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Publié par la Société mathématique du Canada, Ottawa (Ontario)
et produit par le Bureau CRUX with MAYHEM de la SMC, St. John’s, NL,

Canada

ISBN 0-919558-15-1

All rights reserved. No part of this publication may be reproduced or transmitted
in any form or by any means, electronic or mechanical, including photocopying,
recording, or any information or retrieval system now known or to be invented,
without permission in writing from the publisher: The Canadian Mathematical
Society, 577 King Edward Avenue, P.O. Box 450, Station A, Ottawa, Ontario
K1N 6N5, Canada, except so far as may be allowed by law.
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Foreword

This volume is a follow up to our previous publications on Problems for Mathematics
Leagues. It is the third book published by the authors based on a cooperation of devising
problems for the Newfoundland and Labrador Senior Mathematics League over a period
of over 15 years.

Since the publication of the previous ATOM volume, other mathematics leagues, based
on our model, have sprung up in other parts of Canada. We are always pleased to assist
other leagues, and are prepared to provide current games to help them get started.

While we have tried to make the text as correct as possible, some mathematical and
typographical errors might remain, for which we accept full responsibility. We would be
grateful to any reader drawing our attention to errors as well as to alternative solutions.

It is the hope of the Canadian Mathematical Society that this collection may find its
way to high school students including those who may have the talent, ambition and
mathematical expertise to represent Canada internationally. Those who find the problems
too challenging at present can work their way up through other collections. For example:

1. The journal Crux Mathematicorum with Mathematical Mayhem (subscriptions can
be obtained from the Canadian Mathematical Society, 577 King Edward,
PO Box 450, Station A, Ottawa, ON, Canada K1N 6N5);

2. The book The Canadian Mathematical Olympiad 1969–1993 L’Olympiade
mathématique du Canada, which contains the problems and solutions of the first
twenty five Olympiads held in Canada (published by the Canadian
Mathematical Society, 577 King Edward, PO Box 450, Station A, Ottawa, ON,
Canada K1N 6N5);

3. The book Five Hundred Mathematical Challenges, by E.J. Barbeau, M.S.
Klamkin & W.O.J. Moser (published by the Mathematical Association of America,
1529 Eighteenth Street NW, Washington, DC 20036, USA);

4. The CMS website,
www.cms.math.ca

where all forty two of the International Mathematical Talent Search problem sets
are available.

The authors would like to thank Kyle Sampson for some suggestions of
problems, and Ed. Barbeau for most helpful suggestions.

Peter I. Booth
Department of Mathematics and Statistics
Memorial University of Newfoundland
St. John’s, NL
Canada A1C 5S7

John Grant McLoughlin
Faculty of Education
University of New Brunswick
Fredericton, NB
Canada E3B 5A3

Bruce L.R. Shawyer
Department of Mathematics and Statistics
Memorial University of Newfoundland
St. John’s, NL
Canada A1C 5S7
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History of the NLTA Senior Mathematics League

The Newfoundland and Labrador Senior Mathematics League began in 1987 as
a competition amongst the high schools in the St. John’s area. It has grown
since then into a province-wide competition with many schools competing in local
leagues in several districts all over the province. The same game takes place
simultaneously in each place, with the schools competing at the district level. A
provincial championship game (game 5 of each season) takes place towards the end
of a school year, with the top schools from each district competing at a common
site.

There have even been leagues outside Newfoundland and Labrador, using
our games. We are happy to provide master copies of materials for a modest fee.

The NLTA Senior Math League stresses cooperative problem solving. Each
participating school sends a team of four students, who will work together on each
problem. Students may, if they wish, submit individual answers. However, to
reward cooperative work, a bonus mark is given for a correct team answer.

A typical contest consists of ten questions and a relay. Unlike most mathematics
competitions where the contestant receives all of the questions at once, the team
receives only the first problem at the start.

Each team is seated around a table, and is given two copies of the first
problem. Thus, everyone can read the problem easily. There is a time limit
announced for each problem (usually between three and ten minutes). When time
is called, the team hands one sheet to a proctor for marking.

While the contestants’ answers are being marked, a solution to the problem
is presented, usually using an overhead projector. A correct team answer gets five
marks whereas an incorrect team answer gets zero marks. If the team members do
not agree on the answer, each may submit an answer for one possible mark each.
This results in much discussion and debate, especially if two team members arrive
at different answers. Such debate is indeed encouraged. The next problem is now
given to the teams, and the above sequence of events is repeated.

After ten problems, which usually increase in difficulty, and in time allotted,
students do the relay question.

The relay question has four parts: the answer to part # 1 is an input to
part # 2; the answer to part # 2 is an input to part # 3; and the answer to part
# 3 is an input to part #4.

The relay question has twenty minutes allotted, and up to ten bonus points
over and above the five normal points. One point is awarded if only part # 1 is
correct; two points are awarded if only both parts # 1 and # 2 are correct; three
points are awarded if only all of parts # 1, # 2 and # 3 are correct; and five
points are awarded if all four parts are correct.
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If time has not been called when the team hands the relay answer sheet to
the proctor, the proctor will say either “CORRECT” or “WRONG”. If the proctor
answers “WRONG”, the relay answer sheet is returned to the team. No indication
of the place of any error is given.

Bonus points, up to ten, are awarded as follows: there are ten bonus points
for a CORRECT answer sheet completed within the first six minutes; then the
number of bonus points for a CORRECT answer sheet is reduced by one at the
end of each subsequent minute until there are no more available.

The theoretical maximum score consists of five points for each question plus
five for the relay and ten time bonus points, giving a grand total of 65. Scores
above 60 are rarely achieved.

The bonus point scheme has been in operation for about 5 years, and is
different from what was previously used and reported in our previous volumes.

After the scores have been tallied, the day’s winners are announced unless
there is a tie for first place. In this case, a tiebreaker question is used to determine
the contest’s winner. No points are awarded for winning a tiebreaker.

The rules for the tiebreaker are a little different. Essentially, the first team
to solve the question wins. But to prevent silly guessing games, the following rule
applies: a team that has offered an incorrect answer to a tiebreaker may not offer
any other answer for a subsequent period of one minute.

In some locations, it has been customary for the host (institution or school)
to award a plaque to the winning team. Scores are cumulative over the league
year, and at the end of the season (we have four contests), the top three schools
receive awards. These are usually in the form of a plaque for the season. In the
St. John’s district, the top team is awarded a trophy, which it holds for one year.

There is usually a “nutrition break” after the fifth question. Students and
proctors are provided with a soft drink, juice, tea or coffee and a donut or muffin.
This allows for some social interactions amongst the participants.

Attending an NLTA Math League contest is a very rewarding experience.
They usually take place on Saturday mornings. It is very gratifying to be in a
room full of young men and women, usually in equal numbers, doing mathematics,
enjoying mathematics, and having fun.
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Season 2001–2002

Game #1

1. My piano has 88 keys for the notes: C, C#, D, D#, E, F, F#, G, G#, A,
A#, and B. The bottom note is an A. What is the top note on my piano?

Solution. There are 12 notes, starting at A, before we reach another A.
88
12 = 7 + 4

12 . Thus, we end with A, A#, B, and C. The top note is C.

2. My house number has three digits, all even. The hundreds’ digit is greater
than the tens’ digit, which, in turn, is greater than the units’ digit. The
product of the digits is 96. Determine my house number.

Solution. Suppose the number is abc. Thus, a > b > c and all are even.

The product abc = 96 = 3 × 25. One of the digits cannot be 3. But it could
be 6. Now, 96 = 6 × 16 = 6 × 2 × 8, since we cannot have the 6 × 4 × 4 —
the digits must be different.

Arranging in the required order, we see that my house number is 862.

3. A circle has a circumference of kπ units and an area of 3kπ square units.
Determine the value of k.

Solution. For a circle, radius r, the circumference is 2πr and the area is πr2.

Thus, 2r = k and r2 = 3k, giving 6r = r2.

Now, we could possibly have r = 0 (not really a circle), and the realistic
answer is r = 6. Thus, k = 12.

4. Which of the following two numbers is larger?

20001999 + 1
20002000 + 1

or
20002000 + 1
20002001 + 1

.

Solution. Write x for 2000. Thus, the two numbers are

xx−1 + 1
xx + 1

,
xx + 1

xx+1 + 1
.

Write
xx−1 + 1
xx + 1

≶ xx + 1
xx+1 + 1

. Cross multiply to get

(
xx−1 + 1

) (
xx+1 + 1

)
≶ (xx + 1)2 .

This is equivalent to x2x + xx+1 + xx−1 + 1 ≶ x2x + 2xx + 1,

or xx−1
(
x2 − 2x + 1

)
≶ 0.

The left side is clearly positive, so that we replace ≶ by >.

Thus, the first number is greater.
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5. A dory is tied to a stage by a perfectly straight rope that is twenty metres
long.
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The rope is pulled in one metre. Does the dory move more or less than one
metre? (Your answer is to be either “more” or “less”.)

Solution. Move the dory in a bit
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Consider only the rope positions and the distance, x, moved by the dory:
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...............................................
...............................................

...............................................
...............................................
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20

19

x

Since the shortest distance between two points is the straight line, the
distance x + 19 must be greater than 20.

The answer is more.

6. Assume that you are given four digits, namely 1, 3, 5 and 8, each of which
are to be used once (and once only) in forming a four digit number. What
is the average of all possible four digit numbers that could be formed?

Solution. There are 24 possible numbers. Each digit can occur in any place
6 times.

6 × (1 + 3 + 5 + 8) = 6 × 17 = 102.

The sum of all the numbers is then 1111× 102, and therefore, the average is
113322

24
= 4721.75.
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7. While trying to solve a quadratic equation using the formula
−b ±√

b2 − 4ac

2a
, a student interchanges the roles of a and b (which are

different numbers). The student gets the correct answers. What are they?

Solution. The original equation was ax2 + bx + c = 0. The “incorrect
equation” must have been bx2 + ax + c = 0. If the answers are the same,
the left sides of the two equations must be the same; that is, ax2 + bx + c =
bx2 + ax + c, or (a− b)(x2 − x) = 0. Since a and b are different, we see that
the two solutions are x = 0 and x = 1 .

8. Given that m and n are positive integers such that 17n + 19m = 13345,
determine the minimum possible value of m + n.

Solution. We have n = 785 − 19m
17 . This means that m must be a multiple

of 17.

