real value of z for which 4* — 2*t2 = 12. What is the
value of 8*7

(A) 36 (B) 64 (C) 108 (D) 128  (E) 216

Solution: To simplify the problem, let 2° = a. Notice that 4% = (2%)* =
22 —92%. 9% —q.q=a?and 2°72 = 2. 22 = ¢ -4 = 4a.

Therefore, our equation 4% — 2772 = 12 is equivalent to a® — 4a = 12, which
is the same thing as 0 = a*—4a—12 = (a—6)(a+2). Thus,a =6 or a = —2.

Since a = 2% where x is a real number, a cannot be negative. It follows

(©) 2026 Canadian Mathematical Society 5
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that a = 6, which implies 2% = 6.

At this point, we can solve for z and show that x = log, 6. But we don’t
need to do this as the question asks for the value of 8”.

Since 8% = (23)% = 23 = (2%)3 = @3, we conclude that 8° = 63 = 216.

Answer: | (E)

3. Let b be a 2-digit positive integer. The line y = = + b intersects the
parabola y = 22 at points P and Q. If the distance of line segment
PQ is 9v/2, what is the sum of the digits of b?

(A) 2 (B) 3 (C) 6 (D)9 (E) 11

Solution: Given that the points P and @ lie on the parabola y = 22, we
must have P = (p,p?) and Q = (g, ¢*) for some real numbers p and ¢q. Let’s
assume that g > p.

Furthermore, we are given that these two points lie on the straight line
y = x + b. Therefore, p> = p+ b and ¢*> = ¢+ b.

Subtracting the second equation from the first, we have p*> — ¢*> = (p +
b) — (¢ + b) = p — q, which implies (p + q)(p — ¢) = p — q. Therefore, either
ptg=lorp—q=0.

If p—q = 0, then P and @) represent the same point, and therefore its
distance cannot be 9v/2. It follows that p+ ¢ = 1.

We now solve for p and gq.

One approach is to let ¢ = 1 — p, so that @ = (1 — p,(1 — p)?), and
use the Pythagorean distance formula to solve for p. We know that the
distance between points P = (p,p?) and Q = (1 — p, (1 — p)?) is 9V2,
and so ((1 —p) — p)? + (1 — p)? — p?)? = (9v2)%. This simplifies to
(1—-2p)?+(1—2p)? = 81-2 = 162, which implies (1—4p+4p*)+(1—4p+4p?) =
162, or 8p? — 8 — 160 = 0. Dividing both sides by 8 and factoring, we get
0=p*—p—20=(p—5)(p+4),and sop=5orp=—4.

Since we are assuming that ¢ > p, we must have p = —4, andsoqg = 1—p = 5.

6 (© 2026 Canadian Mathematical Society
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Therefore, the two points have coordinates (—4,16) and (5, 25).

The much faster solution is to notice that P and @ lie on the straight line
y = = + b, which has slope 1. Therefore, if the line segment P() has length
94/2, this must be the hypotenuse of an isosceles right-angled triangle with
side lengths 9,9,9v/2. So the horizontal distance (i.e., the “run”) between P
and @ is equal to 9, which implies ¢ — p = 9.

We already know p + ¢ = 1 from above, and so adding this equation to
qg—p = 9yields (p+q) + (¢ — p) = 1+ 9, which implies 2¢ = 10, or
q = 5. Since p+ q = 1, we get p = —4, and so we conclude, as before, that
P =(—4,16) and @ = (5,25).

Finally, if y = x + b is the equation of the line through P and (), we have
16 = =4+ b and 25 = 5 + b, from which we conclude that b = 20. The sum
of the digits of bis 240 = 2.

Answer: |(A)

e )

4. Consider a 2 by 3 array of cells.

If we randomly place the numbers 1,2, 3,4,5, 6 into this array, what
is the probability that the product of each row is an even number?

