Week 1

e Problem (posted September 6th)
We give two entry level problems this week. Give them a try. Look for the source and the solution next week!

Problem A
In the diagram, ABCD is a square with side length 17 and the four triangles ABF,DAE,BCG , and CDH are congruent right triangles. Furthermore, FB = 8 . Find
the area of the shaded quadrilateral EFGH .

D C

Problem B
Find the number of solutions in integers (X, y) of the equation

2yP =612,

e Solution (posted September 13th)
Problem A

This was Problem 1 of BC Colleges High School Mathematics Contest 2005, Junior Final Round B, written in May 2005, and given in the Skoliad Corner of Crux
Mathematicorum in [2005:265]. We give the "official" solution which appeared at [2006:137].

Since FB =8 and AB =17, the Pythagorean Theorem gives AF = 15 . The area of each of the four congruent triangles is 8X215 =60 . Thus the area of the shaded
square EFGH is 172 —4-60 =49 .

Problem B

This was Problem 3 of the same contest. We give the "official" solution which appeared at [2006:138].
First, since 62> (0 and x2 >0 we must have x2 >0 andy > 0.
We are given that x2y? = 6!2 = 212312 _Since x and y both divide 21?32 we must have x = 4213 and y= 23!, where i,j,k and 1 are non-negative integers.
Then x2 = 2%3% and y3 =233 Therefore
x2y3 = 9203k 32431
We want x2y3 = 212312 Thus 2i +3k = 12 and 2j+31 =12 . Solving these equations we get

(i,k) € {(0,4),(3,2),(6,0)} and (j,1) € {(0,4),(3,2),(6,0)} .

Now, each of the three values of i can be paired with each of the three values of j. Once this is done, the values of k and 1 are determined. Therefore, the number of
solutions in positive integers is 3 X 3 =9 , and the the total number of solutionsis 9 x 2 =18 .
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Week 2

e Problem (posted September 13th)
This week we look at a Quintic Equation.

Find all real solutions to the equation
T+x+x?+x3=x*+x5.

o Solution (posted September 20th)
Problem 4 of the 21 W.J. Blundon Mathematics Contest, Memorial University which was written in February 2004 and given in the Skoliad Corner of Crux Mathematicorum in
[2005:354].

The equation can be written as
(1+x)(1+x2)=(1+x)x*.
It is clear that x =—1 s a solution.
If x #—1 we can divide by 1 +x to get
1+x2=x*,
or
x*—x2-1=0.

Substituting y = x2 we get the quadratic equation

y2-y-1=0
with solutions
1+3 d -3
= an =
M 3 Y2 5
Since y, <0 the equation x> =y, has no solution.
Solving x2 =y, we get two more real solutions
1445
x=xy 1EYS
2

Therefore, the equation has 3 real solutions:
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Week 3

Problem (posted September 20th)
Let p be the number of functions defined on the set {1,2,3,...,m} , m € N*, with values in the set {1,2,...,35,36} and q be the number of functions defined on the
set {1,2,3,...,n} ,n € N", with values in the set {1,2,3,4,5} . Find the least possible value for the expression [p—q| .

Solution (posted September 27th)

Problem 5 of the Republic of Moldova XL Mathematical Olympiad, form 11, which appeared in Crux Mathematicorum [1999:326-327]. We present the solution by Pierre
Bornsztein which appeared at [2001:369-370], slightly modified.

Letm,n € N* . We have p =36™ and q = 5" . The problem is then to find the least possible value of [36™ — 5"| overallm,n € N* .

The last two digits of 36™ can be 36,96, 56, 16 or 76. The last two digits of 5" are either 5 or 25.

This shows that
36™ —5" € {£9,+11,+29,+31,+49} (mod 100)

Let us also observe that since 9|36™ and 9 4 5" we have 9 + 36™ — 5m . Therefore 36™ —5" #£9 .
This shows that the smallest possible value [36™ — 5| could take is 11. This value is achieved whenm=n=2 .

Therefore, the least possible value of [p —q] is 11.
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Week 4

e Problem (posted September 27th)

This week we will look at an inscribed circle problem.

Let ABC be an equilateral triangle and T" its incircle. If D and E are points on the sides AB and AC, respectively, such that DE is tangent to I, show that

AD | AE
—t—=1
DB EC
o
E
1 D B

o Solution (posted October 4th)
Problem 4 of of the 8" IberoAmerican Mathematical Olympiad 1993, which appeared in Crux Mathematicorum [1996:159-160]. We present the solution by Séfket Arslanagi¢
which appeared at [1997:465-466].

Let AB=AC=BC=a,BD=p andCE=q.ThenAD=a—-p andAE=a—q .

L
—
]
m

Since the circle I is inscribed in the quadrilateral BCED we have
ED+BC=BD+CE,
or
ED=p+q—a.
By the Law of cosines in the triangle ADE we get
ED? =AD? + AE? —2AD - AE - cos(60°),
and hence, by (1)
(P+a-a’=@-p’+@-q’-(@a-pla-q.
This gives
3pq=ap+aq.
Then
% + % -2k, %
_239-pqtap—qgp
pq

_aptaq—2pq
pq

M
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Week 5

e Problem (posted October 4th)
This week we look at a functional equation.

