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7. Week 7

Problem

Let ABC be an acute triangle. Let K,L be the feet of the altitudes from A

and B respectively, and let H be the intersection of the altitudes AK and BL

(ortocenter). Let M be the midpoint of AB.

Prove that the bisector of ∠KML intersects HC at its midpoint.

Solution:

Problem K3 of the 54th Czech Mathematical Olympiad 2004/05, Cate-

gory B 10th grade, which appeared in Crux Mathematicorum [2008:343].

We present the solution by Amengual Covas which appeared at [2009:

502].

Let N be the midpoint of HC. We prove equivalently that MN is the bisector

of ∠KML.
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Below we will use the well known fact that if △XY Z has a right angle at X,

and if W is the midpoint of Y Z then W is the center of the circle passing through

X,Y, Z. In particular XW = YW = ZW . If you are not familiar with this result,

try to prove it.

Since ∠ALB = 90◦ and M is the midpoint of AB we have

AM = MB = LM .

Same way, since ∠AKB = 90◦ and M is the midpoint of AB we have

AM = MB = KM .

Therefore

LM = KM .

Applying the same argument with ∠CKH = ∠CLH = 90◦ and H the midpoint of

CH we get

KN = CN = LN .
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Therefore, we have 
NK = NL

MK = ML

MN = MN

This shows that triangles △NKM and △LMN are congruent and hence

∠LMN = ∠KMN .

This proves the claim.