We have n + m = 785 − 2m
17 . The values of n + m start at 785 and go down

by 2s. But we must have n > 0. The solution is m = 697 and n = 6. The
answer is 703.

9. A square of side 5 is “rolled” successively at each vertex along a straight line
until the side that was the base at the beginning is again the base.

Find the length of the path described by a vertex, correct to 4 decimal places.

Solution.
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It does not matter which vertex we use, for all the paths are essentially the
same.

We have a 1
4–circle of radius 5, then a 1

4–circle of radius 5
√

2, and finally a
1
4–circle of radius 5, giving a total length of 5π

(
1 +

√
2

2

)
≈ 26.8152 , correct

to 4 decimal places.
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10. A point P , inside square ABCD, is such that PA = 1, PB = 2 and PC = 3.
The square is then rotated 90◦ anti-clockwise about B as shown.
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Q

Find the measure of ∠APQ.

Solution. First, note that QA = PC = 3 and QB = PB = 2. Now, note
that ∠PBQ = 90◦ because of the rotation.

Thus, PQ2 = QB2 + PB2 = 4 + 4 = 8.

Consider �APQ. We have PQ2 = 8, PA2 = 1 and QA2 = 9. Therefore,
QA2 = PQ2 + PA2. By the converse of Pythagoras, ∠APQ = 90◦.

For further comments, see endnote #1 on page 54.

RELAY

Relay 1. An operation � is defined such that A � B = AB − BA.

Evaluate (3 � 4) � (2 � 0), and call your answer C.

Write the value of C in Box #1 of the Relay Answer Sheet.

Relay 2. A total of C people are present at a meeting. If all present shake
hands with one another, the total number of handshakes will be D.

Write the value of D in Box #2 of the Relay Answer Sheet.

Relay 3. A piggybank contains D coins, a mixture of nickels and quarters
only. The value of the coins is exactly �8.

Determine the number of quarters in the piggybank and call this value E.

Write the value of E in Box #3 of the Relay Answer Sheet.

Relay 4. How many prime numbers are greater than E and less than 4E?

Write your answer in Box #4 of the Relay Answer Sheet, and hand the sheet
to your proctor.

Answers. 16 , 120 , 10 , 8 .
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Game #2

1. Peter, Bruce and John shared �500. The ratio of Peter’s portion to the total
received by Bruce and John was 3 : 2. If Bruce received �40 more than John,
how many dollars did John receive?

Solution. Using initials to represent the sum each got, we have

P + B + J = 500,
2P = 3(B + J),
B = J + 4.

Solving gives P = 300, B = 120 and J = 80 .

2. We have the three digit numbers 4AB and AB4. Subtracting 400 from the
first gives the same answer as subtracting the second from 400.

Find the value of the product A × B.

Solution. We have 4AB = 400 + 10A + B and AB4 = 100A + 10B + 4.

Thus, we have 10A + B = 396 − 100A − 10B, or 110A + 11B = 396, giving
10A + B = 36. This means that A = 3 and B = 6, giving A × B = 18 .

[ALTERNATIVELY],

4AB
+ AB4

8 0 0
It follows that B = 6, A = 3, so that A × B = 18 .

3. [NO CALCULATORS ALLOWED FOR THIS QUESTION]

A lattice point is a point with integer coordinates. For example, (3,−6) is a
lattice point, whereas ( 1

2 , 4) is not.

How many lattice points lie inside or on the circle, centred on the origin,
with radius 5?

Solution. We draw a diagram:
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� � � � � � � � � � �
� � � � � � � � � � �
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� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � �
� � � � � � � � � � � Note that the points (0,±5), (±5, 0), (±3,±4) and

(±4,±3) lie on the circle. They are the only lattice points
on the circle.

Counting the number in the rows from top to bottom, we
have a total of

1 + 7 + 9 + 9 + 9 + 11 + 9 + 9 + 9 + 7 + 1 = 81 .
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4. Here is a rule for multiplying two ordered pairs of real numbers:

(a, b) × (c, d) = (ac − bd, ad + bc).

Calculate (1, 2) × (−1, 0) × (2, 1) × (0, 1) × (2, 2).

Solution. (1, 2) × (−1, 0) = (−1,−2).

(−1,−2)× (2, 1) = (0,−5).

(0,−5) × (0, 1) = (5, 0).

(5, 0) × (2, 2) = (10, 10) .

5.

.................................................

.........

..........
..........
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...........................

......................................................................................................................................................................................................................
..............
............
...........
..........
..........

.........

..........
..........
............

..............
...........................

......................................................................................................................................................................................................................
..............
............
..........
..........
..........
..........

..........
..........
............

..............
...........................

......................................................................................................................................................................................................................
..............
............
..........
..........
..........
.

A circle of radius 1 is surrounded by three circles
each of radius r. Each circle touches all the other
three circles externally.

The exact expression of the value of r can be
written in the form r = a + b

√
3, where a and b

are whole numbers. Find a and b.

Solution. Join the centres of the three circles.
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............

...............
..............................................................................................................................................................................................................................................
..............
............
...........
..........
.........
.

.........

..........
..........
............
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...........................

.......................................................................................................................................................................................................................
..............
...........
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...................
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..........
............

..............
...........................

.......................................................................................................................................................................................................................
..............
...........
...........
..........
.......... .................................................................................................................................................................................................................................................
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...........
...........
...........
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...........
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.......................................................................

....................................................................................................................................

rr

r

1

The centre of the small circle is at the centroid
of the big triangle, and so
1 + r = 2

3

(√
3r

)
.

This gives r = 3 + 2
√

3.

Solution is

a = 3 and b = 2 .

6. Triangle ABC is isosceles with AB = BC = x. A point M lies on AC such
that AM = 4, MC = 3 and BM = 2. Find the value of x.

Solution. We draw diagrams:
B

A C
M4 3

2
x

x
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

.............................................................................................................

Draw the perpendicular BN from B
to AC.

Then, NM = .5 and
AN = 3.5.

B

A C
M3.5

x
..........................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

...................
...................

...................
...................

...................
...................

...................
...................

...................
...................

.............................................................................................................

.......................................................................................................

N

Thus,

BN =
√

(22 − .52) =
√

15
2 .

Further, x2 = 3.52 + BN2 = 16.

Therefore, x = 4 .
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7. The notation mn, interpreted in base b sense, means the number (b×m)+n.

For example, number 36, interpreted in base 9 sense, means the number

(3 × 9) + 6 = 27 + 6 = 33.

Also, in base 9, the equation 36 + 45 = 82 is true.

In which base would the equation 52 = 2 × 25 be true?

Solution. The base b number 52 and 25 are the base 10 numbers 5b + 2 and
2b + 5.

Thus, 5b + 2 = 2(2b + 5) = 4b + 10. Hence, b = 8 .

8. Chris and Pat run a mile race. (There are 1760 yards in one mile.)

In the first heat, Chris gives Pat a start of 11 yards, and wins by
57 seconds.

In the second heat, Chris gives Pat a start of 81 seconds, and is beaten by
88 yards.

In what time can Pat run a mile?

Solution. We make two diagrams to illustrate the two races. We denote
Chris’ running speed by c and Pat’s by p yds/sec.

Pat
Chris

Pat
Chris

Heat #2

Heat #1

.........

..........

..........

.........

..........

.........

..........

..........

.........

..........

.........

..........

..........

.........

..........

.........

..........

..........

.........

..........

� � �.............................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

11 yds (1760 − 11 − 57p) yds 57p yds

�1760 yds

� �(1760 − 88) yds 88 yds

� �
81p yds (1760 − 81p) yds

......................................................... ......................
......................

.............

........................................................................................................................

.............................................................................................................................

In the first heat, the time taken by both runners is

1760
c

=
1760 − 11 − 57p

p
.

In the second heat, the time taken by both runners is

1760− 88
c

=
1760− 81p

p
.

A quick way to solve for p is via the rule that A

B
= C

D
= A − B

C − D
.

We then have:
20

19
= 1760

1760 − 88
= 1760 − 11 − 57p

1760 − 81p
= 11 + 57p

81p − 88
,

which implies that 1620p − 1760 = 209 + 1085p. This then implies that
537p = 1969 or p = 11

3
.

Hence, the time for Pat to run one mile is
1760

11
3

= 480 secs or 8 mins .
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9. A line is drawn inside a rectangle ABCD from the mid-point of AB to the
point L on BC such that BL : LC = 3 : 2. This line intersects BD at M .
Find the ratio BM : BD.

Solution. We draw a diagram:
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............................................................................................................................................................................................................................................................................................................................................................................................................................
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.....................
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....................
.....................

....................
.....................

.....................
......................

....................
.....................

....................
.....................

....................
.....................

....................
.........................................................................

A

B
C

D

L

M

N

K

Let K be the mid-point of AB. Produce KL to meet DC produced at N .
From similar triangles BLK and CLN , we have that BK : NC = 3 : 2,
which, along with BK : CD = 3 : 6, yields BK : ND = 3 : 8. It then
follows from similar triangle BKM and DNM , that BM : MD = 3 : 8 and
BM : BD = 3 : 11 .

10. Arrange the digits 1, 2, 3, 4, 5, 6, 7, 8, 9 (using each digit exactly once)
to form a nine–digit number such that the final three digits form a perfect
cube, and:

(i) the two–digit number formed by the first two digits is a multiple of 2;

(ii) the three–digit number formed by the first three digits is a multiple
of 3;

(iii) the four–digit number formed by the first four digits is a multiple of 4;

· · · · · · · · ·
(vii) the eight–digit number formed by the first eight digits is a multiple of 8;

and

(viii) the nine–digit number formed is a multiple of 9.

Solution. First, note that the nine–digit number formed from any combination
of these digits must be a multiple of 9, since the sum of the digits will be a
multiple of 9.

Also, the digits in the second, fourth, sixth and eighth places must be even
— hence, the digits in the other places must be odd. In particular, the digit
in the fifth place must be 5.

The three digit perfect cube must be odd. Therefore, the final three digits
are 729. (We cannot have 125 since 5 is already used, and 343 requires
two 3’s.)

Consider the digits in the third and fourth places. Since the digit in the
third place is odd, the digit in the fourth place is either 2 or 6 if the first
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four digits give a number which is a multiple of 4. Therefore, the digit in
the fourth place is 6.