Find all functions f : N* — N* such that
f(f(m) +f(n)) =m+n; Vm,n € N*,
where N* denotes the set {1,2,3,...} of positive integers.

e Solution (posted October 11th)
Problem 4 of the 44" Lithuanian Mathematical Olympiad, which appeared in Crux Mathematicorum [1998:196-197]. We present the solution by Pierre Bornsztein which
appeared at [1999:334-335].

For allm,n € N* , we have
f(f(m)+f(n)) =m+n O]
f(f(m) + f(n)) + f (f(m) + f(n)) = 2(m +n).
Therefore

f[f (f(m) + f(n)) + f (f(m) + f(n))] = f(m) + f(n) + f(m) + f(n)
=2 (f(m) + f(n))

and
£[f (f(m) + f(n)) + £ (f(m) + f(n))] = £(2m + 2n) .
It follows that
f(2m + 2n) = 2 (f(m) + f(n)) . 2
Setting m =n , we get 4f(n) = f(4n)
Settingm=2p+1,n=2p—1 wealso get
26(2p+ 1) +2f(2p — 1) = £(8p) = 4f(2p)

forallp>1, and hence

f(2p-+1)=26(2p) ~ f2p— 1). )
Settingm=2p+2,n=2p—2,(p=>2) we get
f2p+2)=2f(2p)—f(2p—2). 4)
Letusset f(1)=a,f(2)=b
Using (3) and (4) we get
f(3)=2b—a
f(4)=1(4-1)=4f(1)=4a
f(5)=9a—2b
f(6)=8a—b

Now, usingm=2,n=1 in(2) we get
f(6) = 2f(2) + 2f(1) = 2a+2b.
Thus 8a—b=2a+2b, henceb=2a.ltfollows that forn € {1,2,3,4,5,6} we have
f(n) =an.
Now, using (3) and (4) by induction we get immediately
f(n) =an, foralln € N*.
Now, by (1), for all m,n € N* we have
m+n = f(f(m) + f(n)) = a(f(m) + f(n)) = a*>(m +n).
Thereforea=1 and

f(n)=n foralln € N*.
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Conversely, f(n) =n works.



Week 6

Problem (posted October 11th)
Find all the natural numbers n such that the number

n(n+ 1)(n+2)(n+3)
has exactly 3 prime divisors.

Solution (posted October 18th)
Problem 5 of the 30" Spanish Mathematical Olympiad, Final Round, 1993, which appeared in Crux Mathematicorum [1998:69-70]. We present the solution by Edward TH. Wang
which appeared at [1999:203-204], slightly modified.

We prove that the only such integers aren=2,3 and 6.
Let P(n) =n(n+ 1)(n+2)(n+3) .ThenP(1)=23-3 andthusn=1 is not a solution. Hence we assume n >2 .
Note first that for all k € N we have (k,k+1)=(2k—1,2k+1)=1
We have two cases:
Case 1: n is odd. Then the numbers n,n+1,n+2 are by the above pairwise relatively prime, and hence each needs to be a power of a prime.
Sincen+1 is even, we must have
n=p*;n+1=2"and n+2=¢°
where a, b, c,p,q € N with p, q distinct odd primes.
Note now that n+3 =22+2=2(2"" +1)  where b >2. Since the only possible prime divisors of n+3 are 2,p and qand (n+2,n+3)=1 we must have
20141 =pd,

withd>1.
Therefore,

2pd=n+3=p*+3.
This shows that p|3 and hence p = 3. Dividing by 3, we get

2.341 =3 4,

Now, we cannot haved—1>0 anda—1>0 , as in this case we would get 3|1. Therefore one of d—1 ora—1 must be 0, and it is immediate that the other one is also
zero.

This shows thata=1, and hencen=3 .

We showed that the only possible solution with n odd isn =3, and it is easy to check that this is indeed a solution.

Case 2: n is even. Then, we have (n+1,n+2)=(n+1,n+3)=(n+2,n+3)=1 . By the same argument as in Case 1 we must have
n+1:p“;n+2:2b and n+3=¢°

where a, b, ¢, p,q € N with p, q distinct odd primes.

Now,
n=2°-2=202""-1).
We know thatn>2 and henceb>2.

Ifb=2 we getn=2 which is a solution.

Otherwise b >3 and hence 27! — 1 is an odd number greater or equal than 3. The only primes which can divide n are 2,p,q and as (n,p*) =1 and 2°! — 1 is odd, we
must have
2l — =g,
withd>1.
Therefore,

2¢¢=n=q"-3.
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This shows that q|3 and hence q = 3. Dividing by 3, we get
2.3% 1 =31 .
We must haved—1<c—1 and hence 34! |1. This shows thatd = 1 and hence
n=2-3=6.