(A) 3 (B) 3 (©) 3 (D) 1 (E) %

Solution: Let p be the probability that the product of each row is an even
number. Therefore ¢ = 1 — p is the probability that the product of (at least)
one row is an odd number.

There are 6! = 6 x5 x4 x 3 x 2 x 1 = 720 ways we can place the six numbers
into the array. There are three odd numbers and three even numbers in the
set {1,2,3,4,5,6}. To ensure one row multiplies to an odd number, we must
have the three odd numbers in one row, and the three even numbers in the
other row.

(©) 2026 Canadian Mathematical Society 7
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Here is one example for how one row can multiply to an odd number.

There are 3! = 3 x 2 x 1 = 6 ways we can permute the odd numbers in the
top row, and similarly 3! = 6 ways we can permute the even numbers in the
bottom row, leading to 6 x 6 = 36 cases. Similarly, there are 6 x 6 = 36 cases
when the odd numbers are in the bottom row and the even numbers are in
the top row.

_ 36436 _ 72 _ 1 4 _ 1 _ 9
We conclude that ¢ = =5= = 5 = 5, and sop =1 — 15 = ;-

An alternate way to count the bad cases is as follows: there are 6 different
ways of putting a number in the top right corner. After this, the remaining
two numbers in the top row must have the same parity with it (and can be
placed in 2 x 1 ways) and the three remaining numbers must be placed (in
3 X 2 x 1 ways) in the second row. This givesus 6 x 2 x 1 x 3 x 2 x 1 =72
cases when one of the rows multiplies to an odd number.

Here is a much faster solution: we represent the six numbers {1,2,3,4,5,6} as
{0,0,0,E, E, E}, ie., three odd numbers and three even numbers. There
are (g) = 3?—;), = % = 20 ways we can select three of the six letters to form
the top row of our array.

By the argument above, the only way one of the rows multiplies to an odd
number is if the top row is OOO or if the top row is FEFE. Therefore,

14l 2 1 _{_1_29
q= 55 = 55 = 15, and we conclude that p=1— 75 = 5.

Answer: | (D)
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5. Let f(x) = (2® + 4z + 3)(2* — 4z + 3). Over all possible values of
x, what is the minimum possible value of f(z)?

(A)-16  (B)-15  (C)-9 (D) 0 (E) 9

Solution: One possible way to solve this problem involves expanding f(z) =
(22 + 4z + 3)(2* — 4x + 3) and using calculus to determine the value of z
that minimizes the function f(z). However, a much more insightful way to
solve this problem is to exploit the symmetry in the two terms that multiply

to f(x).

Since 22 +4x +3 = (x + 1)(z + 3) and 2* — 4z + 3 = (x — 1)(z — 3),
we have

f(x) = (z+1)(z+3)(z—1)(z—3) = (z+1)(z—1)(z+3)(z—3) = (z*—1)(z>-9).
Let a = 22 — 5. Then,

f@) = (a® = 1)(2* - 9)

=2t — 10249

=2 — 102>+ 25— 16
(2% — 5)* — 16
=a2—-16

Since a® > 0, by definition, we see that the function f(z) attains its mini-
mum value of 02 — 16 = —16 precisely when a = 0, i.e., when z = ++/5.

We have shown that f(x) = —16 when 2 = £+/5, and for all other val-
ues of z, f(z) > —16.

Answer: |(A)

(©) 2026 Canadian Mathematical Society 9
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10

Part C: 6 marks each

L. Let f(z) = a 2 + bx + ¢ be the quadratic function for which
f(1) =19, f(2) =37, and f(3) = 61.

For each positive integer n, define S(n) = f(1) + f(2) + f(3) +
f(n). For example, S(3) = f(1)+ f(2)+ f(3) =19+ 37+61 = 117.

What is the smallest integer n for which S(n) > 1,000, 0007

(A) 98 (B) 99 (C)100  (D)101  (E) 102

Solution: We first determine the quadratic function f(z) = az® + bz + c.
Since we are given f(1) =19, f(2) = 37, and f(3) = 61, we set up a system
of three equations in three unknown variables:

a+b+c=19
4da +2b+c =37
9a + 3b+ ¢ =61

Subtracting the first equation from the second, we get 3a + b = 18. Sub-
tracting the second equation from the third, we get ba 4+ b = 24.