Since the first three digits make a number which is a multiple of 3, their sum
must be a multiple of 3. Similarly for the first six digits. But we then get
that the sum of the fourth, fifth and sixth digits must be a multiple of 3.
Hence, the sixth digit must be 4. The remaining even digit, 8, must be the
second digit, leaving two possible numbers:

183654729 and 381654729

The only one of these with the first seven digits giving a number that is a
multiple of 7 is 381654729 .

RELAY

Relay 1. An eye testing chart is made from the letters of the alphabet. The
top row consists of one letter, the letter “A”; the second row consists of two
letters, the letters “B” and “C”; the third row of three letters, and so on.

Each successive row consists of letters 2
3 the size of the row above it.

The letter “Z” would appear to be k% of the size of the letter “A”, where k
has been rounded to the nearest whole number.

Write the value of k in Box #1 of the Relay Answer Sheet.

Relay 2. The sides of a triangle have lengths 20, (k + 3) and c. Given that c
is an integer, how many possible values can c represent? Call your answer N .

Write the value of N in Box #2 of the Relay Answer Sheet.

Relay 3. A farmer bought some turkeys, ducks and chickens, paying for each
bird thrice as many dollars as there were birds of that kind. A turkey cost
more than a duck, and a duck cost more than a chicken. There were a total
of N birds, and the total cost was �633. Calculate how many turkeys were
bought. Call your answer T .

Write the value of T in Box #3 of the Relay Answer Sheet.

Relay 4. Consider Jack’s scores on three tests this term: 68, 70 and P .

The mean of Jack’s scores on the three tests is T less than the median.
Determine the value of P

Write your answer in Box #4 of the Relay Answer Sheet, and hand the sheet
to your proctor.

Answers. 9 , 23 , 11 , 33 .
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Game #3

1. Some positive integers can be written as the sum of two distinct primes in
more than one way. For example, 16 can be written in only two ways, namely
3 + 13 and 5 + 11.

Determine the number of different ways in which 36 can be written as the
sum of two primes.

Solution. 36 = 5 + 31 = 7 + 29 = 13 + 23 = 17 + 19.

The answer is 4 .

2. In baking bread, a recipe calls for 125 grams flour, 50 grams bran and 5 grams
yeast. The prices of flour, bran and yeast are 1.5, 1 and 2.5 cents per gram,
respectively. The price of flour rises by 10%, the price of bran falls by 10%,
and the price of yeast rises by 20%. Determine the percentage increase in
the price of baking the bread.

Solution. The cost of a loaf is 125 × 1.5 + 50 × 1 + 5 × 2.5 = 250 cents.

After the changes, it is

125 × 1.5 × 1.1 + 50 × 1 × .9 + 5 × 2.5 × 1.2 = 266.25 cents.

The percentage increase is 6.5 .

3. Find all positive integer solutions of the equation
1
x

+
2
y

= 1.

Solution. Since
1
x

< 1, we need x > 1. Similarly, y > 2.

From
1
x

+
2
y

= 1 we get y =
2x

x − 1
.

In the range 1 < x < 2, we have y > 4.

In the range 2 < x < 3, we have 3 < y < 4.

In the range 3 < x, we have 2 < y < 3.

The solutions are x = 2, y = 4 and x = 3, y = 3 .

4. A is 30 m due west of O, and B is 70 m due north of O. If you start at B,
and walk x m due west, you arrive at C. If you then walk x m due south
from C, you are at a point P . Let Q be the point on OA that is nearest
to P . Given that PA = PB, determine the distance PQ in metres.

......................................................................................................................................................................................................................................................
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.............................................................................................................................................
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A Q O

BC

P

70

x

x

30� �

This diagram is not to scale!
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Solution.
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BC

P
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x

x

30� �
In the figure, we have AP = PB =

√
2x. AQ = 30−QO = 30−CB = 30−x

and PQ = CQ − CP = BO − CP = 70 − x.
It follows from the right angled triangle APQ that

(√
2x

)2

= (70 − x)2 + (30 − x)2.

Thus, 2x2 = 702 − 140x + x2 + 302 − 60x + x2. Solving gives x = 29.
Therefore, PQ = 70 − x = 41 .

5. [NO CALCULATORS]
Given that x2 + x + 1 = 0, find the exact value of x4 − x.

Solution.

x4 − x = x(x3 − 1)

= x(x − 1)(x2 + x + 1) = 0 .

[ALTERNATIVELY],

x4 − x =
(
x2

)2 − x

= (−x − 1)2 − x

= x2 + 2x + 1 − x = x2 + x + 1 = 0 .

6. Three people share the cost of a meal. The first pays 2
3 of what would have

been an equal share. The second pays 4
5 of what would have been an equal

share.
What fraction of the cost of the meal does the third pay? (Exact answer,
please.)

Solution. Let the cost be 3x.
The first pays

(
2

3

)(
1

3

)
= 2

9
of the total cost; the second pays

(
4

5

) (
1

3

)
= 4

15
of the total cost.

Hence, the third pays 1 −
(

2

9

)
−

(
4

15

)
= 23

45
of the total cost.
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7. How many triangles are there in the following figure?
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........................................................................................................................................

Solution. There are equilateral, 90–60–30 right triangles and 120–30–30
isosceles triangles, enumerated in this table:

Small equilaterals — 12 Medium equilaterals — 6
Large equilaterals — 2 Small right triangles — 8
Medium right triangles — 4 Large right triangles — 4
Large isosceles triangles — 2 Small isosceles triangles — 4

The total is 12 + 6 + 2 + 8 + 4 + 4 + 2 + 4 = 42 .

8. An operation on positive real numbers is defined by x� y = x2+y2

2xy .

There are two values of z such that (((1� 2)� 3) � z) = 5
4 .

Call the smaller z1 and the larger z2. Find
z1

z2
.

Solution. 1� 2 = 5
4 , and 5

4 � 3 = 169
120 . But 169

120 � z = 5
4 is the same as

14400z2+28561
40560z = 5

4 , which solves to z2 = 169
60 and z1 = 169

240 .

Hence, z1
z2

= 1
4 .

9. Starting with the units digits, then the tens digit, and so on, how many
consecutive zeros are there when 100! is multiplied out completely?

NOTE: n! = n(n − 1)(n − 1) · · · (3)(2)(1).

For example, 8! = 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1 = 40 320.

Solution. We need only find the highest power of 5 that divides 100! exactly
(since every second number is even, there are sufficient 2’s
available).

Note that each of 5, 10, 15, . . ., 100 contribute at least one 5. Further, 25,
50, 75 and 100 each contribute a second 5. Thus, there are 24 5’s in the
factorisation of 100!.

Hence, 100! ends in 24 zeros.
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10. In the first quadrant, the quarter circle, centred at the origin and of radius 5,
passes through four points with integer coordinates.

Join these four points from left to right in turn. Join the left most point to
the right most point, forming a quadrilateral.

Find the area of this quadrilateral.

Solution. First, recall the formula for the area of a trapezoid: half of the
sum of the two parallel sides times the distance between them.

The four points have coordinates (from left to right)
— (0, 5), (3, 4), (4, 3), (5, 0).
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Draw the lines x = 3 and x = 4, so that the
pentagon nestling in the axes is made up of two
trapezoids of areas 27

2
and 7

2
and a right triangle of

area 3

2
to give a total area of 37
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We need to subtract the area of one triangle with

area 1
2 · 5 · 5 = 25

2 .
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Thus, the required area is 37

2
− 25

2
= 6 .
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RELAY

Relay 1. The letters A, B and C represent distinct non-zero digits.

Given that the following sum is correct, determine the maximum value of C

9 9 9

............................................................................................................................................................................................................................................

C A B

B C A

A B C

+

Write the maximum value of C in Box #1 of the Relay Answer Sheet.

Relay 2. The quadratic equation x2 + Gx − C has two roots, both of which
are integers. Determine the product of all possible values of G. Square this
product, and call it P .

Write the value of P in Box #2 of the Relay Answer Sheet.

Relay 3. The Fibonacci Sequence is defined by F1 = 1, F2 = 1, and
Fn+2 = Fn+1 + Fn for n ≥ 1 (so that F3 = 2, F4 = 3, F5 = 5, etc.).
The numbers in the Fibonacci Sequence, namely 1, 1, 2, 3, 5, . . ., are called
the Fibonacci numbers.

Let Q be the largest Fibonacci number that is less than P . Determine P −Q
and call it S.

Write the value of S in Box #3 of the Relay Answer Sheet.

Relay 4. The cube of T is 8S more than T . Given that T is a positive integer,
determine its value.

Write your answer in Box #4 of the Relay Answer Sheet, and hand the sheet
to your proctor.

Answers. 6 , 625 , 15 , 5 .
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Game #4

1. The cost of printing fliers is 3 cents each for the first 1000, then 2 cents each
for the next 4000, and 1.5 cents each thereafter. My total bill was �185.00.
Assuming no tax on the printing of fliers, how many did I have printed?

Solution. The first 1000 cost 1000 × 0.03 = 30 dollars. The next 4000 cost
4000× 0.02 = 80 dollars. Cost of first 5000 is �110.00. The bill was �185.00,
so that the remainder cost �75.

Remaining number is
75

0.015
= 5000.

The total number is 1000 + 4000 + 5000 = 10000 .

2. A five–digit integer is reversed, and the difference of the two integers is taken
(a non-negative integer).

Call the result N . If N is not zero, what is the largest prime number that
must be a factor of N?

Solution. Start with abcde, reverse is edcba.

The difference is ± (9999(a− e) + 990(b − d)). Thus, 99 = 32 × 11 must be
a factor.

We need to show that there be no larger compulsory factor than 11. This
can be done, for example, by looking at the special case that a = e and
b = d + 1.

The largest prime is then 11 .

3. The roots of the quadratic equation x2 − 33x + k differ by 39. Find k.

Solution. Assume that the roots are b and b + 39. Then

(x − b)(x − (b + 39)) = x2 − (2b + 39)x + b(b + 39)
= x2 − 33x + k.

Hence, 2b + 39 = 33, giving 2b = −6, so that b = −3.

Thus, k = b(b + 39) = −3 × 36 = −108 .