It is easy to check that n = 6 is indeed a solution.

In conclusion, n(n+ 1)(n+2)(n+3)  has exactly three prime divisors if and only ifn € {2,3,6} .



Week 7

e Problem (posted October 18th)
ABC is a triangle with AB = AC and ZBAC =20° . On the side AC we pick inside a point D such that AD = BC . Find the measure of the angle ZCDB .

A
x I
¥I] '
e Solution (posted October 25th)

This is one of my favourite geometry problems, with a very nice solution. Unfortunately we lost the source of this problem and of the solution below.

On side AD we construct outside an equilateral triangle ADE . Connect E to B.

A
% h‘
B C

AB=AC; £ABC =80°=«ZBAE; BC=AE.

Now, by SAS, triangles ABC and BAE are congruent. Indeed

Then, it follows that triangle BAE is isosceles and hence AB = BE .
Then, by SSS, triangles ADB and EDB are congruent. Indeed
AD=ED; DB=DB; AB=EB.

It follows that ZADB = ZEDB

Since
2ADB + £EDB + 60° = 360°
we get
£ADB = 150°.
Then

2CDB =30°.
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Week 8

e Problem (posted October 25th)
We cut an equilateral triangle AXY from the rectangle ABCD in such a way that the vertex X is on side BC and that vertex Y is on side CD. Prove that among the
remaining three right triangles there are two, the sum of whose areas equals the area of the third.

A

=

e Solution (posted November 1st)
This was Problem 2 of the Hungarian National Olympiad, 1987, which appeared in Crux Mathematicorum [1989:100-1017]. We present the solution by Michael Selby and D.J.
Smeenk which appeared at [1991:68-69].

) L S ) L V3
First, this is not possible in every rectangle. If the rectangle has sides a <b, then a necessary condition is thata > —-b .

Now, if we can cut such a triange, let s denote the side of the triangle. We claim that
[XY C]=[ADY ] +[ABX],

where [T ] denotes the area of the triangle T. Let us denote by 0; and 0;, respectively the angles ZBAX and £DAY , respectively.

A b
4 D
& Y
o1
i
&
]
B X E"
Then
1
[ABX] = EAB -BX
= %s cos(0;)s sin(6;)
= %sz cos(0;)sin(0;)
=% 2 5in(26,),

and same way
[ADY ]= %sz sin(20,).

Therefore
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[ADY ] = —s? sin(20,)

Bl—= =B —=K]—=

sZsin(2(30° — 0,))

s2 sin(60° — 20)

V3 1
2 1
( 3 cos(20) > sin(26,))
N
= (Tgs2 c0s(20;)) *(ész sin(20,)) .
This shows that
V3, 1, .
[ADY ]+ [ABX] = Ts cos(26,) + gs sin(20;).

Now, for XCY the angle ZCXY =30°+0; .Therefore

2 5in(30° +01) cos(30° +0;)
2 sin(60° +20;)

= ?sz cos(20;) + %sz sin(20;)
=[ADY ] +[ABX].



Week 9

e Problem (posted November 1st)
Find all polynomials f(x) = x" +a;x" ! +a,x" 2 +...+a,1 X+a, with the following properties:

1. all the coefficients aj,..,a, belong to the set {—1,1};

2. all the roots of the equation f(x) =0 are real.

e Solution (posted November 8th)
This was Problem 5 of the Fourth Irish Mathematical Olympiad, 1991, which appeared in Crux Mathematicorum [1993:7192-193]. We present the solution by Michael Selby which
appeared at [1995:12-13].

Letry,r,,..,r, represent the roots of this polynomial. Then

rytroto A, =—ay
ey +1 3+ A1,y = a3
— n
riry...ry =(=1)"a, .

We therefore get

r%+r%+..+r% =(r1t+...+ry) 272(r1r2 +rir3t...+ryg Iy)
=1 —28.2 .

This implies that, as longasn > 2 , we have 1 —2a, >0 and hencea, =—1 .

Next, by the Arithmetic Mean-Geometric Mean inequality we get

2 2 -
12+ .I;+r“ )
- <_T>"a )2
with equality if and only if r2 =r2 =...=r2 =1
Therefore
1-2a,>n,
with equality if and only n‘rI % =1i=1

Thereforen<3 .
Case 1: n =1 . It is straightforward to see that in this case both X +1 and X —~1 work.
Case 2: n =2 . Then we must have a, = —1 , therefore, the possible polynomials are X2~ X —1 and X2+ X —1 , and both work.

Case 3:n =3 . Then we have a; =—1 and equality in the AM-GM inequality, hence r; € {1} . Moreover, sincerry +rir3 +raor3 =—1 , itis not possible for all three
roots to have the same sign. This leaves us with two possible polynomials:

X-D?X+1)=X3-X2-X+1
X-DX+1)?2=X3+X*-X-1

Answer: There are 6 such polynomials:

X-1;X+1;X2-X-1;X2+X-1; X*-X?’-X+1land X +X>-X—1.
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