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La Société mathématique du Canada permet aux lecteurs de reproduire des articles de la présente publication à des
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Editorial /499

EDITORIAL
This issue of Crux Mathematicorum offers tribute to Bruce Shawyer. Indeed Bruce
Shawyer was a pivotal member of the Canadian Mathematical Society who served
the broader community in many capacities. Bruce was instrumental in bringing
the International Mathematical Olympiad (IMO) to Canada in 1995. He initiated
a secondary school math league in Newfoundland and Labrador, and subsequently
a junior high school math challenge. Notably Bruce began as the Editor-in Chief
of Crux Mathematicorum in 1996 (Vol. 22) and continued in the role with Crux
Mathematicorum with Mathematical Mayhem through the subsequent six volumes
up to the end of 2002. Bruce’s keen interest in problem solving along with his
wish to broaden student participation levels in mathematics were integral to the
adoption of Mathematical Mayhem under the Crux umbrella. More recent devel-
opments have led to the introduction of MathemAttic. This spirit of outreach was
critical to Bruce Shawyer’s perspective. His comprehensive contributions to math-
ematics have been recognized with various honours including the Adrien Pouliot
Award in 1996 from the CMS.

Bruce Shawyer has authored numerous publications and books for diverse math-
ematical audiences. The book featured in this issue is one of those, namely, Ex-
plorations in Geometry, as discussed by Shawn Godin. Bruce has written articles
for secondary students and teachers including some in the Ontario Mathematics
Gazette dating back to his tenure at the former University of Western Ontario,
a time and influence expanded upon in David Matthew’s personal reminiscences.
A Mathematical Mayhem article authored by Bruce is reprinted here. Ed Bar-
beau elaborates upon Bruce Shawyer’s contributions to the CMS and outreach
through the launch of A Taste of Mathematics (ATOM). This piece also highlights
Bruce’s efforts around the IMO. Bruce’s later career at Memorial University of
Newfoundland arises in contributions from his colleagues Peter Booth and Michael
Parmenter. Further, Problem Solving Vignettes and Teaching Problems in Mathe-
mAttic both feature writings directly connected to the work of Bruce Shawyer.

Fittingly Bruce’s love of geometry is reflected with two dedicated pieces. The first
from friends and colleagues, Eddy Campbell and David Wehlau, offers a geomet-
ric article spanning the audiences of secondary students and undergraduates. The
second from Michel Bataille reflects the thoughtful writing of a long-time contrib-
utor and problem solver who has shared numerous communications with Bruce
concerning this journal. A selection of problems dedicated to Bruce appear in a
special Shawyer Corner.

The spirit of this issue is one of respect and celebration. Those of us involved
with Crux Mathematicorum along with the mathematical community at large say
“Thank you Bruce” in appreciation of his efforts and contributions over the years.
To the Shawyer family and the circle of friends, accept this issue as a representation
of our gratitude.

Bruce’s creative interests extended beyond mathematics to musical composition,
stained glass, and gardening. Select examples of his creativity are shared in this

Copyright © Canadian Mathematical Society, 2022
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issue.

Those wishing to read more about Bruce’s story along with additional personal
tributes may refer to the February and March 2022 issues of the CMS Notes
that can respectively be found at https://notes.math.ca/en/issue/54-1/ and
https://notes.math.ca/en/issue/54-2/

John Grant McLoughlin
Shawn Godin

Guest Co-Editors

Bruce Shawyer
12 May 1937 – 21 November 2021
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MATHEMATTIC
No. 39

The problems in this section are intended for students at the secondary school level.

Click here to submit solutions, comments and generalizations to any
problem in this section.

To facilitate their consideration, solutions should be received by January 15, 2023.

MA191. The sum of the digits of a set of three consecutive two-digit integers
is 42. How many such sets of integers are there?

MA192. Suppose that a, b, p, q, r, s are positive integers for which

p

q
<
a

b
<
r

s

and qr − ps = 1. Prove that b ≥ q + s.

MA193. A forester wants to plant trees in a triangular field, which is fenced
as shown (the fences go from corners to the midpoints of the opposite sides). The
fields are called N , S, E, and W as shown.

S

N

W E

The field W will take 800 trees. How many trees will the field N take?

MA194. Let f1(x) = x−13
x+5 and fn+1(x) = fn (f1(x)). Determine the value

of f2022(x), assuming that x is in the domain of f2022(x).

MA195. In equilateral triangle ABC of side length 2, suppose that M and
N are the mid-points of AB and AC, respectively. The triangle is inscribed in a
circle. The line segment MN is extended to meet the circle at P . Determine the
length of the line segment NP .

Copyright © Canadian Mathematical Society, 2022
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Les problèmes dans cette section sont appropriés aux étudiants de l’école secondaire.

Cliquez ici afin de soumettre vos solutions, commentaires ou
généralisations aux problèmes proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 15 janvier 2023.

MA191. La somme des chiffres d’un ensemble de trois nombres entiers consécutifs
à deux chiffres est de 42. Combien existe-t-il de tels ensembles d’entiers?

MA192. Supposons que a, b, p, q, r et s sont des entiers positifs vérifiant

p

q
<
a

b
<
r

s

et qr − ps = 1. Montrez que b ≥ q + s.

MA193. Un sylviculteur veut planter des arbres dans un champ de forme
triangulaire qui est clôturé comme indiqué (les clôtures vont des coins aux points
médians des côtés opposés). Les champs sont identifiés par N , S, E et O, tel
qu’indiqué.

S

N

O E

Le champ O requiert 800 arbres. Combien d’arbres le champ N requiert-t-il?

MA194. Soient f1(x) = x−13
x+5 et fn+1(x) = fn (f1(x)). En supposant que x

appartient au domaine de f2022(x), déterminez la valeur de f2022(x).

MA195. Considérons un triangle équilatéral ABC de longueur de côté 2.
Supposons que M et N soient les points médians de AB et AC, respectivement.
Le triangle est inscrit dans un cercle. Le segment de droite MN est prolongé de
sorte à rencontrer le cercle en P . Déterminez la longueur du segment de droite
NP .

Crux Mathematicorum, Vol. 48(9), November 2022
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MATHEMATTIC
SOLUTIONS

Statements of the problems in this section originally appear in 2022: 48(4), p. 184–185.

MA166. Consider the set of all right triangles in the plane whose right angle
vertex lies at the origin and whose other two vertices lie somewhere else on the

graph of y = x2

4 . Prove that all such triangles must pass through (0, 4).

Adapted from Problem 2 of the Spring 2019 Indiana Collegiate Mathematics Com-
petition.

We received 11 submissions of which 8 were correct and complete. We present the
solution by Ulrich Abel.

More generally, we consider the graph of y = cx2, for c > 0. Let ABC with
A =

(
a, ca2

)
, B =

(
b, cb2

)
, C = (0, 0), a triangle whose right angle vertex lies at

the origin C. Therefore, the inner product A · B = ab + (cab)
2

vanishes. Since
ab 6= 0, we conclude that ab = −1/c2. The line through A and B has slope(

cb2 − ca2
)
/ (b− a) = c (b+ a)

and the equation
y (x) = ca2 + c (b+ a) (x− a) .

In particular y (0) = −abc = c−1. Therefore, it crosses the y-axis at
(
0, c−1

)
.

The problem is the special case c = 1/4.

MA167. A fair coin is a coin that will produce a result of either heads (H) or
tails (T) when flipped with equal probability. Three separate trials are conducted.
In each case, determine the expected number of flips required:

a) to get the first tail (T)?

b) to achieve the first occurrence of heads followed by tails (HT)?

c) to achieve the first occurrence of heads followed by heads (HH)?

Adapted from Problem 4 of the Spring 2019 Indiana Collegiate Mathematics Com-
petition.

We received 4 submissions, all of which were correct and complete. We present
the solution by Aravind Mahadevan.

a) Let x be the expected number of flips required to get the first tail.

If the first flip is tails, we are done and the probability of this event is 1/2. If
the first flip is heads, we are back to the starting point and the probability of this

Copyright © Canadian Mathematical Society, 2022
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event is 1/2. The expected number of flips needed to get the first tail now becomes
x+ 1. Therefore,

x = (1/2)(1) + (1/2)(x+ 1),

which implies that x = 2. Thus, the expected number of flips required to get the
first tail equals 2.

b) Let y be the expected number of flips required to achieve the first occurrence
of heads followed by tails.

If the first flip is tails, we are back to the starting point and the probability of
this event is 1/2. The expected number of flips needed to get the first tail now
becomes y+ 1. If the first flip is heads, we now require only tails and as shown in
a), the expected number of flips to get tails is 2. Therefore, the expected number
of flips to get heads followed by tails equals 3. Again, the probability of this event
is 1/2. Therefore,

y = (1/2)(3) + (1/2)(y + 1),

which implies that y = 4. Thus, the expected number of flips required to achieve
the first occurrence of heads followed by tails equals 4.

c) Let z be the expected number of flips required to achieve the first occurrence
of heads followed by heads.