From the previous step, we see that b = 18 — 3a and b = 24 — 5a. It
follows that 18 — 3a = 24 — 5a, which implies 2a = 6, or a = 3.

Since a = 3, we have b = 18 = 3a =18 -9 =9and ¢c =19 —a - b =
19 — 3 — 9 = 7. Therefore, our quadratic function is f(r) = 3z + 9z + 7.

Now, we can determine S(n) = f(1) + f(2) + f(3) + ... + f(n), which is

equal to:

S(n) =3(124+22 432+ .. . 4+n?)+9(1+2434...+n)+T7(1+1+1+...+1)

But to solve the problem this way, we need to know the formulas 12 + 22 4
32+...+n2:w and 1+2+3+...+n= ”("+1 . If we do know

(© 2026 Canadian Mathematical Society
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these formulas, we get

n(n+1)2n+1) +9.n(n+1)

S(n) =3 5 i

+7-n

From here, a cumbersome algebraic calculation gives us S(n) = n?® + 6n? +
12n.

We now present a more elegant solution. The crucial observation is that
each f(z) term can be expressed as the difference of two consecutive cubes.
We have f(1) =19=27—-8=3%—23 f(2) =37 =64 — 27 =43 — 33, and
f(3) =61 =125 —64 = 5% — 43

In general, f(z) = 32*+92+7 = (2 +62% + 120 +8) — (2* + 32> + 3z +1) =
(x+2)% — (z+1)3

Since S(n) = f(1)+ f2)+ ...+ f(n—=1)+ f(n) = f(n)+ f(n—1) +
...+ f(2) + f(1), we have

Sn)=fn)+fin—=1)+f(n=2)+...4+ f(2) + f(1)
=[(n+27° = (n+ 1" + [(n + 1)* = n’] + [0® = (n = 1)°]+
o [4P = 3 37— 27
=n+2P—m+1)P+m+1)>—n*+n* - (n—-1)7°+
43328
= (n+2)* -2

This technique is known as a telescoping series, where the sum collapses to
the difference between the largest term and smallest term, with all of the
middle terms cancelling out.

Since S(n) = (n + 2)* — 23, we observe that S(98) = 100% — 23 is just
less than 100% = 1,000, 000, while S(99) = 1013 — 23 is definitely larger than
1, 000, 000.

Therefore, n = 99 is the smallest integer n for which S(n) > 1,000, 000.

Answer: |(B)

(© 2026 Canadian Mathematical Society 11
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12

2. Let S = 220264 (02026 4 92026 1 62026 \What are the last two digits of S?

(A) 04 (B) 24 (C) 44 (D) 64 (E) 84

Solution: To determine the last two digits of S, we calculate the last two
digits of each term in our sum.

Our first claim is that each element in {26 226 216 266 3 has the same
last two digits. In other words, 2207+6 = 220(+1)+6 (1mod 100) for all integers
n > 0.

To prove that 22076 = 220+1)+6 (1104 100) for all integers n > 0, it suffices
to show that 220(»+D+6 _ 920046 jg always a multiple of 100. This difference
simplifies to:

220(TL+1)+6 o 220n+6 _ 22Dn+6 X (220 o 1)

_ 92mt+4 92 (210 +1)- (210 —1)
= 220t 4. (1024 + 1) - (29 — 1)
= 220t 4.1025- (21 — 1)
22044100 - (21 — 1)

Since this difference is a multiple of 4100, it must also be a multiple of 100.
This proves the claim. Thus, the last two digits of 22°26 are 64 since 2° = 64.

Our second claim is that the sequence 62,62,6% 6% 65 67,... has this re-
peating pattern as its last two digits: 36, 16,96, 76, 56, 36, . . ..