4. A process operates on straight line segments. The process converts every
straight line segment to a “hat” shaped piece:

.....................................................................
.........
..........
.........
..........................................................................................................................................................................

where the original segment is converted into three equal segments, which are
1
3 of the length of the original segment, and two segments perpendicular to
those three segments. These perpendicular segments are each 1

4 of the length
of the original segment.

After five operations of the process, how long will an initial segment of
1 000 000 units now be?
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Solution. The process converts any length x to

x

3
+

x

4
+

x

3
+

x

4
+

x

3
=

3x

2
.

Thus, five iterations means a factor of
(

3
2

)5

=
243
32

.

If the initial length is 1 000 000 units, the new length will be

1 000 000 × 243
32 = 7 593 750 units .

5. Two circles of radii 1 and 4 are externally tangent at A. The line segment
BC is tangent to the two circles at distinct points B and C.

Find the length of BC.

Solution. Let O be the centre of the circle radius 4, with point B on it, and
Q be the centre of the circle radius 1, with point C on it.

Draw a perpendicular QP onto OB. Then OP = 4 − 1 = 3 and OQ =
4 + 1 = 5. Hence, BC = QP = 4 .
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B C

A

P

6. An 8×8 chess board has a 2×2 piece removed from two diagonally opposite
corners.

How many squares of all sizes remain on the board?

Solution.
We count systematically:

Square size number
1 × 1 56
2 × 2 41
3 × 3 28
4 × 4 17
5 × 5 8
6 × 6 2
TOTAL 152
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7. Of the Canadian coins in normal circulation, what is the minimum number
of coins required to pay exactly any amount up to and including 99�?

NOTE: The Canadian coins worth less than one dollar in normal circulation
have values 1�, 5�, 10�, and 25�. Other coins are occasionally produced by
the Royal Canadian Mint, but, although legal tender, they are not in normal
circulation.

Solution. 99� can be minimally made from three 25� coins, two 10� coins
and four 1� coins.

This combination makes everything in the following ranges:

1 ↔ 4, 10 ↔ 14, 20 ↔ 24,

25 ↔ 29, 35 ↔ 39, 45 ↔ 49,

50 ↔ 54, 60 ↔ 64, 70 ↔ 74,

75 ↔ 79, 85 ↔ 89, 95 ↔ 99.

Adding one 5� coin is sufficient to fill in the gaps.

The answer is 10 coins.

8. If a3 + 3ab2 = 14 and b3 + 3ba2 = 13, determine a2 + b2.

Solution. Subtracting gives a3 − 3a2b + 3ab2 − b3 = 1, or (a − b)3 = 1.

The only real solution of this is a = b+1. Substituting in either of the given
equations gives 4b3 + 6b2 + 3b = 13. It is easy to see that b = 1 satisfies this.

Dividing out shows that 4b3 + 6b2 + 3b − 13 = (b − 1)(4b2 + 10b + 13), and
it is easy to check that the quadratic term has no real factors.

Thus, b = 1, a = 2, so that a2 + b2 = 4 + 1 = 5 .

9. The equation x3 − 2000x2 + 22000x = 22001 has three roots.

Find the exact value of the sum of the reciprocals of the roots.

Solution. If the roots are α, β and γ, we have

(x − α)(x − β)(x − γ) = x3 − x2(α + β + γ) + x2(αβ + βγ + γα) − αβγ.

Thus, α + β + γ = 2000, αβ + βγ + γα = 22000 and αβγ = 22001.

The sum of the reciprocals is
1
α

+
1
β

+
1
γ

=
αβ + βγ + γα

αβγ
=

22000

22001
, which

gives the answer as
1
2

.
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10. Two squares, ABCD and DEFG, are each of side 5 units, as shown.
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If AG is 8 units, how many units is BF?

Solution. Through D, draw a perpendicular to AG, meeting AG at H and
CE at I.
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Since DA = DG, �ADG is isosceles. Hence, DH is perpendicular to AG.
Since AG = 8, we have AH = 4. Since AD = 5, we have DH = 3. By
symmetry, DI = 4, CI = 3 and CD = 6.

Now, draw 3, 4, 5 triangles inside each square.
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It can be seen that the small squares inside are each of side 1 unit.

We now can see that BF = 14 units.
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RELAY

Relay 1. The sum of three digits is 10. The maximum possible value of the
product of these digits is M .

Write the value of M in Box #1 of the Relay Answer Sheet.

Relay 2. In the decimal expansion of 1
13 , determine which digit occurs in the

M th place following the decimal point. Call this digit D.

Write the value of D in Box #2 of the Relay Answer Sheet.

Relay 3. Given that a right angled triangle has shorter sides of length
(D − 1) and

√
1001 − 1√

1001
, determine the exact length of the

hypotenuse.

Write your answer in the form
√

P + 1√
Q

, where P and Q are integers.

Write the value of P + Q in Box #3 of the Relay Answer Sheet.

Relay 4. The prime factors of P + Q are W , X , Y and Z, where
W < X < Y < Z.

Evaluate XZ−Y −W + Y Z−W−X + ZY −X−W .

Write your answer in Box #4 of the Relay Answer Sheet, and hand the sheet
to your proctor.

Answers. 36 , 3 , 2002 , 14811 .
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Championship Game

1. The surface area of a cube is 96 square centimetres. Determine the volume
(in cubic centimetres) of the cube.

Solution. If the side of the cube is a centimetres, we have 6a2 = 96, giving
a = 4.

The volume is then 43 = 64 cubic centimetres.

2. A box contains four balls. They are coloured either red or green. If a person
blindly selects two balls from the box, the percentage likelihood that the two
balls will be the same colour is 50%.

How many green balls were originally in the box?

Solution. Surprisingly, the answer is 3 or 1 (accept either of these values).

Think of one ball being selected, and then another (immediately after) being
selected. The percentage likelihood of getting one green and one red ball
equals

G

4
× R

3
+

R

4
× G

3
where G = # of green balls and R = # of red balls.

Since R = 4 − G, we require

G

4
× 4 − G

3
+

4 − G

4
× G

3
=

1
2
.

Therefore, 2G(4 − G)

12
= 1

2
, or G(4 − G) = 3.

Solving, we get G = 3 or G = 1 .

3. April 28 has the property that the month number of the date is a factor of
the day number. That is, 4 is a factor of 28.

How many more dates in the rest of the year 2001 (that is, after April 28)
share this property?

Solution. The dates can be listed:

May 5,10,15,20,25,30;
June 6,12,18,24,30;
July 7,14,21,28;
August 8,16,24;
September 9,18,27;
October 10,20,30;
November 11,22
December 12,24

The answer is 28 — a perfect answer on the 28th day!
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4. The quadratic equation x2 + 7x − 3 = 0 has roots a and b.

Find the quadratic equation with roots
1
a

and
1
b
.

Write your answer in the form px2+qx+r = 0, where p, q and r are integers.

Solution. x2 +7x−3 = (x−a)(x−b) = x2− (a+b)x+ab, so that a+b = −7
and ab = −3.
We need(
x − 1

a

) (
x − 1

b

)
= x2 − (

1
a + 1

b

)
x + 1

ab = x2 − (
a+b
ab

)
x + 1

ab = 0.

Multiplying by ab gives (ab)x2 − (a + b)x + 1 = 0. Substituting gives
−3x2 + 7x + 1 = 0 . Also accept 3x2 − 7x − 1 = 0 .

5. Given 2x = 3, 9y = 25 and 5z = 64, determine the value of xyz.

Solution. 2x9y5z = 2x32y5z = 3 × 25 × 64 = 263152.
Thus, x × 2y × z = 6 × 1 × 2, giving xyz = 6 .

[ALTERNATIVELY], 2x = 3 and 9y = 25.

Thus, 25 = 9y = 32y = (2x)2y = 22xy. Hence, 52 = 22xy, so that 5 = 2xy.

But 5z = 64 = 26, so that (2xy)z = 26, giving xyz = 6 .

For further comments, see endnote #2 on page 54.

6. The point P (3, 5) is mapped onto another point Q through a sequence of
three transformations:

(a) a reflection in the line y = x;
(b) followed by a rotation of 180◦ about the origin;
(c) and, finally, a reflection in the line x = −8.

Find the coordinates of the resulting point Q.

Solution.
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y

x

(a) When reflected in the line y = x, the point P (3, 5) maps onto P ′(5, 3).
(b) When rotated 180◦ about (0, 0), the point P ′(5, 3) maps onto

P ′′(−5,−3).
(c) When reflected in the line x = −8, the point P ′′(−5,−3) maps onto

Q(−11,−3).

The answer is (−11,−3) .
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7. Three siblings, Ann, Bill and Chris, decide to collect stamps, foreign coins
and hockey cards. To get them started, their parents purchase 100 stamps,
100 coins and 100 hockey cards. The children divide these up amongst
themselves in such a way that each of them has a collection of 100 items.

We know that Chris has 60 coins and that Bill has twice as many hockey
cards as Ann has coins. The number of stamps in Chris’s collection is the
same as the total number of stamps and coins in Ann’s collection.

How many stamps does Ann have?

Solution. Let x be the number of coins and y be the number of stamps in
Ann’s collection.

Now, Chris has 60 coins, so that Bill has 100−60−x = 40−x coins. We also
know that Bill has 2x hockey cards, so that Bill has 100 − (40 − x) − 2x =
60− x stamps. Now, Ann has y stamps and Chris has x + y stamps, so that
100 = (60−x)+ y+(x+ y) = 60+2y. Hence, 2y = 40 or y = 20. Therefore,
Ann has 20 stamps in her collection.

8. A 5–darts board consists of five fields: there is a central circle worth 5 points,

and four regions between the central circle and the outer
circle, divided by four lines (like axes) into four equal
regions, worth 1 point, 2 points, 3 points and 4 points.

When a dart is thrown onto the board, the expected
value of the throw (the average of a very, very large
number of throws) is 2.6.

Find the ratio of the radius of the large circle to the
radius of the smaller circle.
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Solution. Let the radius of the inner circle be r and that of the outer circle, R.

The expected value of a throw is found by calculating the area of a region
and multiplying by the score for that region. We add up these quantities,
and divide by the total area of all the regions.

The area of a non–central region is 1
4π

(
R2 − r2

)
, where the scores are 1, 2,

3 or 4. The area of the central region is πr2, where the score is 5.

Adding up gives

1

4
π

(
R2 − r2

)
(1 + 2 + 3 + 4) + πr25 = π

(
5

2

(
R2 − r2

)
+ 5r2

)
.