If the first flip is tails, we are back to the starting point and the probability of this
event is 1/2. The expected number of flips needed to get the first tail now becomes
z+ 1. If the first flip is heads and the second flip is tails, we have now wasted two
flips and we are back to the starting point. The probability of this event is 1/4.
The expected number of flips needed to get the first tail now becomes z + 2. If
the first two flips are both heads, we are done and the probability of this event is
1/4. Therefore,

z = (1/4)(2) + (1/2)(z + 1) + (1/4)(z + 2),

so z = 6. Thus, the expected number of flips required to achieve the first occur-
rence of heads followed by heads equals 6.

MA168. What is the value of the positive integer n for which the least
common multiple of 36 and n is 500 greater than the greatest common divisor of
36 and n?

Originally Problem 2, Indiana Collegiate Mathematics Competition, 2007.

We received 5 submissions, 3 of which were correct and complete. Presented is the
solution by the Rie(minute)mann Problem Solving Group.

We seek n such that
lcm(36, n) = gcd(36, n) + 500.

Since 1 ≤ gcd(36, n) ≤ 36, we have

501 ≤ gcd(36, n) + 500 ≤ 536

Crux Mathematicorum, Vol. 48(9), November 2022
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or

501 ≤ lcm(36, n) ≤ 536.

Since lcm(36, n) is a multiple of 36, it must therefore be equal to 504. Thus
gcd(36, n) = 4. Furthermore we know that

36 · n = gcd(36, n) · lcm(36, n) = 4 · 504

from which we calculate n = 56.

MA169. Consider the following game. There are two players, player 1 and
player 2. There is a pile of coins, each identical, on the table. Player 1 acts first,
and must remove either 1, 2, or 3 coins. Player 2 acts next, and must remove
either 1, 2, or 3 coins. The players continue taking turns in the manner described
until there are no coins left on the table. The player who selects the last coin is
the loser. It is known that player 1 has a strategy that will guarantee a win if the
number of chips on the table is equivalent to 0, 2, or 3 modulo 4. Explain what
this strategy is, and prove that the strategy will guarantee the win for player 1.

Originally Problem 3, Indiana Collegiate Mathematics Competition, 2010.

We received 2 submissions, both correct and complete. We present the solution by
Rie(minute)mann Problem Solving Group.

Set n equal to the number of coins on the table. The strategy of player 1 is to
always take away the number of coins n such that n ≡ 1 (mod 4). Regardless
of what the opponent takes away, player 1 can respond by taking the number of
coins that leaves n ≡ 1 (mod 4). For instance, if player 2 takes 1 coin away from
n, when n ≡ 1 (mod 4), it leaves the pile on the table n ≡ 0 (mod 4). Player 1
should then take away exactly 3 coins, such that it leaves n ≡ 1 (mod 4). After a
certain number of repetitions, player 1 will take away the number of coins leaving
exactly n = 1, which satisfies n ≡ 1 (mod 4). Since player 2 is left with exactly 1
coin left, they must take the last coin, thus losing the game.

MA170. A bicyclist rides 18 miles in exactly 72 minutes. Prove that there
exists a contiguous 3-mile segment within this 18 miles that the rider completed
in exactly 12 minutes.

Originally Problem 4, Indiana Collegiate Mathematics Competition, 2006.

We received 3 submissions, of which one was correct and complete. We present
the solution by Joel Schlosberg.

For x ∈ [0, 72], let f(x) be the number of miles traveled by the bicyclist in x
minutes. If f(x + 12) − f(x) − 3 = 0 for any x ∈ [0, 60], the bicyclist completes
a 3-mile segment between x and x + 12 minutes into the ride. Assume, to the
contrary, that f(x + 12) − f(x) − 3 6= 0 for all such x. Since f is a continuous
function (unless the bicyclist’s motion violates the laws of known physics), by the
intermediate value theorem, f(x+12)−f(x)−3 is either negative for all x ∈ [0, 60],

Copyright © Canadian Mathematical Society, 2022
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or positive for all x ∈ [0, 60]. In the former case,

f(72)− f(0) =
5∑
j=0

[f(12j + 12)− f(12j)] < 18,

while in the latter case,

f(72)− f(0) =
5∑
j=0

[f(12j + 12)− f(12j)] > 18,

so in either case the distance traveled by the bicyclist in 72 minutes is not 18 miles.

Crux Mathematicorum, Vol. 48(9), November 2022
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TEACHING PROBLEMS
No. 18

John Grant McLoughlin

Math League Relays from Collaborations with Bruce
Shawyer and Peter Booth

This feature of Teaching Problems is a bit different in that the focus is neither a
particular problem nor a characteristic of problems. Instead it is a piece inspired
by years of collaborative work around problems with Bruce Shawyer. Indeed
Bruce was a mentor, friend and colleague. My most extensive collaboration with
Bruce centred around the Senior Math League in Newfoundland and Labrador, as
described by Peter Booth in this issue. We collaborated on putting games together
for about 25 years beginning in 1990. Peter Booth was involved throughout this
time period and continues to be, whereas, Margo Kondratieva has been involved
over the past fifteen years or so.

The core of a game consists of ten separately timed questions done in teams. This
is followed by a relay consisting of four questions. This Teaching Problems piece
draws attention to the relays. Specifically two relays from the 1996-97 season will
be shared here. Successful completion of a relay requires four correct answers with
those in the first three questions being fed into subsequent questions, as suggested
in the wording.

The opening game relay may serve as a warmup for readers. The idea of the relay
and how it works will be clear enough. The relay for Game #1 is provided here.

R1 A and B are unequal single digit numbers such that AB = BA.
Write the value of (A+B) in Box #1 of the Relay Answer Sheet.

R2 The mathematical operation “!” is called factorial. In general,

n! = n(n− 1)(n− 2) · · · (3)(2)(1).

For example, 20! = 20×19×18×· · ·×3×2×1. The product of (A+B)!7! = C!
where C is another integer.
Write the value of C in Box #2 of the Relay Answer Sheet.

R3 The time showing on a clock is C minutes after 2 o’clock. The measure of
the small angle formed by the hands of the clock at this time is D degrees.
Write the value of D in Box #3 of the Relay Answer Sheet.

R4 A lattice point is a point (x, y) where x and y are both integers. How many
lattice points lie in the interior of the circle x2 + y2 = D2? Points along the
circumference are not to be counted.
Write your answer in Box #4 of the Relay Answer Sheet.

As far as teaching problems go, the relay as a compilation of more elementary
ideas offers a novel manner for presenting problems. It may be that the entirety

Copyright © Canadian Mathematical Society, 2022
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of the relay is actually the problem, or it may be one or two questions within
the collection that are problems. The idea is offered as a window for teachers to
consider as a way of presenting (un)related ideas from one or more topics in a
different form whether intended as a challenge or a form of review that may fall
outside of problem solving.

The second question, R2, of this particular relay has offered value as a teaching
problem. Here the problem asks for the value of C for which 6! × 7! = C!. As
stated, it is evident that C is greater than 7. An insight may suggest quickly
that C is at least 10, as a factor of 5 is contained in 6! It may be worth checking
10× 9× 8 and noting it is 720 or the value of 6!. Hence C equals 10.

Another approach is to write out 6! as 6 × 5 × 4 × 3 × 2 × 1. It may help to
consider the prime factorization in full expressed as 2× 2× 2× 2× 3× 3× 5, thus,
proceeding to recognize that this corresponds to (2 × 2 × 2) × (3 × 3) × (2 × 5)
again making it that C = 10. Much of the prime factorization could have been
avoided by identifying 2 × 4 or 2 × 5 in the expression of 6! and doing minimal
rearrangement to find that 8 × 9 × 10 was hidden there. The question is not so
challenging though novel in presentation. Conceptually it is an illustration of how
a skill like factorization figures into problem solving as a tool.

As a teaching problem, I prefer an adaptation of this numerical curiousity.

Find the smallest positive integers p and q for which 7!× p! = q! with
p > 1.

Typically “n factorial” is thought of as a product of decreasing numbers from n
down to 1, whereas the idea of thinking of n! as a product of increasing numbers
from 1 to n is helpful here. What is needed? To advance beyond 7! there is a need
for at least an 8 as in 2× 2× 2. Starting with 1× 2× 3× · · · it is evident that a
prime factor of 3 will appear before a third 2, thus, making a 9 necessary. So we
will have 7!× 8× 9 at least. Proceeding as far as 1× 2× 3× 4 gives the required
number of 2s though 9 needs a second 3 making it necessary to reach 6, as in at
least 1× 2× 3× 4× 5× 6 = (8× 3)× 5× (2× 3). Pairing the bracketed 2 with the
5 and the bracketed 3 with the other 3 gives us 9 and 10 with no unused factors.
Hence, p = 6 and q = 10.