To justify this, we now prove that 6" = 6" (mod 100) for all integers n > 2.

To prove that 6" = 6™ (mod 100) for all integers n > 2, it suffices to
show that 6""° — 6™ is a multiple of 100. This difference simplifies to:

(© 2026 Canadian Mathematical Society
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6n+5 o 6TL — 6n . (65 o 1)
= 6"%.6%-(6°—1)
= 6"%.6%-(6°—1)

= 6"7%.9-4. (7776 — 1)
= 6"7%.9-4.7775

= 6"2.9-4-75 (mod 100)
= 6"72-9-300 (mod 100)
= 6"2-9-0 (mod 100)

= 0 (mod 100)

We can also show that 6" — 6™ = 6™(6° — 1) is a multiple of 100 as follows:
for all n > 2, 6™ is a multiple of 4. It suffices to show that 6° — 1 is a multiple
of 25, which we can do via the Binomial Theorem:

(5+1)5—1:i<2)5’“—1:i(Z)&sk— (g) :g(i)5k

k=0 1

For each k£ > 1, the term (2) 5* is divisible by 25, which proves the claim.

Therefore, we have shown that 62°%¢ has the same last two digits as 6°,
which equals 6363 = 216-216 = 16- 16 = 256 = 56 (mod 100). We conclude
that

G — 92026 | (2026 | 92026 | (2026
64 4+ 0 + 64 4 56 (mod 100)
184 (mod 100)

= 84 (mod 100)

We have shown that the last two digits of S are 84.

Answer: | (E)

(© 2026 Canadian Mathematical Society 13
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3. Let p and ¢ be positive real numbers. The points (0,0), (p,1), and
(2,q) form an equilateral triangle.

The area of this triangle is A square units. What is A, rounded to
the nearest integer?

(A) 9 (B) 11 (C) 13 (D) 15 (E) 17

Solution: Label the three points O = (0,0), P = (p, 1), and Q = (2, q).

Since AOPQ is an equilateral triangle, we have OP? = OQ?, which implies
(p—0)22+(1-0)2=(2-0)2+ (¢ —0)* This simplifies to p* + 1 = 4 + ¢,
or p? = ¢* + 3.

Also, we have OP? = PQ?, which implies (p—0)?+(1—0)% = (2—p)*+(q—1)>.
This simplifies to p> + 1 =4 —4dp+p? +¢*> —2¢ + 1, or dp = ¢* — 2q + 4.

From the above two equations, we have (¢* — 2¢ + 4)* = (4p)? = 16p* =
16(¢* + 3). Therefore,

(¢* —2q¢+4)* = 16(¢*+3)
(P +4)—2¢9)° = 4¢° + 124> + 48
(P +4)° —4q(* +4) +4¢° = 4¢° +12(¢* +4)
(@ +4)? —4q(®*+4) —12(¢*+4) = 0
(P +4)(P+4—49—12) = 0
(®+4)(¢" —4¢—8) = 0

Since ¢ is a positive real number, it is impossible for ¢? + 4 = 0. Therefore,
¢*> —4q — 8 = 0, from which the Quadratic Formula gives us ¢ = 2 + /12 =
2 + 2v/3 since we know that q > 0.

At this point, we can substitute ¢ = 242+/3 into the equation 4p = ¢* —2q+4
to show that p = 4 + /3, but we can solve this problem without calculating
the value of p.

Let x be the side length of AOPQ. By drawing the height of this triangle and
applying the Pythagorean Theorem, it is straightforward to show that the

(© 2026 Canadian Mathematical Society
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= 4 I.

V3z _ /3.2
2 4

height is % And so the area of this equilateral triangle is % -
Since x = OQ), by definition, we have 2> = 0Q> = 4+¢*> = 4+ (2+2V3)? =

4+ (4 + 83 +12) = 20 + 8/3. Therefore, the area of this triangle is
V32 = ¥3(20 + 8v/3) = 5V/3 + 6.