Dividing by the total area of πR2, gives 5

2

(
1 + r2

R2

)
. Equating this to 2.6

results in R : r = 5 : 1 .
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9. Find all solutions of the equation x5 − 10x4 + 35x3 − 50x2 + 24x = 0.

Solution. Clearly, x = 0 is a solution. The other solutions then come from
f(x) = x4 − 10x3 + 35x2 − 50x + 24 = 0.

We try to guess another solution. The best first guess is always x = 1. So,
find f(1). This is 1−10+35−50+24 = 60−60 = 0, so that we are correct.

Divide f(x) by x−1, giving g(x) = x3−9x2+26x−24 = 0. Clearly, g(1) �= 0,
so that we try another guess. x = −1 is the next best guess, but g(−1) �= 0.

x = 2 is the next best guess, and g(2) = 8 − 36 + 52 − 24 = 60 − 60 = 0, so
that we are correct again.

Divide g(x) by x − 2, giving x2 − 7x + 12 = 0. This easily factors into
(x − 3)(x − 4).

The solutions are x = 0, x = 1, x = 2, x = 3 and x = 4 .

10. A sheet of standard 8 1
2” by 11” paper is folded across a diagonal. What

percentage of the original sheet is covered by this folding? Give your answer
correct to the nearest whole number.
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Solution. Coordinates — the mid-point of the diagonal is (5.5, 4.25). The
slope of the diagonal is 8.5

11
.

The required area is an isosceles triangle — there is an altitude from the
apex to the mid-point of the diagonal, with slope − 11

8.5
.

Its equation is y − 4.25

x − 5.5
= − 11

8.5
. When y = 8.5, we get x = 195

88
.

The triangle has base 11 − 195

88
= 773

88
, and height 8.5.

It has an area of 1

2
× 773

88
× 8.5 = 13141

352
.

The area of the rectangle is 8.5×11. The percentage covered is 39.93, which
rounds to 40 .



24 Season 2001–2002, Championship Game

RELAY

Relay 1. The average length of the words for the days of the week is A + 1

A
letters.

Write the value of A in Box #1 of the Relay Answer Sheet.

Relay 2. A apples and 5 pears cost �17.00. 5 apples and A pears cost �19.00.

B apples and B pears cost �42.00.

Write the value of B in Box #2 of the Relay Answer Sheet.

Relay 3. The equation x2 − 65
3 x + B = 0 has a solution which is an integer

C.

Write the value of C in Box #3 of the Relay Answer Sheet.

Relay 4. Given that the two largest prime factors of C are p and q, determine
the largest prime factor of pq + qp. Call your answer D.

Write the value of D in Box #4 of the Relay Answer Sheet, and hand the
sheet to your proctor.

Answers. 7 , 14 , 21 , 23 .

A team tries to solve a problem
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Season 2002–2003

Game #1

1. The numbers 1, 2, 3, 4, 5, 6, . . ., are placed in an arrangement with n
numbers in row n, as shown:

1 row 1
2 3 row 2
4 5 6 row 3
. . . . .
. . . . . .

In which row number will 100 appear?

Solution. The largest number in row n is n(n+1)
2 . Since 13(14)

2 = 91 is the
largest number in row 13, it follows that 100 will be one of the numbers in
row 14 .

2. Which of the following numbers can be expressed as the sum of four consecutive
integers?

2001 2002 2003 2004 2005

Solution. Consider four consecutive integers: k, k+1, k+2, and k+3. Their
sum, namely, 4k + 6, can be expressed as 4(k + 1) + 2. Thus, the sum is 2
greater than a multiple of 4 for any integer value of k. Hence, 2002 is the
only possible answer. Indeed, 2002 = 499 + 500 + 501 + 502.

3. Determine which is larger: x = 71(7171) or y = (7171)
71

.

Solution. y = (7171)71 = 71(71×71) = 715041.

Clearly 5041 = 712 < 7171. Hence, x = 71(7171) is larger.

4. I have two one cent coins, two five cent coins, two ten cent coins and two
twenty-five cent coins.

How many different (non-zero) amounts can be made from my coins?

Solution. Without the one cent coins, I can make 16 different amounts:

5, 10, 15, 20, 25, 30, 35, 40, 45, 50, 55, 60, 65, 70, 75 and 80.

We now add in 1 or 2 cents to each of these amounts, giving 32 more
possibilities, giving 48 different amounts. But, do not forget that we can
also make 1 and 2 cents.

The answer is 50 .
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5. A large right triangle has hypotenuse 2000x + 1125. The other sides are
2000x− 1125 and x.

Find the value of x.

Solution.
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2000x − 1125
20

00
x
+

11
25

We have (2000x + 1125)2 = (2000x− 1125)2 + x2,

or (2000x + 1125)2 − (2000x− 1125)2 = x2, or 4000x× 2250 = x2.

This gives x = 0 (rejected) or x = 9 000 000 .

6. How many squares can be made in which all four vertices are dots from the
diagram below?
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Solution. The answer is 12 .
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7. If five men dig three holes in nine hours, how many hours will it take for
three men to dig five holes? Assume that all men continue to work at the
same rate.

Solution. Make a table:

men holes hours
5 3 9
1 3

5 9

1 3
45 = 1

15 1

3 3
15 = 1

5 1
3 1 5
3 5 25

Answer: 25 hours.

8. One carton, two chests and three crates cost �52.

Two cartons, three chests and one crate cost �42.

Three cartons, one chest and two crates cost �44.

What is the cost of each type of container?

Solution. We have three equations

a + 2b + 3c = 52, (1)
2a + 3b + c = 42, (2)
3a + b + 2c = 44. (3)

Solving gives a = 5, b = 7 and c = 11. The answer is

A carton costs �5, a chest costs �7, and a crate costs �11 .

9. Find all solutions of
√

x + 1 = x − 2.

Solution. Squaring both sides gives x + 1 = (x − 2)2, or x2 − 5x + 3 = 0.

This has two solutions, x =
5 ±√

13
2

.

Checking is necessary — only
5 +

√
13

2
satisfies the given equation.
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10. A boat sails in a straight line to a place 48 kilometres away, and then straight
back in 14 hours. The boat can sail 4 kilometres with the current in the same
time that it can sail 3 kilometres against the current.

Find the velocity of the current in kilometres per hour.

Solution. Let v be the velocity of the boat, let t be the time of sailing, and
let c be the velocity of the current.

�

�

� c

v + c

v − c

48 = (v + c)t

48 = (v − c)(14 − t)

v + c

v − c
=

4
3

(1)

(2)

(3)

Solving (1), (2) and (3) for c gives 1 kilometre per hour.

RELAY

Relay 1. Given that 1 + 2 + 3 + 4 + · · · + m is a perfect square, determine
the smallest value of m.

Write the value of m in Box #1 of the Relay Answer Sheet.

Relay 2. Pat’s average mark after her first five first year courses at MUN
was 78. Her worst mark was a 63 in English. What would have the English
mark needed to be in order for her average to be 10m?

Call your answer T and write the value of T in Box #2 of the Relay Answer
Sheet.

Relay 3. My house number is between 4T and 6T . It can be written as
A2 + B2 or C3 + D3, where A, B, C and D are distinct positive integers.
Let E = A + B + C + D.

Write the value of E in Box #3 of the Relay Answer Sheet.

Relay 4. Find two numbers that have a sum of E and a product of 288.

Write these two numbers in Box #4 of the Relay Answer Sheet, and hand
the sheet to your proctor.

Answers. 8 , 73 , 36 , 12 and 24 .
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Game #2

1. A worker received �90 for each day worked. But if the worker did not show
up for work, there was a deduction of �50. After 40 possible work days, the
worker received �2200. How many days were worked?

Solution. Suppose the worker worked x days. Then, 40 − x days were not
worked.

Payment is 90x − (40 − x)50 = 140x − 2000 = 2200, which gives
140x = 4200, so that x = 30. The answer is then 30 days.

2. The perimeter of a rectangular field is 60 metres. If the length of the field is
doubled and the width is unchanged, the area of the field would increase by
216 square metres. If the length of the field is greater than its width, what
is the width (in metres) of the field?

Solution. Suppose that the length is l and the width is w.

We have 2l+2w = 60, or l+w = 30; and lw = 216.

Eliminating l, we get 216
w + w = 30, or

0 = w2 − 30w + 216 = (w − 12)(w − 18).

Thus, w = 12 or w = 18. These give l = 18 or
l = 12, respectively.

Hence, the answer is 12 .
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3. A regular hexagon has sides of length 4 cm. Determine the exact area
(sq. cm.) of the hexagon.

Solution.

Draw the regular hexagon in a circle, and join all vertices to the centre.

We have six equilateral triangles each with side
length of 4 cm.

In general, the altitude of an equilateral triangle
of side 2a is

√
3a, so that the area is 1

22a
√

3a.
Here, a = 2.

The answer is 24
√

3 sq. cm.
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4. Chris lives in Bull Head and Pat lives in Cow Arm. They set out on their
bikes at exactly the same time to ride to the other person’s community, in
opposite directions along the same route. They each rode at a constant
speed. They passed one another at 12:00 noon. Chris got to Cow Arm at
4:00 pm and Pat got to Bull Head at 9:00 pm.

At what time in the morning did they set out on their journeys?
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Solution. We assume that both Chris and Pat leave t hours before
12:00 noon, that the distance from Chris’s starting place to the meeting point
is x units, and that the distance from Pat’s starting place to the meeting
point is y units.

Then Chris’s velocity is x
t = y

4 , and

Pat’s velocity is y
t = x

9 .

Hence, 4
t = y

x = t
9 , so that t2 = 36, giving t = 6 (since t > 0).

The answer is 6:00 .

5. [NO CALCULATORS PERMITTED]

Let S(n) denote the sum of all the integers starting at 1, up to and including
n; that is, S(n) = 1 + 2 + 3 + . . . + (n − 1) + n.

Find the exact value of
S(3000)

S(2000)− S(1000)
.

Solution.

S(3n)
S(2n) − S(n)

=
3n(3n+1)

2
2n(2n+1)

2 − n(n+1)
2

=
3n(3n + 1)

2n(2n + 1) − n(n + 1)
=

9n2 + 3n

3n2 + n

= 3 .

[ALTERNATIVELY], let M = 1001 + 1002 + 1003 + · · · + 2000.