The lattice point question, R4, deserves mention. The idea of defining an unfa-
miliar term in an accessible context provides a pertinent mathematical experience.
Many novel terms will continue to be introduced in the mathematical futures of the
participating students. The idea of meeting one such term in a team setting offers
value. The question itself is readily solved with careful counting upon recognition
that the points (0,−5), (0, 5), (−5, 0), (5, 0) along with (3,−4), (3, 4), (−3,−4),
(−3, 4), (4,−3), (4, 3), (−4, 3) and (−4,−3) lie on the circle. The team element
provides valuable double checking for the count of lattice points. Further, it is
wise to continue checking when the answers are submitted as any wrong answer
will lead to the answer sheet being returned from the proctor with no indication
as to which answer(s) may be incorrect.

Crux Mathematicorum, Vol. 48(9), November 2022
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A second relay is provided here. This one is much harder than the first, and likely
a bit difficult in retrospect for the math league as time is a consideration in points
awarded for the relay. Collectively this relay will offer a good challenge to students
in a class. Forget the time limits and try out the questions in a group setting, or
as individuals.

R1 In the diagrams we have

(i) a 2-triangle of triangles, and

(ii) a 3-triangle of triangles.

Extending this idea in the obvious way we have the concept of an n-triangle
of triangles, for every positive integer n.

(i) (ii)

Let S be a 6-triangle of triangles, V be the number of vertices in S, E the
number of edges in S, and T the number of small triangles in S.
Write the value of p = V − E + T in Box #1 of the Relay Answer Sheet.
Note: counts as two edges, etc.

R2 You may recall that a2 +b2 = c2 has just one integer solution with conditions
0 < a < b < c < 10, namely a = 3, b = 4 and c = 5.
Find an integer solution to e2 + f2 + p = g2 where 0 < e < f < g < 10.
Write the value of q = 2g − f − 2e in Box #2 of the Relay Answer Sheet.

R3 Let ABCDEFGH be a regular octagon with sides of length q. The mid-
points of the sides BC, DE, FG and HA will be denoted by P , Q, R and
S, respectively.

A

B

C

DE

F

G

H S

P

Q

R

Determine the area of the unshaded portion of the octagon in the form
a+ b

√
2, where a and b are integers.

Copyright © Canadian Mathematical Society, 2022
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Write the value of r = 5(a+ b) in Box #3 of the Relay Answer Sheet.

R4 Given that the two figures that appear to be squares in the diagram below
really are squares, and that the angles so marked are each r◦, determine the
value of:

area of smaller square

area of larger square

r◦

r◦

r◦

r◦

Write your answer in Box #4 of the Relay Answer Sheet.

It is not my intention to solve or discuss these questions in full here. Rather
I’ll make a few points. The second question, R2, asks for the value of a strange
expression. Why? The student teams are working in a common space such as a
cafeteria, library, or classroom. Organizers do not want teams hearing the numbers
from other teams and experience has taught us that values of such expressions
seem more out there or less evident than the actual numbers themselves. Hence,
it became common practice to ask for values of expressions rather than specific
numbers in such situations. An example of this came about with a problem about
three prime numbers having a sum of 40. The question asked for their product
rather than asking for the numbers (as simply hearing 2 would have triggered
insight into the essence of the problem).

Both R3 and R4 offer merit as problems. The first of these is particularly rich in
that it can be solved in many ways. You are encouraged to solve R3 and if it is
not challenging then do it again using a different approach. If it is challenging on
its own then solving it once will offer a sense of accomplishment. Of course, you
are needing to complete R1 and R2 to get the number needed for R3, and you
will find that R4 is a good finisher.

Closing comments

The relays selected here may both be found in Volume 3 of the ATOM Series,
as referenced. Any teachers that may like a few more sample relays are welcome
to contact me directly via email at johngm@unb.ca. Likewise answers to those
published here can be provided.

It was a professional privilege to collaborate with Bruce Shawyer for many years
including work on the math league along with Crux. I did not realize the impact
that Bruce’s hiring of me to teach Memorial University of Newfoundland’s first

Crux Mathematicorum, Vol. 48(9), November 2022
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year math courses in Labrador Community College in late 1989 would have on
my career. Furthermore, Bruce and Jo Shawyer offered the warmth of friendship
and hospitality to myself and family throughout our stay in St. John’s years later.
It has been valuable taking time to reflect on a teaching problem or selection, as
was the case here, as a way of offering a small tribute to Bruce’s mathematical
contributions. I trust you would be proud, Bruce, of the fruits of your mentorship
and the respect in which you are held. May this effort reflect kindly on your spirit
and know that your efforts have been appreciated in immeasurable ways.

Reference

Booth, Peter I., John Grant McLoughlin, & Bruce L.R. Shawyer, Problems for
Mathematical Leagues (Volume 3, A Taste of Mathematics Series), Canadian
Mathematical Society, 1999.
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PROBLEM SOLVING
VIGNETTES

No. 23
Shawn Godin

Remarkable Bisections1

I was very fortunate to work with Bruce Shawyer. When I first came on board as
the editor of Mathematical Mayhem over 20 years ago, I felt a bit out of place.
I had been a reader and subscriber of Crux (and Mathematical Mayhem)
for almost a decade at that point in time. I was a high school mathematics
teacher while all of the staff of Crux were university professors and the staff of
Mathematical Mayhem were all former Olympians. Even though I do have
pretty big feet (I wear size 12), it felt like the shoes that I was handed were many
sizes too large.

Bruce was an excellent teacher and mentor. He taught me the basics of LATEX,
encouraged and supported me in my new editorial role. When I made mistakes,
he was never harsh and always made sure that I understood what was going on
so that I wouldn’t make the same mistake again. He was always there when I
had a question. We met on several occasions, when he was in Ottawa, or at a
CMS meeting. It was always like meeting up with an old friend, rather than the
student-teacher relationship we also had.

We continued to stay in touch after he left Crux. We would run into each other
at CMS meetings (when I was fortunate enough to go) and through emails. Just
before his passing I had tried to contact him again, as I have taken over as editor-
in-chief of the CMS ATOM series, and Bruce was the first editor of the series
(while still editing Crux). Unfortunately I never managed to make contact with
him. My life is richer because of him and I will miss him.

In this issue, we will look at the problem he analysed in Chapter 9 of his book
[4], discussed further along in this issue. The problem was mentioned, in passing
in [1] (as a side note, through my Crux connections, I have a large collection of
journals formerly owned by Richard Guy, so I actually own the issue in question).
The problem can be summarized as follows:

In triangle ABC, the perpendiculars from A to the internal bisectors of
B and C meet those bisectors at X and Y . Prove that the line through
X and Y is parallel to BC.

I will run through the solution Bruce proposed in his book, and follow with my
solution which is slightly different.

1Remarkable Bisections was the name of the article Bruce Shawyer wrote in Crux [5] as well
as the name of the chapter from his book [4].
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Solution #1 (from [4]):
Let’s add to our original configuration the altitude from A which meets BC at D.
Then drawing in XY , DX and DY yields the diagram below.

A

B C

XY

D

As ∠AY C = 90◦ = ∠ADC, then triangle AY C and ADC are right triangles
with shared hypotenuse AC. Hence both triangles can be inscribed in the same
semicircle. Hence quadrilateral AYDC is cyclic, as shown below. We can go
through a similar argument to show that quadrilateral AXDB is also cyclic.

A

B C

Y

D

As AYDC is cyclic, we have many equal angles. In particular

∠ADY = ∠ACY =
1

2
∠C = ∠Y CD = ∠Y AD

as shown above. Thus triangle AYD is isosceles and AY = Y D. A similar
argument with cyclic quadrilateral AXDB yields AX = XD.

This means that AXDY is a kite, and hence its diagonals are perpendicular;
consequently, since XY and BC are both perpendicular to AD, they are parallel,
as desired.

A

B CD

Y X

T
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Solution #1 and solution #2 use some properties of circles: the angle in a semicircle
is 90◦, inscribed angles subtended by the same arc are equal, a central angle is
twice the measure of an inscribed angle subtended by the same arc, and opposite
angles of a cyclic quadrilateral are supplementary. If you need a refresher on circle
theorems you can look at an earlier column [2]. Solution #2 will also use the
following well known fact that I will present without proof. The interested reader
unfamiliar with the property may enjoy looking for a proof.

The internal angle bisectors of a triangle ABC are concurrent. The
point of concurrency is the incentre, I, of the triangle.

I

A

B C

Solution #2:
Draw in the internal angle bisector of ∠A, let the point of concurrency of the three
angle bisectors be I, and let ∠A = 2a, ∠B = 2b, and ∠C = 2c so that

2a+ 2b+ 2c = 180◦, and

a+ b+ c = 90◦.

A

B C

QP

I

aa

b
b c

c

XY

Looking at triangle ACP we get

∠A+ ∠CPA+ ∠ACP = 180◦

2a+ ∠CPA+ c = 2a+ 2b+ 2c

∠CPA = 2b+ c,
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while triangle AY P gives us

∠PAY + ∠AY P + ∠Y PA = 180◦

∠PAY + 90◦ + (2b+ c) = 2a+ 2b+ 2c

∠PAY + (a+ b+ c) + (2b+ c) = 2a+ 2b+ 2c

∠PAY = a− b.