Since v/3 is approximately 1.73, the area of the triangle is approximately
5v3+6=5x 1.734 6 = 8.65 4+ 6 = 14.65, which rounds up to 15.

While the above solution is correct, here is a clever solution that involves
complex numbers. We represent each two-dimensional coordinate (a,b) as
the vector a + bi, where i is the complex number satisfying i = —1. We
define cis(f) = cos(6) +1 - sin(0).

Let OP =p+1-i=ux-cis(f). Then OQ =2+ q-i = x - cis(d + 60°) =
x - cis(f) - cis(60°).

It follows that 2+ ¢q-i = x - cis(f) - cis(60°) = (p+1-4)(cos60° + i -sin 60°) =
(p+1-9)(% + Li).

VEp . _ 3
2

. . . . 1 .
Expanding the right side, we get 2+ q-i =545 -i + .

Equating the real and imaginary parts, we get 2 = £ — ‘/7?: and q = % 4+ Vi
This gives us p = 4 + /3, from which we can show that ¢ = % + 5= =
Ly B4 4/3)=2+23.

From here, we proceed as above to show that the area of the triangle is
approximately 5v/3 +6 = 5 x 1.73 4+ 6 = 8.65 4+ 6 = 14.65, which rounds up
to 15.

Answer: | (D)

(© 2026 Canadian Mathematical Society 15
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16

4. Consider a 3 by 3 grid where each entry is a positive integer.

alblc
dle|f
gl h|i

In this grid, the product of each row, each column, and each
diagonal is equal to the constant P.

Let S be the sum of these nine numbers.

If the grid consists of nine different positive integers, each
less than 2026, what is the smallest possible value of -= rounded

¥P
to two decimal places?

(A)9.01 (B)9.15 (C)917 (D)9.19 (E)9.21

Solution: Since the product of each row, each column, and each diagonal
is equal to the constant P, we have P = def = beh = aeit = ceq. It follows
that P* = (def)(beh)(aei)(ceg) = (abedef ghi) - €3.

Since the product of each row is equal to P, we have P = abc = def = ghi,
and so P3 = (abc)(def)(ghi) = (abcdefghi).

From the above two equations, we have P* = (abcdefghi) - €3 = P3 - €3,

which implies P = €3.

Let a = ex and ¢ = ey, where x and y are real numbers. Since the product
of each row and column and diagonal is equal to P = 3, we can quickly
determine each of the entries in our grid in terms of = and y.

e
ex — ey
Y
ey ex
— 6 —
z Yy
e e
Y x

(© 2026 Canadian Mathematical Society
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Letting S be the sum of these nine numbers, we have

e ey exr e e
S = ex+—+ey+—+e+—+—+ery+ —
xy x y oy x

1 1. e 1
= e(l+a+-)+ey(l+ao+-)+-(1+z+-)
T T Y x

1 1
= dl+x+;ﬂ1+y+§)

And so the quantity we wish to minimize, %P, isequal to £ = (1+z+1)(1+
y+y).

It is straightforward to verify that z 4 % > 2 for all real numbers z, with
equality if and only if 2z = 1. We can do this by applying the Arithmetic
Mean - Geometric Mean (AM-GM) Inequality, or showing that the above
inequality is equivalent to (z — 1) > 0.

Therefore, £ = (1+ 24+ (1 +y+ i) > (14+2)(1+2) =9. The closer
x and y are to 1, the closer g will be to 9. If all nine entries in the grid could
be the same number, then we have % = 9. However, since the entries in the
grid are nine different integers, the quantity % will be greater than 9.

Before we find the correct minimum value of g, let us use an example to
illustrate the proof that will follow.

3

Suppose © = 3 and y = 3. Then £ = (1+3 4+ 2)(1+4+3) = 1¥.30

which is approximately equal to 9.76. The nine entries of our grid are

o~

3e e 4e
2 2 3
8e 9¢
JE— e JE—
9 8
3e 2e
o 2 =
1 ] 3

Finally, we set e to be any number that ensures all nine entries are integers.