Then

1 + 2 + 3 + · · · + 3000
= (1 + 2 + 3 + · · · + 1000)

+(1001 + 1002 + 1003 + · · · + 2000)
+(2001 + 2002 + 2003 + · · · + 3000)

= (M − 1000 × 1000) + M + (M + 1000× 1000)
= 3M.

Thus,
S(3000)

S(2000)− S(1000)
=

1 + 2 + 3 + · · · + 3000
1001 + 1002 + 1003 + · · · + 2000

=
3M

M
= 3.



Season 2002–2003, Game #2 31

6. A group of high school students and teachers meet to discuss ways of improving
the Provincial Education system. Participants are designated as being from
four regions: Eastern, Central, Western and Labrador.

The total of 112 participants include 29 participants from Central and 27
from Western.

There are 6 teachers from Eastern, 21 students from Central and a total of
88 students overall.

The number of teachers from Central is the same as the number of teachers
from Labrador, and there are 6 more students from Eastern than there are
from Labrador.

Determine the number of participants from Labrador.

Solution. The data can be represented on the following chart:

E C W L Total
Students y+6 21 y 88
Teachers 6 x x
Total 29 27 112

The numbers in the other boxes can be computed in the order shown by the
numbers in circles.

E C W L Total
Students 21 ...........

..................................................................
....5 ...........

..................................................................
....6 88

Teachers 6 ..........
...................................................................
....2 ..........

...................................................................
....4 ..........

...................................................................
....3 ..........

...................................................................
....1

Total 29 27 ...........
..................................................................
....7 112

The final numbers are:

E C W L Total
Students 24 21 25 18 88
Teachers 6 8 2 8 24
Total 30 29 27 26 112

The answer is 26.
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7. A ladder, 4 m long, rests against a vertical wall, 5 m high, built on level
ground. How many metres is the mid-point of the ladder from the base of
the wall?

Solution.

We draw a diagram:
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The circumcircle of a right triangle has its centre at the
mid-point of the hypotenuse, which is of length 2.

Hence, the required distance is 2 m.

8. Given that q is an integer, how many values of q are there for which the
quadratic equation 6x2 − 2qx + 7q = 0 has no real solutions?

Solution. Solving gives x =
2q ±

√
4q2 − 168q

12
.

If there is no real solution, we must have 4q2 − 168q < 0.

This is the same as q(q − 42) < 0. This means that 0 < q < 42. The answer
is 41 .

9. Numbers such as 20 and 42 are multiples of the sums of their digits because
20 = 10× (2 + 0) and 42 = 7× (4 + 2). How many numbers between 49 and
99 are multiples of the sums of their digits?

Solution. We have 10a + b = k(a + b), or a(10− k) = b(k − 1). The problem
also insists that 5 ≤ a ≤ 9 and 0 ≤ b ≤ 9.

(a) k = 1 implies a = 0: no solutions;

(b) k = 2 implies 8a = b or a = 1, b = 8: no solutions;

(c) k = 3 implies 7a = 2b or a = 2, b = 7: no solutions;

(d) k = 4 implies 6a = 3b or 2a = b: no solutions;

(e) k = 5 implies 5a = 4b or a = 4, b = 5: no solutions;

(f) k = 6 implies 4a = 5b or a = 5, b = 4: 54 is a solution;

(g) k = 7 implies 3a = 6b or a = 2b: 63, 84 is a solution;

(h) k = 8 implies 2a = 7b or a = 7, b = 2: 72 is a solution;

(i) k = 9 implies a = 8b or a = 8, b = 1: 81 is a solution;

(j) k = 10 implies b = 0 — any a will do: 50, 60, 70, 80 and 90 are
solutions.

The total number of such numbers is then 10 .
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10. Given that f(x) = 2x2 + k, g(x) = kx + 5 and f [g(3)] = 0, determine both
possible values of k.

NOTE: Both answers must be correct before any mark is awarded.

Solution. f [g(x)] = 2k2x2 + 20kx + k + 50.

f [g(3)] = 0 means that 18k2 + 61k + 50 = 0, which solves to

k = − 25
18 , or k = −2.

RELAY

Relay 1. If 3% of P is 1.08, determine P .

Write the value of P in Box #1 of the Relay Answer Sheet.

Relay 2. A large rectangle is partitioned into four smaller rectangles of area
54, P , Q and 30 square units, as shown:
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P

54

Q

30

Determine the value of Q.

Write the value of Q in Box #2 of the Relay Answer Sheet.

Relay 3. The perimeter of an isosceles triangle with sides whose lengths are
integers is Q cm. How many such distinct (non-congruent) triangles satisfy
this requirement? Call the answer R.

Write the value of R in Box #3 of the Relay Answer Sheet

Relay 4. Anna’s coin collection consists entirely of quarters and pennies.
She has

√
R more quarters than pennies. Anna has exactly S dollars (and

no cents). Find the minimum value of S.

Write the value of S in Box #4 of the Relay Answer Sheet, and hand the
sheet to your proctor.

Answers. 36 , 20 , 4 , 7 .
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Game #3

1. If 2% of 30% of K is 15, determine the value of K.

Solution. 30% of K is 30

100
K. 2% of that is 2

100

30

100
K.

Thus, 2

100

30

100
K = 15, so that K = 2500 .

2. A seven digit number consists of the digits 0, 1, 2, 3, 4, 6, and 8 each used
once. Determine the largest such number that is a multiple of 120.

Solution. The largest possible number created by the digits is 8643210,
Dividing by 120 gives 72026.75.

Hence, the largest possible multiple of 120 cannot exceed 120× 72026. This
turns out to be 8643120 , which, when checked, is the answer.

3. [NO CALCULATORS]

Solve for x:
5x 252x

1253x
= 0.2.

Solution.
5x 252x

1253x
=

5x 54x

59x
=

1
54x

= 0.2 =
1
5
.

Hence, x =
1
4

= 0.25 .

4. Two circles with centres A and B touch externally at C. A line not through
C is tangent to both circles, and cuts the tangent through C at D. Find the
measure of ∠ADB in degrees.
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D

A BC

Solution. Since the angles between two tangents to a circle and the line from
the intersection point of the tangents to the centre of the circle are equal,
we have that ∠ADB = 90◦ .
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5. How many rectangles appear in the following diagram?

Solution. A systematic count is best.

(a) 1 × 1 squares: 12 (b) 2 × 2 squares: 6

(c) 3 × 3 squares 2 (d) 2 × 1 rectangles: 9

(e) 1 × 2 rectangles: 8 (f) 3 × 1 rectangles: 6

(g) 1 × 3 rectangles: 4 (h) 4 × 1 rectangles: 3

(i) 4 × 2 rectangles: 2 (j) 4 × 3 rectangles: 1

(k) 3 × 2 rectangles: 4 (l) 2 × 3 rectangles: 3

The total is 60 .

6. Find all values of x that satisfy
9
x2

+
18
x

= 7.

Solution. Observe that x �= 0, and multiply through by x2 to get

9 + 18x − 7x2 = (3 + 7x)(3 − x) = 0.

Hence, x = 3 or x = − 3
7 .

7. Given that g(a + b) = g(a) + g(b) for all integers a and b, and that g(2) = 7,
determine g(9).

Solution. Let a = b = 1, so that 7 = g(2) = 2g(1), giving g(1) = 7
2 . Let

a = b = 2, so that g(4) = 2g(2) = 14.

Let a = b = 4, so that g(8) = 2g(4) = 28. Let a = 8, b = 1, so that

g(9) = g(8) + g(1) = 28 + 7
2 = 63

2 or 31.5 .
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8. Thirty aliens were aboard a spaceship that landed in coastal Labrador. A
local resident, who befriended these aliens, noticed that all of them had
either orange eyes, or green hair or webbed feet. There was a nice symmetry
about the numbers of aliens involved, in that there were sixteen aliens of
each type. Some of the aliens had more than one of these qualities, and
again there was a lot of symmetry involved. Thus, seven had orange eyes
and green hair, seven had green hair and webbed feet, and seven had webbed
feet and orange eyes.

Determine the number of aliens who possessed all three of these
qualities.

Solution. Let x be the number of visitors that possess all three qualities.
The number of different parts of the sets are as indicated:

x

7 − x

7 − x7 − x

16 − (14 − x)
= 2 + x

16 − (14 − x)
= 2 + x

16 − (14 − x)
= 2 + x
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Then

30 = 3(2 + x) + 3(7 − x) + x

= 6 + 3x + 21 − 3x + x = 27 + x.

Hence, x = 3 .
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9. A regular hexagon has the identical area to an equilateral triangle.
Determine the exact ratio of the perimeter of the regular hexagon to that
of the equilateral triangle.

Solution. Suppose that the hexagon has side 2, so that its perimeter is 12.
Suppose that the triangle has side 2a, so that its perimeter is 6a. We need

to find
12
6a

=
2
a
.
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2a

The area of each of the six equilateral triangles that make up the hexagon
is

√
3, giving the area of the hexagon as 6

√
3.

The area of the triangle is
√

3a2. Hence, 6
√

3 =
√

3a2, giving a =
√

6.

Hence,
2
a

=
2√
6

=
√

6
3

.

10. A is the point (0, 0), B is the point (6, 3), and C is the point (3, 6). D is on
AB such that AD = 2DB, E is on BC such that BE = 2EC, and F is on
CA such that CF = 2FA. We construct three lines:

(a) passing through D with slope p times the slope of AB;

(b) passing through E with slope p times the slope of BC;

(c) passing through F with slope p times the slope of CA.

Find the value of p such that all three lines are concurrent.

Solution. First, find that D = (4, 2), E = (4, 5) and F = (1, 2). The slope of
AB is 1

2 , the slope of BC is −1 and the slope of AC is 2.

The slope of the line through D is p
2 , the slope of the line through E is −p

and the slope of the line through F is 2p.

The equations of the lines are

y − 2
x − 4

=
p

2
;

y − 5
x − 4

= −p ;
y − 2
x − 1

= 2p .

We solve the first two to get the intersection point of
(

2(2p+1)
p , 3

)
.

Substituting into the third shows that p = − 1
2 .
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RELAY

Relay 1. A cube has a total surface area of N sq. cm. and a volume of
N cu. cm. Determine the value of N . Write the value of N in Box #1 of
the relay answer sheet.