Hence we can conclude that ∠IAY = b and hence ∠AIY = a+ c. Using a similar
analysis on the right side of the diagram yields ∠IAX = c and ∠AIX = a+ b.

A

B C

QP

I

cb

b
b c

c

XY
a+ ca+ b

Since ∠AY I = 90◦ = ∠AXI, quadrilateral AXIY is cyclic, with centre O.

O

A

I

cb

XY

a+ ca+ b

Drawing radii OY and OX, we create central angle ∠XOY which is subtended by
the same arc as inscribed angle ∠XAY , and hence

∠XOY = 2∠XAY = 2b+ 2c.

Drawing in segment XY creates isosceles triangle XOY and we can compute

∠OXY = ∠OYX =
180◦ − ∠XOY

2

=
2a+ 2b+ 2c− (2b+ 2c)

2
= a
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Hence,

∠XY C = ∠XY I = 90◦ − ∠OY A− ∠OYX

= a+ b+ c− b− a
= c

so ∠XY C = ∠Y CB, and therefore XY ‖ BC.

I had originally attacked the problem by doing a lot of angle chasing but, as in
many geometry problems, I had to add something to the problem to arrive at my
solution. I leave you with some problems.

1. Suppose that L and M are the mid-points of the sides BC and AC of triangle
ABC, respectively. Suppose that the internal bisector of ∠ABC intersects
the line LM at the point X. Prove that CX is perpendicular to BX. (Prob-
lem 9.1 from [4])

2. From vertex B of ∆ABC, drop perpendiculars to the interior and exterior
bisectors of ∠ABC, meeting them at P and Q respectively. Prove that PQ
bisects both AB and BC. (Problem 9.2 from [4])

3. Suppose that D, E, and F are the feet of the altitudes from A, B, and C,
respectively, in triangle ABC. Prove that H, the orthocentre of triangle
ABC, is the incentre of triangle DEF . (Problem 9.3 from [4])

4. Prove that the projections from the vertex of a triangle onto the four bisectors
of the other two angles lie on a line. (Paragraph 761 on pages 327-328 of [3])

5. Let ABC be a triangle. We drop a perpendicular from A to the internal
bisectors starting from B and C, their feet being A1 and A2. In the same
way we define B1, B2 and C1, C2. Prove that

2(A1A2 +B1B2 + C1C2) = AB +BC + CA

(Problem 3 from the 2002-2003 Hungarian Mathematical Olympiad which
appeared in Crux [2006: 32(3), p. 150], solution by Michel Bataille [2007:
33(3), p. 160-161])

6. In triangle ABC, if L and M are the feet of the perpendiculars dropped from
vertex A to the internal and external bisectors of the angle at B, while L′

and M ′ are the feet of the perpendiculars from the orthocenter to those lines,
prove that lines LM and L′M ′ intersect at a point of AC. (Crux problem
4171, proposed by J. Chris Fisher [2016 : 42(8), p. 355-356], solution by
Michel Bataille [2017: 43(8), p. 361-363])

I would like to thank Crux editor Chris Fisher for his suggestions and references
for this article and for pointing out that Chapter 9 in Bruce’s book [4] began as
an article in Crux [5].
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Fils, 1907.

[4] Shawyer, Bruce, Explorations in Geometry, World Scientific, 2010.

[5] Shawyer, Bruce, Pólya’s Paragon : Remarkable Bisections, Crux Mathemati-
corum with Mathematical Mayhem, 32(7), 2006, 434-435.

Copyright © Canadian Mathematical Society, 2022



518/ From the bookshelf of . . .

From the bookshelf of . . .
Shawn Godin

This new feature of MathemAttic brings attention to books of potential interest to
the readers. Some of these will be reviews whereas others will be hearty recommen-
dations from the contributors. If you have a book related to mathematics that would
be of interest to secondary school students and/or teachers, feel welcome to send
along a submission to MathemAttic@cms.math.ca. Publishers are also welcome to
send along books for possible review.

Explorations in Geometry
by Bruce Shawyer
ISBN 978-981-4295-85-7, 306 pages
Published by World Scientific Publishing Co., 2010.

I have always enjoyed geometry. Looking back, I think the geometry I saw in high
school helped me to understand the nature of proof. Having done my high school
in the early 80s, I did less geometry than those that went before me. When I
started teaching high school in the early 90s, I saw that my students were seeing
less geometry than I did. As time went on, and curricula got changed, it seems
geometry was always on the cutting block. I found it strange that the Ontario
Ministry of Education would purchase a province wide licence for The Geometer’s
Sketchpad (a wonderful tool!) – which also included student and teacher take home
rights – while continuing to cut geometry from mathematics classrooms.

Having worked with the author while he was the Editor-
in-Chief of Crux, I purchased this book shortly after
it was released. I was pleased by its content; it was a
combination of geometry that I had learned in school,
which has now been removed, as well as some topics
that I hadn’t studied.

Chapter 1, Basic Euclidean Geometry, presents most of
the material I remember from school: congruence, simi-
larity, circle theorems, and properties of quadrilaterals,
including cyclic quadrilaterals. There is also the extra
idea that I hadn’t seen in school, inversion in a circle.
This chapter would be a good start for any student in-
terested in discovering some accessible geometry outside the current curriculum.

Chapter 2, Trigonometry, contains the full treatment of trigonometry offered in
most high schools. Having said that, there are still some gems to be discovered.
Students will be exposed to the law of sines and the law of cosines in school. How-
ever, few will have seen the law of tangents (I know I was asked if one existed
many times). The law of tangents is shown, as well as how, through parametriza-
tion, the trigonometric functions sin θ, cos θ, and tan θ can be written in terms
of tan θ

2 . As well, the book explores the connection between complex numbers
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and trigonometry by looking at De Moivre’s theorem, although I would have liked
to see the connection solidified by considering complex numbers on the complex
plane.

The next couple of chapters introduce topics that I had not seen in school, but had
seen used in the pages of Crux. Chapter 3 explores concurrency and collinearity.
Menelaus’ theorem and Ceva’s theorem are introduced and proved. From there
some special, well known, concurrency results for triangles are explored for: the
medians (centroid), the altitudes (orthocentre), the perpendicular bisectors of sides
(circumcentre), and the interior angle bisectors (incentre). These discussions lead
naturally to the discussions of the nine point circle and the Euler line. Several
other interesting points and lines are discussed in this chapter, while the next
chapter investigates properties of the circumcircle and incircle.

The next two chapters look at other topics that no longer appear in school math-
ematics classes. Chapter 5 discusses the conic sections, while Chapter 6 looks at
constructions. The standard constructions are introduced. Which regular polygons
can be constructed with straightedge and compasses is discussed, then a couple
of constructions of a regular pentagon are shown. Bruce then goes on to discuss
some approximations to regular polygons. Much of the latter part of this chapter
appeared as Constructing Regular Polygons using Straightedge and Compass that
appeared in Mathematical Mayhem which is reprinted in this issue of Crux.

The next three short chapters discuss some interesting results. Chapter 7 intro-
duces and proves the broken chord theorem of Archimedes, which states:

Let AC and CB be two chords of a circle with AC < CB. Let M be
the midpoint of that arc AB that passes through C. Let L be the foot
of the perpendicular to CB. Then AC + CL = LB (see diagram on
the left below).

A

C B

M

L

P

Q

R
M

P ′

X

Y

Z
Y ′

Broken chord theorem Cleaver from midpoint of PR Splitter from Y

Note: In each diagram, the length of the red path is equal to the length of the blue path.

Chapter 8 introduces cleavers (a segment from the midpoint of a side of a triangle
to another point on the perimeter of the triangle, bisecting the perimeter, diagram
in the middle above) and splitters (a segment from the vertex of a triangle to
another point on the perimeter of the triangle, bisecting the perimeter, diagram
on the right above) and their properties. Chapter 9, Remarkable Bisections is
discussed in Problem Solving Vignettes on page 512. The three chapters are nice
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results as well as nice applications of theorems discussed earlier in the book.

The book concludes with some problems and solutions. Ever the teacher, Bruce
leaves the reader with plenty of practice. Chapter 10 contains 124 problems to
practice using the material from the book. The problems include 17 problems
that had appeared in Crux. Chapter 11 contains solutions to all problems from
the book (182 solutions in all). A couple of the problems that appeared in other
sources are given below for your entertainment:

Problem 10.108: On the sides CA and CB of an isosceles right-
triangle ABC, points D and E are chosen such that |CD| = |CE. The
perpendiculars from D and C on AE intersect the hypotenuse AB is K
and L, respectively. Prove that |KL| = |LB|. (Crux (then Eureka)
problem 33 [1975: 1(4), 25], solution [1975: 1(7), 60])

Problem 10.120: Prove that, for any parallelogram ABCD where
A, B, C, D are consecutively labelled vertices,

AB2 +BC2 + CD2 +DA2 = AC2 +BD2.