(© 2026 Canadian Mathematical Society 17
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For example, if we set e = 72, our final grid is:

108 | 36 | 96
64 | 72 | 81
o4 | 144 | 48

Our intuition is as follows: we set & and y to be as close to 1 as possible; this
will ensure that our desired quantity, g, is as close to 9 as possible. But we
must ensure that all nine entries in our grid are positive integers less than
2026. So when we find a value of e that makes all of the entries an integer,
we must ensure that the largest number is smaller than 2026.

Let x = § and y = £. Without loss of generality, assume that p > r,
p > q, and r > s. Furthermore, assume that x and y are reduced to lowest
terms, i.e., ged(p, q) = ged(r, s) = 1.

We claim that e must be a multiple of pgrs. (This means, e = pqrs is
the smallest number e that guarantees that all nine entries are integers).

To justify this claim, let v be a prime number. Since ged(p,q) = 1, the
prime v can be a divisor of p or ¢ but not both. Suppose w; is the multiplic-

ity of v in p or ¢. (In other words, v** divides p or ¢ but v***! does not).
Similarly, let wy be the multiplicity of v in r or s.
Our grid consists of nine different entries, including b = = = %S, d =

Y= f =2 =L and h = exy = . Looking at the four denomina-
x  ps y ar qs

tors ¢s, ps, qr, pr, we know that one of them is a multiple of v¥1 %2,

% is the fraction for which the denom-

For example, assume h = exy =
inator is a multiple of v**™2. Since ged(p, ¢) = 1 and ged(r, s) = 1, the only
way h can be an integer is if e is a multiple of v¥17%2. The same argument

holds for each of the other entries b, d, and f.
The multiplicity of v in pq is wy and the multiplicity of v in rs is wy. There-
fore, the multiplicity of v in pgrs is w; + wy. From the above paragraph, we

have shown that the multiplicity of v in e is at least w; + ws.

Since this statement holds for all prime numbers in the factorization of pgrs,
we conclude that e must be a multiple of pgrs.
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As we want all of our entries to be as small as possible, it makes sense to
simply let e = pqrs, and ensure that our values of p, ¢, r, s are small enough
so that all entries in our grid are less than 2026. Our grid becomes

p > ¢, and r > s. This means the largest

Recall that we assumed p > r,
(pr)?* which we know must be smaller than
5.

>
entry in our grid is p*r? =
2026 > 2025 = 452. So pr < 4

To make our quantity 2 = (1 + E+9)(1 45+ 2) as close to 9 as possi-
ble, we want the fractions § and ~ to be as close to 1 as possible. Thus, it

follows that we want ¢ =p —1 and s =7 — 1.

To ensure the fractions 2 = p%l =1+ Iﬁ and - = 5 =1+ :11 is as
close to 1 as possible, we want p and r to be as large as possible, while still
ensuring that pr < 45.

Since we are assuming p > r, this implies that the desired pair (p,r) must
be (9,5) or (7,6). Any other option, such as (9,4), (9,3), (8,5), (8,4), or
(7,5) is guaranteed to ensure a larger value of 2 than either (9,5) or (7,6).

The case (p,r) = (9,5) makes z = 2 and y = 2, and this gives us £ =
(1+2+3)(1+3+32) = 1221 which equals 9.19 rounded to two decimal
places.

The case (p,r) = (7,6) makes 2 = I and y = £, and this gives us 2 =
(I+{+91+2+2) = £21, which equals 9.17 rounded to two decimal

Therefore, the correct answer must be 9.17. We can verify that each entry
in our grid is less than 2026 for the case (p,q,r,s) = (7,6,6,5).

Answer: |(C)
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1470 | 900 | 1512
1296 | 1260 | 1225
1050 | 1764 | 1080

5. Hexagon ABCDEF is inscribed in a circle. This hexagon has the
property that AB = BC =CD and DE = EF = FA.

Given that AB, AC, AD, AE, AF all have integer side lengths,
what is the minimum possible value of |BE — AD|?