Relay 2. How many positive integers are factors of N? Call the answer P
and write the value of P in Box #2 of the relay answer sheet.

Relay 3. Determine the value of (A + D) given that

A + B = 27,

B + C = 31,

C + D = P.

Write the value of (A + D) in Box #3 of the relay answer sheet.

Relay 4. The shortest side of a right triangle is (A + D) cm. Given that
the perimeter of the triangle is 84 cm. and the length of the hypotenuse is
Q cm., determine Q. Write the value of Q in Box #4 of the relay answer
sheet, and hand the sheet to your proctor.

Answers. 216 , 16 , 12 , 37 .
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Game #4

1. [NO CALCULATORS]

An operation ∗ is defined such that A ∗ B = (A + B)(A−B).

Evaluate 1024 ∗ (512 ∗ (256 ∗ (∗128 ∗ (64 ∗ (32 ∗ (16 ∗ (8 ∗ 4(∗(2 ∗ 1)))))))))

Solution. We have 2 ∗ 1 = 31 = 3.

Then, 4 ∗ 3 = 71 = 7, etc., so that we get

2n ∗ (2n − 1) =
(
2n+1 − 1

)1 = 2n+1 − 1 = 2(2n) − 1.

Hence, the answer is 2 × 1024− 1 = 2047 .

2. [NO CALCULATORS]

“Factorial”, denoted by “!”, is defined by

n! = n(n − 1)(n − 2) · · · (3)(2)(1).

For example, 8! = 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1.

Which of the following represents the largest quantity:

(6!)1 (5!)2 (4!)3 (3!)4 (2!)5 (1!)6 .

Solution. We have 6! = 720, 5! = 120, 4! = 24, 3! = 6, and 2! = 2.

We want to compare

7201 1202 243 64 25 16.

These are easy to compare using paper and pencil!

But first, we can eliminate 16 = 1 and 25 = 32 as being less than 720.

Note that 1202 = 122 × 100 = 14400 and 64 = 362 < 1202.

Also, we have

243 < 25 × 24 × 24 = 600 × 24 = 14400.

Thus, the answer is (5!)2 or 14400 .

3. Consider the following set of scores:

41 60 32 74 51 48 N.

Given that the mean and the median of the set of scores are equal, and that
N is not the lowest score, determine N .
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Solution. Apart from N , arrange the scores in ascending order:

32 41 48 51 60 74.

The median cannot be any of 32, 41, 60, 74.

The mean of the numbers is 32 + 41 + 48 + 51 + 60 + 74 + N

7
= 43 + N + 5

7
.

Then, this can only be 48, 51 or N .

Solving the equations: 43 + N + 5

7
= 48, 51 or N yields N = 30, 51 or 51.

The answer cannot be 30. Thus, the answer is 51 .

4. A square is inscribed in a circle of radius 5 as shown:
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Determine the percentage (rounded to the nearest whole number) of the area
of the circle lies outside the square (that is, the shaded area).

Solution. The area of the circle is 25π.

The side of the square is 5
√

2, so that the area of the square is 50.

What we want is 100 × 25π − 50

25π
= 36.338 . . .. The answer is then 36 %.

5. Given that x + y + z = 5 and x2 + y2 + z2 = 53, determine the value of
(xy + yz + zx).

Solution. (x + y + z)2 = x2 + y2 + z2 + 2(xy + yz + zx), giving 25 =
53 + 2(xy + yz + zx).

Hence, 2(xy + yz + zx) = 25 − 53 = −28, so that xy + yz + zx = −14 .

6. [NO CALCULATORS]

Find all positive integral values of x for which |29 − 5x| < x.

Solution. This can be done by trial and error. Alternatively, by squaring,
we get (29 − 5x)2 < x2, or x2 − (29 − 5x)2 > 0.

Using a2 − b2 = (a + b)(a − b), we simplify the above to get
(29 − 4x)(6x − 29) > 0.

This means that x must lie between 29

6
= 4 5

6 and 29

4
= 7 1

4 .

Thus, the answers are 5, 6 and 7 .



Season 2002–2003, Game #4 41

7. How many three-digit numbers are multiples of 5 or multiples of 7, but not
multiples of 35?

Solution. 999

7
= 142 5

7
and 99

7
= 14 1

7
, so that there are 128 three-digit

multiples of 7.
999

5
= 199 4

5
and 99

5
= 19 4

5
, so that there are 180 three-digit multiples of 5.

999

35
= 28 19

35
and 99

35
= 2 29

35
, so that there are 26 three-digit multiples of 35.

Each is counted in each of the above counts!

Hence, our answer is 128 + 180 − 2 × 26 = 256 .

8. A rectangular box, height h and base a× b, has some fluid in it. When tilted
along one side of the base until the fluid reaches the top, the fluid is also at
half way along the other side of the base (see diagram).
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Calculate the height of the fluid when the base is level.

Solution. The hypotenuse of the triangle shown meets the mid-point of one
side at A
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By drawing a perpendicular to that side at A to the other side, we can see
that the box is one quarter full of fluid.

Hence, the height of water when the base is level is h

4
.

9. Find all values of (y, z) that satisfy both of the equations:

4y2 − z2 = −2z + 1,

y2 + y = z2 + z.
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Solution. The first equation gives either z = 1 ± 2y.

The second equation, after moving everything to the left side and factoring,
gives (y − z)(y + z + 1) = 0, whence either y = z and 0 = 3y2 + 2y − 1 =
(y+1)(3y−1); or y = −(z+1) and y2 = (z+1)2, so that 4(z+1)2 = (z−1)2

and (z − 1)/(z + 1) = ±2 and z = −1/3 or z = −3.

Thus, there are four solutions: (−1,−1), (− 2
3 ,− 1

3 ), (1
3 , 1

3 ), (2,−3) .

10. Suppose that ABC is an equilateral triangle of side length 12.

BC is extended to D, so that BC = 4CD.

At D, the line segment DE is drawn, parallel to BA, so that
AB = 3DE.
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Find the exact length of the line segment AE.

Solution. Draw FE parallel to BC with F on AB.

Then FE = BD = BC + CD = 12 + 3 = 15.

Drop a perpendicular from A to FE, meeting FE at G.
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Since �AGF is one half of an equilateral triangle with AF = 8, we get that
AG = 4

√
3.

Since �AGE is right angled, we have

AE2 = AG2 + GE2 =
(
4
√

3
)2

+ (15 − 4)2 = 48 + 121 = 169.

Hence, AE = 13 .
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[ALTERNATIVELY]

Complete the parallelogram ABDX .
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Since ∠AXE = ∠ABC = 60◦, we have, from the Cosine Rule:

AE2 = AX2 + XE2 − 2(AX)(XE) cos(60◦)

= 152 + 82 − 2 × 15 × 8 × 1

2
= 169,

giving AE = 13 .

RELAY

Relay 1. A first year university Calculus class decided to give Dr. B. a present
at the end of the semester. They decided to spend �30.80 (including tax)
and share the cost equally.

After the mid-term results came out, fifteen students declined to
participate, resulting in the remainder of the students having to give an
extra 12 cents each.

Determine how many students were in the class? Call this number S.
Determine T , the largest prime factor of S.

Write the value of T in Box #1 of the relay answer sheet.

Relay 2. If (T + 2)a = 20, 3b = 400 and b = Ka, determine K.

Write the value of K in Box #2 of the relay answer sheet.

Relay 3. Suppose that m2 − n2 = K2, where m and n are integers. Let the
maximum value of |m − n| be called Q.

Write the value of Q in Box #3 of the relay answer sheet.

Relay 4. Determine the Qth largest two-digit prime number.

Write this number in Box #4 of the relay answer sheet, and hand the sheet
to your proctor.

Answers. 7 , 4 , 8 , 61 .
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Championship Game

1. The equation x2 − y2 = 60 has two solutions (x, y), where x and y are both
positive integers. Find both solutions.

Solution. x2 − y2 = (x + y)(x − y) and

60 = 1 × 60 = 2 × 30 = 3 × 20 = 4 × 15 = 5 × 12 = 6 × 10.

The possibilities are then

(a) x + y = 60, x − y = 1: giving no integer solution;

(b) x + y = 30, x − y = 2: giving x = 16, y = 14;

(c) x + y = 20, x − y = 3: giving no integer solution;

(d) x + y = 15, x − y = 4: giving no integer solution;

(e) x + y = 12, x − y = 5: giving no integer solution;

(f) x + y = 10, x − y = 6: giving x = 8, y = 2.

The solutions are (16, 14) and (8, 2) . Both must be given for any mark is
awarded.

2. A Ying-Yang type symbol consists of three areas bounded by arcs of circles.
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..........................
...................................................................................................................................................................................................................................................................................................................................................

..................
..............
.............
...........
...........
..........
..........
..........
....

.........................................................................................

.........................................................................................................................................................................................

.........................................................................................

.........................................................................................................................................................................................

The radii of the circles are in the ratio of 1 : 2 : 3. Find the ratio of the areas
of the three distinct parts of the symbol.

Write your answer in the form a : b : c.

Solution. Suppose that the smallest arcs are of radius 1, so that the other
arcs are of radii 2 and 3.

The outer parts are equal (by symmetry). They each consist of a semicircle
of radius 3, less a semicircle of radius 2, plus a semicircle of radius 1, giving
an area of

1
2

(
π32 − π22 + π12

)
=

π

2
(9 − 4 + 1) = 3π.

The whole circle has area 32π = 9π. Therefore, the inner part has
area 9π − 2(3π) = 3π.

The answer is then 1 : 1 : 1 .
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3. In triangle ABC, D is on BC such that BD = 2DC, E is on CA such that
CE = 2EA, and F is on AB such that AF = 2FB.

Find the value of
[ABC]
[DEF ]

, where [XY Z] means the area of triangle XY Z.

Solution.
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B C
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By symmetry, it does not matter which of the outer triangles is to be
considered, since all have the same property: their base is 2

3 of the side
of triangle ABC, and the corresponding height is 1

3 of the height of the
corresponding height of triangle ABC.

Thus, the area of each of these triangles is 2
3 × 1

3 = 2
9 of the area of the whole

triangle.

There are three of them, so that the sum of their areas is 3 × 2
9 = 2

3 of the
area of triangle ABC.

Triangle DEF is then 1 − 2
3 = 1

3 of the area of triangle ABC.

The answer is then 3 .