(Mathematical Mayhem problem HS6 [1989: 1(3), 20], solution
[1989: 2(1), 26-27])

I enjoy this book and come back to it from time to time. I would recommend it
to anyone interested in learning some plane geometry beyond what is now taught
in schools.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

This book is a recommendation from the bookshelf of
Shawn Godin. Shawn, a retired high school math
teacher, is a co-editor of MathemAttic and has been
involved with Crux in one form or another for over 20
years. Shawn continues to be involved in mathematical
activities in his retirement: helping with mathematics
contest creation and marking, writing columns and doing
the occasional presentation. He lives in Carleton Place,
Ontario with his wife, Julie, and their dog, Daisy.
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MATHEMATICS FROM THE
WEB

No. 4

This column features short commentaries or descriptions of mathematical items
from the internet that may be of interest to pre-university students and teachers.
Your contributions are welcomed and may be sent to mathemattic@cms.math.ca.

Mathigon – Supermarket
https://mathigon.org/supermarket

Mathigon, part of the Amplify network, has a series of manipulatives and puzzles.
One challenging online game that can be extended to proofs is the Supermarket
Social Distancing Game. Similar to the children’s board game Rush Hour, the
online game aims to have you navigate customers through a supermarket with
their carts and travel through a grid, maintaining a 3m distance from all other
passengers. Considering where the individuals could not be placed to accomplish
the distancing and how many people could fit in the supermarket is a challenging
extension easily replicated with pencil and paper.
(Submitted by Carly Ziniuk, teacher, The Bishop Strachan School, Toronto,
Ontario.)

Some illustrations of theorems in Geometry
https://www.math.mun.ca/ bshawyer/geom.html

This page contains some colour pictures of theorems in Geometry from Bruce
Shawyer’s book Explorations in Geometry discussed in this issue. These visually
appealing pictures complement the black and white diagrams from the book and
will be of interest to anyone interested in the beauty of geometry.

Some Remarkable Concurrences by Bruce Shawyer, in Forum Geometrico-
rum, Volume 1 (2001), pages 6974.
https://forumgeom.fau.edu/FG2001volume1/FG200110.pdf

In this article, Bruce Shawyer extends a result discovered by high school student
Josh Klehr. Klehr, with the aid of dynamic geometry software, had discovered the
following:

Given a triangle with mid-point of each side. Through each midpoint,
draw a line whose slope is the reciprocal to the slope of the side through
that mid-point. These lines concur

In his article, Bruce generalizes this to the case where the product of the slope of
the side and the slope of the new line is some constant. He shows that these lines
are also concurrent and the locus of the points of concurrency lies on a hyperbola.
This will be of interest to users of dynamic geometry software as well as lovers of
geometry.
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SHAWYER CORNER

Click here to submit solutions, comments and generalizations to any
problem in this section.

To facilitate their consideration, solutions should be received by January 15, 2023.

S1. Proposed by Bill Sands.

(a) Solve the alphametic

BRUCE +BRUCE + · · ·+BRUCE = SHAWY ER,

where there are exactly 94 BRUCEs. (As usual, different letters are replaced by
different digits, and no number starts with zero.)

(b)? Are there any solutions if 94 is replaced by some other positive integer?

S2. Proposed by Shawn Godin.

A pair of two-digit numbers has the following properties:

1. The sum of the four digits is 25.

2. The sum of the two numbers is 97.

3. The product of the four digits is 864.

4. The product of the two numbers is 1972.

Determine the two numbers.

S3. If α and β are the roots of x2 + 5x+ 7 = 0, find a quadratic equation with
roots 1

α2 and 1
β2 .

S4. What is the 19th term in the sequence 4, 6, 14, 20, . . . determined by a
diagonal line (in red) in the following diagram:

1 2

34

5 6 7

8

9 10

11

12

13141516

17 18 19 20 21

22

23

...
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S5. The diagram shows the densest packing of seven circles in an equilateral
triangle ABC.

Calculate the exact fraction of the area of ∆ABC covered by the seven circles.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Cliquez ici afin de soumettre vos solutions, commentaires ou
généralisations aux problèmes proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 15 janvier 2023.

S1. Soumis par Bill Sands.

(a) Résolvez l’alphamétique

BRUCE +BRUCE + · · ·+BRUCE = SHAWY ER,

où il y a exactement 94 fois le mot BRUCE. (Comme à l’habitude, les différentes
lettres sont remplacées par différents chiffres et aucun chiffre ne commence par
zéro.)

(b)? Y a-t-il des solutions si 94 est remplacé par un autre nombre entier positif?

S2. Soumis par Shawn Godin.

Une paire de nombres à deux chiffres possède les propriétés suivantes :

1. La somme des quatre chiffres est 25.

2. La somme des deux nombres est 97.

3. Le produit des quatre chiffres est 864.

4. Le produit des deux nombres est 1972.

Trouvez ces deux nombres.
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S3. Soient α et β les deux racines de x2 + 5x + 7 = 0. Trouvez une équation
quadratique ayant comme racines 1

α2 et 1
β2 .

S4. Quel est le 19e terme de la suite 4, 6, 14, 20, . . . déterminée par la droite
diagonale représentée (en rouge) dans le diagramme suivant :

1 2

34

5 6 7

8

9 10

11

12

13141516

17 18 19 20 21

22

23

...

S5. Le diagramme ce-dessous montre l’empilement le plus dense de sept cercles
dans un triangle équilatéral ABC.

Calculez la fraction exacte de l’aire de ∆ABC couverte par les sept cercles.
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Bruce Shawyer’s work with the

Newfoundland and Labrador

Teachers’ Association Senior High

School Mathematics League
Peter I Booth

Mathematics League games are very different from most other Mathematics com-
petitions. They do not take place in a quiet room and there is no resemblance to
an examination.

Imagine a room with twelve or more small tables and four high school students
seated around each table. Each group of four is a high school’s Mathematics team.
At each table there is a lively discussion going on about the current Mathematics
problem. When the allotted time runs out each team’s answers are collected, by
their Proctors, and taken away for marking. The scores are recorded. The solution
to the problem is presented to the students, usually by a student from a team that
got the answer correct.

A game has ten such problems followed by a Relay – a set of four related problems.
The answer to the first problem feeds into the second problem, in the sense that
the first answer is an essential prerequisite for doing the second problem. In the
same way the second problem feeds into the third problem and the third problem
into the final problem. The relay is an opportunity for trailing teams to catch up
with, and sometimes overtake, teams ahead of them. Winning teams are identified
and often a small plaque is presented to the team with the most marks.

The detailed rules of the games were worked out at a meeting in 1987, involving
a few high school Mathematics teachers and a few Memorial University Mathe-
matics professors. The leading figure on the teacher’s side was Rita Janes, on the
professor’s side it was Bruce Shawyer. One issue discussed was how to increase
female participation in Math problem solving. They thought that the team discus-
sion format would likely accomplish this, and have been vindicated by subsequent
events. Today there is no noticeable difference between the numbers of female and
male students involved. A partnership between the teachers and professors was
essential to making a success of the League project, and this has continued right
up to the present day.

Who would have thought, in 1987 when the games started, that they would still
be healthy and running thirty five years later in 2022. They have run continuously
since 1987, apart from an unavoidable break due to Covid 19. This is surely a
great tribute to those who drew up the original plan.

Bruce, in partnership with Bruce Watson, introduced the Junior High Math League
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in 2004. Bruce (Shawyer) was once telling me about the enthusiasm of some of the
Junior High students. He talked about one student who volunteered to present
the solution to a question before he even knew what the question was – not taking
account of the possibility that he might not have been able to solve the problem.

Through most of this period there was a variable group of usually three professors
setting the problems. John Grant McLoughlin and myself were there with Bruce
for most of the time, we were later joined by Margo Kondratieva. More recently
Ivan Booth has taken on the role of coordinating Senior League games, and Danny
Dyer and Daniela Silvesan are looking after the Junior League. This gives us hope
that the games will continue for a long time to come, as younger faculty get
involved in composing problems and conducting the games.

Before ending direct participation in the preparation of games, Bruce left a part-
ing gift to the League. He gave us a collection of many, many potential League
problems that he had prepared himself. We use some of these problems today, so
you could say that he is still involved in the preparation of today’s games.

Four books of the problems from League games have been published. The first
was Shaking Hands in Corner Brook and other Math Problems (Waterloo Mathe-
matics Foundation, 1995). The other three were numbered volumes of Problems
for Mathematics Leagues (CMS A Taste Of Mathematics series, 1999, 2006 and
2008). All of these problems were collected together and made into viable books
by Bruce.

The league is a good place to employ some undergraduate Math students – to
help out with running the games and problem composition. Margo also invites
pre-service Math teachers to observe one or two games, and those who do come
along seem to be positively influenced by the experience.

We now give details of how the games scoring system works, together with some
related matters.