(A) 1 (B) 15 (C) 16 (D) 32 (E) 64

Solution: Let AB = BC =CD =p, and DE = EF = FA = q. From the
wording of the question, we know that p and ¢ are positive integers.

Let O be the centre of the circle, and let ZAOB = z. Then if we draw
the six radii from O to each of the six points in the hexagon, we see that

LAOB = /BOC = ZCOD = x and ZDOE = ZEOF = ZFOA = 120°—x.

Since AOAF and AOAB are isosceles, we have ZOAF = ZOFA = 30° + §
and ZOAB = ZOBA = 90° — 3. Therefore, /ZFAB = ZOAF + ZOAB =
(30° 4 ) + (90° — £) = 120°,

By the Cosine Law on ABAF, we know that cos 120° = ’#. Since

cos 120° = —%, this implies that BF? = p* + pqg + ¢*>. By symmetry,

BF? = CE?.

Any four points on the hexagon form a cyclic quadrilateral. We now ap-
ply Ptolemy’s Theorem to express each of AC, AD, AF, in terms of p and

q.

By applying Ptolemy’s Theorem on quadrilateral BCEF', we have

BF-CE+BC-FE = BE-CF
BF -BF +p-q = BE? since BE = CF by symmetry
(v* +pg+¢*) +pqg = BE?
(»+q)? = BE?
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Therefore, we have BE = C'F = p +q.

By applying Ptolemy’s Theorem on quadrilateral ABEF', we have

AF -BE + AB-FE AE - BF
q(p+q) +pq AENDP* +pg+ ¢2
q(2p +q) AEN/p? 4 pq + ¢2
Therefore, we have AE = \/%.

By a similar application of Ptolemy’s Theorem on quadrilateral ABC'F', we
get AC = p(2¢-+p)

VPP +pata®

Notice that AC' = BD, by symmetry. Finally, by applying Ptolemy’s Theo-
rem on quadrilateral ABC'D, we have

AB-CD+ BC-AD = AC-BD
p-p+p-AD = AC?

Dap AD — p*(2¢ +p)°
p? +pq + ¢?
b Ap — Patpy
p? +pq + ¢*
Ap - PCa+p? (2¢+p)° |

o 2 2 o 2 2

P +pg+q P> +pq+q

AD — (M2+&m+p?_ﬁ+mq+f>

P*+pg+q>  p?*+pg+q?

AD — p(3f+3%?): 3pa(p + q)
p? + pq + ¢* p? + pq + ¢*

We are given that AB = p, and AF = g have integer side lengths, as do each
of AC', AD, and AE. From our formulas for AC and AFE, we know that
p? + pg + ¢® must be a perfect square.

As an example, suppose p = 3 and ¢ = 5, which makes p? + pq + ¢*> =
9+15+25 = 49 = 72. By substituting these values of p and ¢ into our above
formulas, we can show that (AB, AC, AD, AE, AF) = (3,32, 300 53 '5)

P T 490 T
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We want each number in this 5-tuple to be an integer. The simplest way
to do this is to multiply p and ¢ by 49. If we substitute p = 3 -49 =
147 and ¢ = 5 -49 = 245 into our above formulas, we can show that
(AB,AC,AD, AE, AF) = (147,273, 360, 385, 245).

For these two values of p and ¢, we have AD = 360 and BE = p+q =
147 + 245 = 392. And so, |BE — AD)| is equal to 32.

But can we do better that this? We now prove that the minimum possi-
ble value of |[BE — AD]| is 15.

Let p = ka and ¢ = kb, where ged(a,b) = 1. Then BE = p+ q = k(a + b)

_ 3kab(a+b) __ ab(a+b)
and AD = 5o =3k - s

Since ged(a,b) = 1, it is straightforward to verify that each of a and b is
relatively prime to a? + ab + b*. We know show that a + b is also relatively
prime to a® + ab + b%.