4. Fibonacci’s problem for 13 year olds — originated ∼1200 A.D.

Two vertical towers, heights 30 m and 40 m, are 50 m apart at their bases.

There is a point on the straight line between their bases such that the
distances from the tops of the towers to this point on the straight line are
equal.

How far is the point from the base of the shorter tower?
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Solution.
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40

x 50 − x

From the two right triangles, we have

302 + x2 = 402 + (50 − x)2 = x2 − 100x + 4100. This gives x = 32 .

5. The roots of the quadratic equation

x2 − 33x + k = 0

differ by 39. Determine k.

Solution. Assume that the roots are β and β + 39. Then

(x − β) (x − (β + 39))
= x2 − (2β + 39)x + β(β + 39)
= x2 − 33x + k.

Hence, 2β + 39 = 33, giving 2β = −6, so that β = −3.

Then, k = β(β + 39) = −3 × 36 = −108 .

NOTE: The original equation is

x2 − 33x − 108 = (x − 36)(x + 3) = 0.

6. At O’Donel’s you can order Chicken O’Nuggets in boxes of 6, 9, and 20.

What is the largest number such that you can not order any combination
of the above to obtain exactly the number of nuggets that you want?

Solution. Assuming that k is a positive integer, we can obtain all values of
3k ≥ 6, all values of 3k + 2 ≥ 26, and all values of 3k + 1 ≥ 46. Thus, 43
is the solution.
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7. Two circles, of radii 16 and 49, are externally tangent at a point P .

A common tangent AB (not through P ) is drawn to the two circles.
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Find the length of AB.

Solution.
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Clearly, AB = CQ. Also, OQ = 49 + 16 = 65 and OC = 49 − 16 = 33.

Thus, CQ2 = 652 − 332 = 4225 − 1089 = 3136 = 562.

Therefore, AB = 56 .
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8. The positive integers are placed on the lattice points of the plane (the points
whose coordinates are integers) in a “spiral” as follows:

Put 0 at the origin; put 1 at (1, 0); put 2 at (1, 1); put 3 at (0, 1); put 4 at
(−1, 1); etc., following as in the diagram below.
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Find the x–coordinate of the position of 2002.

Solution.
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Note that the lattice points that occur in the south-east diagonal starting
from 1 are numbered 1, 9, 25, . . .; that is, the squares of the odd integers.
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For positive integers k, the lattice point numbered (2k−1)2 occurs at (k, 1−k)
at the end of a horizontal row of 2k lattice points.

Thus, the lattice point numbered 452 = 2025 occurs at (23,−22) at the end
of a row of 46 lattice points.

2002 will occur in that row exactly 23 units to the left of 2025. The required
x–coordinate is 0 .

9. Ordered pairs of positive integers are written as a sequence as follows:

(1, 1), (2, 1), (1, 2), (3, 1), (2, 2), (1, 3),

(4, 1), (3, 2), (2, 3), (1, 4), (5, 1), . . . .

Thus, (5, 1) is in the 11th place in the sequence.

Note that you can group the ordered pairs as follows: (1, 1) in the first
group, (2, 1) and (1, 2) in the second group, (3, 1), (2, 2) and (1, 3) in the
third group, etc., and that the sum of the numbers in the ordered pair is
constant in each group, and equal to one more than the number of ordered
pairs in that group.

Find the place of (23, 2) in the sequence.

Solution. We have 1 in the first group, 2 in the second, and so on.

Up to and including the last term in the nth group; that is, (1, n), we have

1 + 2 + · · · + n = n(n + 1)

2
ordered pairs.

In our case, n = 23, giving 23 × 24

2
= 276 terms, where (1, 23) is in place 276.

Thus, (24, 1) is in place 277, and (23, 2) is in place 278.

The answer is 278 .

10. In the decimal expansion of
1
19

, determine which digit occurs in the 2002nd

place.

Solution.
1
19

= .0̇52631578947368421̇

Here, the repeating block is 18 digits long, the maximum length possible.
Thus, for all positive integers k, the term in the 1 + 18kth position is a 0,
the term in the 2 + 18kth position is a 5, etc.

Now, 2002 = 18 × 111 + 4.

Hence, the digit in the 2002nd place is 6 .
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RELAY

Relay 1. A three digit whole number 6XY is as much greater than 600 as
the three digit whole number XY 6 is less than 600.

Determine the value of (X + Y ), call this value A, and write the value of A
in Box #1 of the Relay Answer Sheet.

Relay 2. How many three digit numbers have digits that sum to exactly A?

(NOTE: The first digit cannot be 0.)

Call your answer B and write the value of B in Box #2 of the Relay Answer
Sheet.

Relay 3. The degree measures of the interior angles of a hexagon are B,
B + C, B + 2C, B + 3C, B + 4C and B + 5C.

Determine the value of C and write this value in Box #3 of the Relay Answer
Sheet.

Relay 4. A bus travels C minutes at D km/hr, and D minutes at C km/hr
during its morning run. The average speed for the entire morning run is
40 km/hr.

Determine the value of D, write this value in Box #4 of the Relay Answer
Sheet, and hand the sheet to your proctor.

Answers. 9 , 45 , 30 , 60 .

A game in progress
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Tiebreakers

Tiebreakers are used in exceptional circumstances:

� In a regular game, only when there is more than one team tied for top spot.

� In a championship game, when it is necessary to have places one, two and
three.

Here is a selection of problems used as tiebreakers.

1. The difference between the square of a positive integer and the square of the
next integer is 2001. Find the integer.

Solution.
Let the integer be n. We have 2001 = (n + 1)2 − n2 = 2n + 1.

Thus, n = 1000.

2. The ten provincial premiers and the two territorial leaders met with the
Prime Minister to make an agreement on Health Care Funding. Everyone
shook hands with everyone else. How many handshakes were there?

Solution. 13 people each shook hands with 12 people. That appears to be
12 × 13 handshakes. But each has been counted twice. So the number is
12×13

2 = 78 .

3. Jarge wrote seven tests in math this term. The average mark on the first four
tests was 70. The average mark on the last four tests was 80. The average
mark for the seven tests was 74. What was Jarge’s mark on the fourth test?

Solution. Let m be the mark on the fourth test.

Then 4(70) + 4(80)− m = 7(74), giving m = 82 .

4. [NO CALCULATORS]

Given 991991 = N2 − 25, find all possible values of N .

Solution. 991991 = N2 − 52 = (N − 5)(N + 5).

Observe that 991991 = 991 × 1001. Thus, N = 996 and N = −996 .
Both answers must be given.

5. On Chris’s birthday in the year 2000, he is as old as the sum of the digits of
his birth year. How old will Chris be on his birthday in 2001?

Solution. If the birth year is 19xy, we have

2000 − (1900 + 10x + y) = 1 + 9 + x + y.

Thus, 90 = 11x + 2y. This means that x must be even. Set x = 2z. Thus,
45 = 11z + y. Remember that 0 ≤ z < 5 and 0 ≤ y ≤ 9. Only z = 4, y = 1
works, so that x = 8. The birth year is 1981, and thus, in 2001, Chris will
be 20 .
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6. Each of the four numbers 1318, 2036, 3113 and 7062 are divided by the same
three–digit number and leave the same remainder.

Determine that remainder.

Solution. The three-digit number must be a factor of the difference of every
pair. Start with 2036 − 1318 = 718 = 2 × 359. It is easy to check that 359
works.

Now, 1318
359 = 3 + 241

359 , showing that the answer is 241 .

7. Starting from any letter on the outside and moving to an adjacent letter
(including diagonally), find the number of ways of spelling “MATH” in the
following array:

M M M M M M M
M A A A A A M
M A T T T A M
M A T H T A M
M A T T T A M
M A A A A A M
M M M M M M M

Solution. By symmetry, we need only consider the four leftmost places in
the top row. (Some of the paths shown will be reflected and/or rotated for
their actual occurrences.)
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The answer is then 4 + 24 + 48 + 28 = 104 .

8. Determine the sum of all positive integers m and n such that m2−n2 = 120.

Solution. We must have 120 = (m + n)(m − n) (with m > n).

The factors of 120 are 1, 2, 3, 4, 5, 6, 8, 10, 12, 15, 20, 24, 30, 40, 60 and
120.

This leads to the set of ordered pairs that work:

(m, n) = (11, 1) , (13, 7) , (17, 13) , (31, 29) .

The required sum is then 11 + 1 + 13 + 7 + 17 + 13 + 31 + 29 = 122 .
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9. [NO CALCULATORS]

On the planet Earth, each person has 5 fingers on each hand, and the largest
number expressible on one hand in decimal form, using the fingers as binary
digits is 31.

[If the first finger is out and all the others are in, the number represented is
1. If only the second finger is out, the number represented is 2. If only the
first and second fingers are out, the number represented is 3. etc.]

The human race has gone to the planet Jogramaclo, and discovered that it
is inhabited by humanoid “persons”. There, each “person” has 17 fingers on
each hand. By counting in binary, what it the largest number (expressed in
decimal form) that can be represented on one hand of such a “person”.

Solution. It is easy to determine that the largest integer that a “person”
with n fingers can count to on one hand is 2n − 1.

On Jogramaclo, the answer is 217 − 1 = 131071 .

A winning team receives its trophy
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Endnotes

1. Season 2001–2002, Game #1, question 10.

It was not clear that the diagram is even feasible; that is, that there is a
point P in a square with the distances in the ratio 1 : 2 : 3.

There is no easy way to check for feasibility, but one may try an approach
as mundane as putting a point (x, y) inside a unit square with vertices at
B = (0, 0), A = (0, 1), C = (1, 0) and D = (1, 1) and using the condition on
the ratios in an algebraic equation.

One can discover that such a point does indeed exist, and lies on the line
3x+5y = 4 and has coordinates given by 17x = 5

√
2−4 and 17y = 16−3

√
2.

Effecting a dilitation gives the side length of the square in the problem —
not very pretty.

2. Season 2001–2002, Championship Game, question 5.

This problem actually is related to an interesting and little known property
of logarithms, that is an immediate consequence of the chain rule:

loga u · logb v = logb u · loga v.

Applied to this problem, one has to find

log2 3 · log9 25 · log5 64 = log2 3 · log9 64 · log5 25
= log2 64 · log9 3 · log5 25

= 6 ·
(

1

2

)
· 2 = 6.
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