For each of the first ten questions a team’s unanimous agreement on a correct
answer earns five points, an incorrect answer earns none. If different team members
choose to offer different solutions then they may do so. In that case the number
of points is the number of correct answers.

The Relay has twenty minutes allotted, and up to ten bonus points over and above
the regular five points. The regular points are awarded on the basis of the number
of consecutive correct answers, starting at the beginning. So if numbers 1 and 2
are correct but 3 and 4 are incorrect, then two points are earned. If numbers 1,
2 and 4 are correct but 3 is incorrect then the number of points is still two. The
rationale for this is that there is no legitimate way, unless we consider guesswork
legitimate, that number 4 could be correct. The exception to this rule is that if
all four answers are correct then five points are earned.

If time has not been called when the team hands their Relay answer to their
Proctor, the Proctor will say either “CORRECT” or “WRONG”. If the Proctor
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answers “WRONG” then the Relay Answer Sheet is returned to the team, with
no indication of which answers are right or wrong.

Bonus points are awarded on the following basis. Ten bonus points are awarded
for a correct set of answers, completed within the first six minutes. After that
bonus points, for a complete correct set of answers, are reduced by one for each
subsequent minute until no more remain after 15 minutes. The bonus point scheme
is the only change from the original 1987 rules. Examples of relays appear in this
issue’s Teaching Problems.

After the scores have been tabulated the day’s winning team is announced, unless
there is a tie. In that case a tiebreaker question is used to determine the winner.
The first of the tied teams to present a correct solution wins. To prevent guessing
games a team that has presented an incorrect answer must wait another minute
before presenting an alternative answer. On one occasion two teams presented
correct solutions simultaneously. Bruce saved the day by quickly inventing a second
tiebreaker problem.

We have two regular meetings in the fall and two through the winter/early spring
period. Scores from these four games are tabulated and compared. The top teams
in the province are invited to the Provincial Championship game, which is usually
held in May.

In conclusion, attendance at these games is a great pleasure. It is gratifying to see a
large group of very varied young people doing Mathematics together and enjoying
themselves. Bruce took a central role in the startup and long term development of
these games, and deserves a lot of credit for whatever successes have been achieved.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Peter I Booth
Memorial University of Newfoundland
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Congruent Triangles in the Plane
H. E. A. Campbell and D. L. Wehlau

We write this article in memory of our friend and colleague Bruce Shawyer in
honour of his love of students and mathematics.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1 Invariants

A common problem in mathematics and its applications is to distinguish among
a number of objects and to determine whether two or more of the objects are the
same. For example, given a number of three-dimensional solid objects, are two
or more of the objects identical? Here, the objects may be rotated or otherwise
moved around in three-dimensional space.

Another example is the problem of determining quickly whether a given fingerprint
can be found somewhere in a database of ten million fingerprints.

Whatever objects we are considering, they may be transformed in some manner
such as rotating or translating. We seek to describe some features of the objects
that remain the same when two objects are equivalent and are different when they
are not. In particular, we would like to attach a number, or list of numbers, to
each such object. Such a number is a function from the set of objects to the real
numbers (say). We call these functions invariants since they remain the same
when the object is transformed.

The field of Algebraic Geometry is concerned with describing geometric objects
by means of algebraic objects such as polynomials. Descartes had the idea of
introducing coordinates into the plane in order to represent a point in the plane
by its two coordinates. Thus the geometric object, a point, is described by two
real numbers.

It is particularly helpful if the invariant functions can be expressed as polynomials
in the coordinates of the objects.

There is a rich history in mathematics in which geometric properties are analyzed
through their translation into algebraic objects, understood in this new context,
and then translated back. In this note, the geometric objects of study are triangles
in the plane and we seek to characterize them by means of a collection of poly-
nomial invariants. This is intended as a simple example to illustrate some basic
ideas from modern algebraic geometry.
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2 Triangles

We recommend the article by Shawn Godin, Crux [2019 : 45(1), 13-16], where
he discusses the notion of congruent triangles for a pre-university audience. Two
triangles ∆ and ∆′ are said to be congruent if one can be obtained from the other
by a sequence of rotations, translations and flips (or reflections). If this can be
done we write ∆ ∼= ∆′. For our purposes, we recall from Godin’s article that two
triangles are congruent when the lengths of the three sides of ∆ are equal to the
three sides of ∆′, the three sides, SSS, condition. In this article, we will translate
this geometric requirement SSS for the congruence of two triangles into a condition
on polynomials, that is, into algebraic equations.

We study triangles in the real 2-dimensional plane, R2, We specify a point in R2

by its coordinates (a, b). We label the 3 vertices of the triangle ∆ as p1 = (a1, b1),
p2 = (a2, b2) and p3 = (a3, b3) and we write ∆ : {(a1, b1), (a2, b2), (a3, b3)}. Of
course, we require p1, p2 and p3 not to lie on a line in R2, that is, we say that we
assume p1, p2 and p3 are not co-linear.

Example 1. The triangles ∆ = {(0, 0), (4, 0), (0, 3)}, and ∆′ = {(6, 0), (6, 4), (9, 0)}
are congruent, for example

p1 p2

p3

p′1

p′3

p′2

If we lift ∆′ up out of the plane, turn it over before putting it back and then rotate
and translate it, then it will sit exactly on top of ∆.

Example 2. Here are the coordinates of 8 triangles in the plane:

∆1 : {(0, 0), (1, 0), (0, 2)}; ∆2 : {(2, 0), (2, 1), (4, 1)};
∆3 : {(0, 3), (0, 5), (1, 4)}; ∆4 : {(0, 6), (2, 6), (1, 5)};
∆5 : {(3, 3), (5, 1), (5, 3)}; ∆6 : {(3, 4), (5, 4), (5, 6)};
∆7 : {(6, 2), (7, 1), (7, 3)}; ∆8 : {(6, 4), (7, 4), (7, 6)} .

Which of them are congruent?

We will use eij to denote the length of the side joining (ai, bi) to (aj , bj):

eij =
»

(ai − aj)2 + (bi − bj)2 .
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We have the three functions giving the lengths of the three sides: E12, E13, and
E23. These functions are defined by

Eij(x1, y1, x2, y2, x3, y3) =
»

(xi − xj)2 + (yi − yj)2 ,

for (i, j) = (1, 2) or (1, 3) or (2, 3). Thus

eij = Eij(∆) = Ei,j(a1, b1, a2, b2, a3, b3)

where ∆ is given by {(a1, b1), (a2, b2), (a3, b3)}.
If ∆′ is another triangle given by {(a′1, b′1), (a′2, b

′
2), (a′3, b

′
3)} then the lengths of its

sides are e′12 = E12(∆′), e′13 = E13(∆′) and e′23 = E23(∆′) where e′ij = Eij(∆
′) =

Eij(a
′
1, b
′
1, a
′
2, b
′
2, a
′
3, b
′
3).

The SSS Theorem tells us that two triangles ∆ and ∆′ are congruent if and only if
the three numbers e12, e13, e23, are equal to the three numbers e′12, e′13, e′23 in some
order. Some of our readers will already have computed the lengths of the sides
of the two triangles in the diagram in Example 1 as (4, 3, 5) and (3, 4, 5). Hence,
by SSS, these two triangles are congruent. We note that the special properties of
these triangles (they are right-angle triangles, and, moreover, Pythagorean) play
no role in this conclusion, except that it is easy to compute the length of the
hypotenuse.

The SSS Theorem completely determines whether two triangles are congruent.
However, for our purposes, if we are given two triangles ∆ : {(a1, b1), (a2, b2), (a3, b3)}
and ∆′ : {(a′1, b′1), (a′2, b

′
2), (a′3, b

′
3)}, we seek a list of polynomials

f1(x1, y1, x2, y2, x3, y3), f2(x1, y1, x2, y2, x3, y3), . . . ,

fk(x1, y1, x2, y2, x3, y3) ,

such that ∆ and ∆′ are congruent if and only if

f1(a1, b1, a2, b2, a3, b3) = f1(a′1, b
′
1, a
′
2, b
′
2, a
′
3, b
′
3) ,

f2(a1, b1, a2, b2, a3, b3) = f2(a′1, b
′
1, a
′
2, b
′
2, a
′
3, b
′
3)) ,

...

fk(a1, b1, a2, b2, a3, b3) = fk(a′1, b
′
1, a
′
2, b
′
2, a
′
3, b
′
3) .

Above we remarked that we can tell whether two triangles are congruent by check-
ing whether they have the same side lengths. But the length of a side is not given
by a polynomial. The function Eij is not a polynomial since the square root func-
tion is not a polynomial. We can overcome this objection by using the polynomial
Lij = (xi−xj)2 + (yi− yj)2 = x2

i − 2xixj +x2
j + y2

i − 2yiyj + y2
j = E2

ij rather than

Eij itself. If we let `ij = Lij(∆) then `ij = e2
ij .