By the Euclidean Algorithm, ged(a®+ab+b%, a+b) = ged((a+b)*—ab, a+b) =
ged(ab, a+0b). If some prime p divides ab, then p divides either a or b but not
both. So p is a divisor of ab but cannot be a divisor of a+b. This implies that
ged(ab, a+b) must be 1, implying that a+0 is relatively prime to a®+ab+ b%.

We have now shown that AD = 3k - ag?ﬁg;fgz can only be an integer if 3k is
a multiple of a® + ab + b.

This implies that k > $(a® + ab + b?) if a® + ab 4 b* is a multiple of 3,
and k > (a® + ab + b?) if a® + ab + b* is not a multiple of 3.

From our formulas for BE and AD, we have

B ab(a + b)

3ab
—kat+b)(1- —22
(“)( a2+ab+b2>
_ k(a+b)(a—D)?
@ +ab+b?
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From above, if a® + ab + b* is a multiple of 3,
\BE — AD| = BE — AD
_ k(a+b)(a—0b)? 1
a?+ab+0> T 3
~(a+b)(a—D)?
3

And if a® + ab + b? is not a multiple of 3,
\BE — AD| = BE — AD
_ k(a+0b)(a—10)*
a? + ab + b?
= (a+b)(a —b)*.

(a+b)(a—b)?

> (a® + ab + b?
Z (@ b ) T P

To complete the proof, we just need to find positive integers a and b, with
ged(a, b) = 1, for which p? +pq+q¢* = k?(a®+ab+b?) is a perfect square. Our
goal is to make |BE — AD| as small as possible. Without loss of generality,
assume a < b.

In our earlier example, if @ = 3 and b = 5, then a®> + ab+b* =9+ 15+ 25 =
49 = 7. Since 77 is not a multiple of 3, we have |[BE—AD| > (a+b)(a—0b)? =
(3+5)(3—5)*=32.

If b—a = 1, then a simple inspection shows that (a,b) = (7,8) is the smallest
pair for which (a® + ab + b?) is a perfect square. Indeed, a® + ab + b* =
49 4+ 56 + 64 = 169 = 132 Since 13? is not a multiple of 3, we have
|BE — AD| > (a + b)(a — b)* = (7 + 8)(7 — 8)? = 15. Equality occurs
when k = a? 4 ab + b* = 169.

We now prove that the smallest possible value of |[BE — AD] is 15.

If b—a =1, then we see that a > 7 in order for (OL2 +ab+ b*) to be a perfect
square. If @ > 7, then |[BE—AD| > (a+b)(a—b)? = (2a+1)-1*> = 2a+1 > 15.

If b—a =2, then
a?+ab+b? = a* +ala+2) + (a+2)*
=a*4+a*+2a+a*+4a+4

=3a*> +6a+4
=3(a+1)*+1.
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Since this quantity cannot be a multiple of 3, we have |BE — AD| >
(a+Db)(a—0b)?%=(a+a+2)(2)? = (2a+2)-4=8a+38. Since a > 1,
we have |[BE — AD| > 16.

If b —a = 3, then the case (a,b) = (1,4) does not make (a* + ab + b?)
5. And |BE — AD| > (@bl

v

a perfect square. So a > 2 and b
B _ 91 > 15,

Finally, if b — a > 4, then |BE — AD| > (ctlle=b)? > (947 - q5

We conclude that the minimum value of |BE — AD| = 15 occurs when
a=7,b=8, and k =a’®+ab+ b*> = 49 + 56 + 64 = 169 = 132

From p = ka = 169 -7 = 1183 and ¢ = kb = 169 - 8 = 1352, we get
(AB, AC, AD, AE, AF) = (1183,2093, 2520, 2288, 1352). Since BE = p +
q = 11834 1352 = 2535, we conclude that |BE — AD| = 2535 — 2520 indeed
is equal to 15.

Answer: |(B)
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