The functions Li,j are polynomial functions and it is enough to compare the three
numbers `12, `13, `23 with the three numbers `′12, `

′
13, `

′
23 to determine whether ∆

and ∆′ are congruent.
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It would seem that the three polynomials L12, L13, L23 reach the goal set out
in the introduction, the translation of the problem of characterizing congruent
triangles in the plane into a set of algebraic equations. However one problem
still remains. Returning to the triangles in Example 1 above we have the three
vertices p1 = (0, 0), p2 = (4, 0), p3 = (0, 3) of ∆ and the three vertices p′1 = (0, 0),
p′2 = (3, 0), p′3 = (0, 4) of ∆′. Then L12(∆) = 16, L13(∆) = 9, L23(∆) = 25 and
L12(∆′) = 9, L13(∆′) = 16, L23(∆′) = 25. Even though ∆ and ∆′ are congruent
triangles L12(∆) 6= L12(∆′) and L13(∆) 6= L13(∆′).

Thus L12, L13, L23 are not the polynomials we seek. Clearly the problem arises
from the way we order the vertices of our triangles. When we describe a particular
triangle we choose some order for the vertices. But the triangle does not change if
we re-order the vertices, nor do its edges, nor do the lengths of the edges. What
does this mean? We can for example fix p1 and exchange p2 with p3, that is, we
leave (a1, b1) alone but we exchange (a2, b2) for (a3, b3) and vice-versa. Thus the
triangle ∆ with vertices p1 = (a1, b1), p2 = (a2, b2), p3 = (a3, b3) is exactly the
same triangle as ∆′ with vertices p′1 = (a1, b1), p′2 = (a3, b3), p′3 = (a2, b2).

In terms of a diagram, we might write

p1 ↔ p1, p2 ↔ p3 ,

or, what is the same thing, written differently,

a1 ↔ a1, a2 ↔ a3 and

b1 ↔ b1, b2 ↔ b3

If we formalize this further, we write σ23 for the operation that fixes p1 and
exchanges p2 with p3. Similarly, we can fix p2 and exchange p1 with p3, using an
operation we call σ13, or fix p3 and exchange p1 and p2 with an operation called
σ12. Applying any of these operations twice gives us back the original labels. Or
we could cycle the vertices, changing p1 to p2, p2 to p3 and p3 to p1 (we call this
operation σ123) or change p1 to p3, p2 to p1 and p3 to p2 (we call this operation
σ312). It is useful to note that this last operation can also be described as the
result of applying the operation σ123 twice. We also notice that applying σ123 for
a third time returns us to the original set of labels. We see that there are 6 –
and only 6 – different ways to label the vertices, all of them describing the same
triangle. Further, each relabelling of the vertices gives us also a relabelling of the
edges and hence also a relabelling of their lengths. That is, we will have the same 3
lengths, possibly in a different order. What we are seeing here is a simple example
of a group. Group Theory is a very important field of modern algebra having many
important applications including chemistry, physics and cryptography.

The question that arises is as follows. How do we account for the order doesn’t
matter feature of SSS in the study of congruent triangles? Here is one way to
proceed. Let’s suppose we call the lengths of the edges a, b and c and imagine a
polynomial, P(t), in a variable t which has these three numbers as roots. That is,
we put P(t) = (t − a)(t − b)(t − c) so that P(t) is 0 whenever t is a, b or c. But
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observe that

P(t) = t3 − (a+ b+ c)t2 + (ab+ ac+ bc)t− abc

and each of the coefficients of the powers of t in this equation is symmetric, meaning
that any relabelling of the lengths a, b or c leaves the polynomial P(t) unchanged
and hence each of its coefficients unchanged.

That is, the collection a+ b+ c, ab+ ac+ bc, abc has the property that we obtain
the same numbers independently of the order of a, b, c. This leads us to consider
the three polynomials

S1 = L12 + L13 + L23 ,

S2 = L12L13 + L12L23 + L13L23 , and

S3 = L12L13L23 .

Returning to Example 1, we have S1(∆) = 16 + 9 + 25 = 9 + 16 + 25 = S1(∆′),
S2(∆) = 16 · 9 + 16 · 25 + 9 · 25 = 9 · 16 + 9 · 25 + 16 · 25 = S2(∆′), and S3(∆) =
16 · 9 · 25 = 9 · 16 · 25 = S3(∆′).

It should be clear now that if ∆ and ∆′ are two congruent triangles then S1(∆) =
S1(∆′), S2(∆) = S2(∆′) and S3(∆) = S3(∆′) regardless of how we order vertices.
We define s1 = S1(∆), s2 = S2(∆) and s3 = S3(∆). That is,

s1 = `12 + `13 + `23 ,

s2 = `12`13 + `12`23 + `13`23 , and

s3 = `12`13`23 .

Similarly define s′1, s′1 and s′3.

Then the polynomials P∆(t) = t3−s1t
2 +s2t−s3 and P∆′(t) = t3−s′1t2 +s′2t−s′3

factor as

P∆(t) = (t− `12)(t− `13)(t− `23)

P∆′(t) = (t− `′12)(t− `′13)(t− `′23)

Theorem 1. Let ∆ and ∆′ be two triangles as above. Then sij = s′ij for {ij}
equal to {12}, {13} and {23} if and only if ∆ and ∆′ are congruent.

Proof. We have already proved that if ∆ and ∆′ are congruent then sij = s′ij for
{ij} equal to {12}, {13} and {23}.
For the other half of the proof suppose that sij = s′ij for {ij} equal to {12}, {13}
and {23}. Then P∆(t) = P∆′(t) and therefore the three numbers `12, `13 and `23

are the same as the three numbers `′12, `
′
13 and `′23 in some order. Since eij =

√
`ij

and e′ij =
»
`′ij this implies that the three numbers e12, e13 and e23 are the same

as the three numbers e′12, e
′
13 and e′23 in some order. Then the SSS Theorem tells

us that ∆ and ∆′ are congruent triangles.
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Admittedly it seems clear that in order to decide if two triangles are congruent
one would just compute the lengths of the sides of each and compare the two sets
of lengths. However, imagine the problem of deciding whether a given triangle ∆
occurs among a set of a million triangles. Now the difficulty of reordering the sides
becomes quite significant. If we use the triple (s12(∆), s13(∆), s23(∆)) to represent
∆, the question now becomes whether that particular triple occurs in a list of a
million such triples.

3 Summary

We have exhibited three invariant polynomials that characterize congruent trian-
gles. This is a manageable elementary example illustrating how algebra and in
particular invariants are used to distinguish and identify geometric objects. We
hope that this has given the reader a small sample of modern algebraic geometry.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

H. E. A. Campbell
Mathematics & Statistics Department
University of New Brunswick, Fredericton, NB

D. L. Wehlau
Department of Mathematics and Computer Science
Royal Military College, Kingston, ON
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Bruce Shawyer
Ed Barbeau

I have known Bruce Shawyer since the mid-1960s. We first crossed paths when he
arrived at the University of Western Ontario at the time when I was leaving it.
While we had intermittent contact since then, there were two occasions when we
worked closely together: Canada’s hosting of the 1995 IMO and the development
of the Canadian Mathematical Society’s ATOM series.

Organizing the International Mathematical Olympiad in 1995 was a great Cana-
dian adventure. This was fourteen years after a Canadian team first competed.
When the Australians hosted the IMO in 1988, the folks at the Canadian Math-
ematical Society felt it was time for us to step up to the plate. One of the prime
movers was Bruce Shawyer, who became the Chief Operating Officer for the event.

Bruce had a unique mix of attributes that fitted him for this role – vision, affability,
thoroughness, efficiency and coolness in the face of adversity (and there were a
few crises to manage during the three or four years of preparation). There were
many dimensions to running an international competition apart from setting and
administering the examinations. We had to find sponsors and raise funds. Thanks
in part to the dissolution of the Soviet Union, an expected 45 teams ballooned to
75. Accommodation and a programme of events needed to be arranged for over
400 students and about 150 team leaders. This required coordination among the
Canadian Mathematical Society, two universities (York and Waterloo), sponsoring
companies and organizations providing personnel and resources. Bruce was the
orchestrator of the team that made it all work. He was the ideal administrator,
keeping in touch with all aspects of the operation while giving autonomy to the
individuals responsible for its sundry parts.

I worked with Bruce when he was editor-in-chief of the ATOM (A Taste of Math-
ematics) series to which he was deeply committed. We wrote a joint volume on
inequalities, and worked together on other volumes. One of these had an unusual
genesis. One of my colleagues at University College at University of Toronto be-
came the executive director of the Canadian Association of University Teachers
and suggested that I publish a regular mathematics problem in its magazine. These
were eventually collected into an ATOM volume, The CAUT problems, along with
a few mathematical card tricks appended to make up the required 64 pages. The
same conscientiousness and efficiency displayed at the IMO was part of Bruce’s
operating method here.

Our paths diverged and we saw each other irregularly after that. However, I have
fond memories of him and his hospitality; I am sorry that he is no longer with us.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Ed Barbeau
Toronto, ON
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OLYMPIAD CORNER
No. 407

The problems featured in this section have appeared in a regional or national mathematical
Olympiad.

Click here to submit solutions, comments and generalizations to any
problem in this section

To facilitate their consideration, solutions should be received by January 15, 2023.

OC601. Let S be a set containing n2+n−1 elements, for some positive integer
n. Suppose that the n-element subsets of S are partitioned into two classes. Prove
that there are at least n pairwise disjoint n-element subsets in the same class.

OC602. Let n be a positive integer. Consider 2n distinct lines on the plane,
no two of which are parallel. Of the 2n lines, n are colored blue, the other n are
colored red. Let B be the set of all points on the plane that lie on at least one
blue line, and R the set of all points on the plane that lie on at least one red line.
Prove that there exists a circle that intersects B in exactly 2n− 1 points, and also
intersects R in exactly 2n− 1 points.

OC603. Let ABC be an acute scalene triangle. Let X and Y be two distinct
interior points of the segment BC such that ∠CAX = ∠Y AB. Suppose that:

1) K and S are the feet of perpendiculars from B to the lines AX and AY
respectively;

2) T and L are the feet of perpendiculars from C to the lines AX and AY
respectively.

Prove that KL and ST intersect on the line BC.

OC604. Find all monic polynomials f with integer coefficients satisfying the
following condition: there exists a positive integerN such that p divides 2(f(p))!+1
for every prime p > N for which f(p) is a positive integer.

OC605. Let ABC be a scalene triangle with ∠B = 130◦. Let H be the foot
of altitude from B. D and E are points on the sides AB and BC, respectively,
such that DH = EH and ADEC is a cyclic quadrilateral. Find ∠DHE.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Les problèmes présentés dans cette section ont déjà été présentés dans le cadre d’une
olympiade mathématique régionale ou nationale.

Cliquez ici afin de soumettre vos solutions, commentaires ou
généralisations aux problèmes proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 15 janvier 2023.

OC601. Pour n un certain entier positif, soit S un ensemble formé de n2+n−1
éléments. La collection des sous ensembles de S formés de n éléments est répartie
en deux classes. Démontrer qu’il existe au moins n ensembles disjoints deux à
deux dans une même classe.

OC602. Pour n un entier positif, soient 2n lignes dans le plan, dont aucune
paire est parallèle; de ces lignes, n sont colorées bleu, tandis que les n autres
lignes sont colorées rouge. Soit alors B l’ensemble des points dans le plan, situés
sur au moins une ligne bleu, et soit R l’ensemble des points dans le plan, situés
sur au moins une ligne rouge. Démontrer qu’il existe un cercle incluant à la fois
exactement 2n− 1 points de B et exactement 2n− 1 points de R.

OC603. Soit ABC un triangle acutangle et scalène et soient X et Y deux
points distincts à l’intérieur du segmentBC, tels que ∠CAX = ∠Y AB. Supposons
que :

1) K et S sont les projections orthogonales de B vers les lignes AX et AY ,
respectivement;

2) T et L sont les projections orthogonales de C vers les lignes AX et AY ,
respectivement.

Démontrer que KL et ST intersectent en un point se trouvant sur la ligne BC.

OC604. Déterminer tous les polynômes unitaires f à coefficients entiers
respectant la condition suivante: il existe un entier positif N tel que p divise
2(f(p))! + 1 pour tout nombre premier p > N pour lequel f(p) est un entier
positif.

OC605. Soit ABC un triangle scalène tel que ∠B = 130◦ et soit H le pied de
l’altitude émanant de B; soient aussi D et E des points sur les côtés AB et BC,
respectivement, tels que DH = EH et tels que ADEC est cyclique. Déterminer
∠DHE.
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OLYMPIAD CORNER
SOLUTIONS

Statements of the problems in this section originally appear in 2022: 48(4), 210–211.

OC576. Let x, y, z be real numbers such that the numbers

1

|x2 + 2yz| ,
1

|y2 + 2zx| ,
1

|z2 + 2xy|

are side-lengths of a (non-degenerate) triangle. Find all possible values of the
expression xy + yz + zx.

Originally Czech-Slovakia Math Olympiad, 2nd Problem, Category A, Final Round
2018.

We received 4 submissions, all of which were correct and complete. We present
the solution by the Missouri State University Problem Solving Group.

If x = y = z = α, thenÅ
1

|x2 + 2yz| ,
1

|y2 + 2xz| ,
1

|z2 + 2xy|

ã
=

Å
1

3α2
,

1

3α2
,

1

3α2

ã
,

which are the side lengths of an equilateral triangle. In this case, xy+yz+zx = 3α2,
so the expression takes on all positive values.

If x = α, y = −α, and z = 0, thenÅ
1

|x2 + 2yz| ,
1

|y2 + 2xz| ,
1

|z2 + 2xy|

ã
=

Å
1

α2
,

1

α2
,

1

2α2

ã
,

which again gives the side lengths of a triangle. Here, xy+ yz+ zx = −α2, so the
expression also takes on all negative values.

Suppose that xy + yz + zx = 0. It is straightforward to verify that

1

x2 + 2yz
+

1

y2 + 2xz
+

1

z2 + 2xy
=

(xy + yz + zx)(2x2 + 2y2 + 2z2 + xy + yz + zx)

(x2 + 2yz)(y2 + 2xz)(z2 + 2xy)

= 0.

After taking the absolute values of each term on the left, we must have one of

1

|x2 + 2yz| ,
1

|y2 + 2xz| ,
1

|z2 + 2xy|

being a sum of the other two and the resulting triangle is degenerate.

In conclusion, xy + yz + zx can assume any nonzero value.
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OC577. Let n ≥ 2 be an integer and let A ∈ Mn(C) such that A and A2

have different ranks. Prove that there exists a nonzero matrix B ∈ Mn(C) such
that AB = BA = B2 = On.

Originally Romania Math Olympiad, 4th Problem, Grade 11, Final Round 2018.

We received 5 submissions, all of which were correct and complete. We present 2
solutions.

Solution 1, by Michel Bataille.

We denote by m(x) = xp + ap−1x
p−1 + · · · + a1x + a0, 1 ≤ p ≤ n, the minimal

polynomial of the matrix A.

Since A and A2 have different ranks, the matrix A is neither On nor invertible.
It follows that the free coefficient of m(x) is a0 = 0. Otherwise we could write

In = A
Ä
− 1
a0

(Ap−1 + ap−1A
p−2 + · · ·+ a1In)

ä
and A would be invertible. Also

the degree of m(x) is p ≥ 2. Otherwise m(x) = x and A = On.

Next we show that a1 = 0. Assume otherwise, a1 6= 0. Then A = − 1
a1

(a2A
2 +

· · · ap−1A
p−1 +Ap), leading to Range(A) ⊂ Range(A2), and rank(A) ≤ rank(A2).

However, Range(A2) ⊂ Range(A) and rank(A) ≥ rank(A2). We combine these to
get rank(A) = rank(A2) contradicting the hypothesis.

Assume p = 2, then m(x) = x2 and A2 = On and we can take B = A so that
BA = AB = B2 = On.

Assume p ≥ 3, then m(x) = xp + ap−1x
p−1 + · · · + a2x

2 and we can take B =
Ap−1 + ap−1A

p−2 + · · ·+ a2A to satisfy the requirements. First, it is obvious that
BA = AB = m(A) = On. Second, BA = On implies

B2 = B(Ap−1 + ap−1A
p−2 + · · ·+ a2A)

= (BA)Ap−2 + ap−1(BA)Ap−3 + · · ·+ a2BA = On.

Lastly, we note that B 6= On. Otherwise, m(x) would divide the polynomial
xp−1 +ap−1x

p−2 + · · ·+a2x, which cannot occur since p−1 < degree(m(x)). This
completes the proof.

Solution 2, by Missouri State University Problem Solving Group and UCLan Cyprus
Problem Solving Group (done independently).

We know that A is similar to its Jordan canonical form, J , a block diagonal matrix

J =

J1

. . .

Jp

 with Ji =


λi 1

λi
. . .

. . . 1
λi

 .
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That is, P−1AP = J for some invertible matrix P . It is easy to see that

rank(A) = rank(J) =

p∑
i=1

rank(Ji).

Note that rank(Ji) = rank(J2
i ) if λi 6= 0 because in that case J2

i is upper-triangular
where each diagonal entry is λ2

i . Therefore some eigenvalue must be zero. In fact,
for A and A2 to have different ranks, there must be some block, say Jp of the form

Jp =


0 1

0
. . .

. . . 1
0

 ,

and of size m × m for some m ≥ 2. Notice that Jmp = Om, but Jm−1
p 6= Om.

Define

B1 =


0

. . .

0
Jm−1
p

 .
Then JB1 = B1J = B2

1 = On. Since A = PJP−1, if we set B = PB1P
−1 then it

follows easily that AB = BA = B2 = On.

OC578. Let F be the set of continuous functions f : R → R satisfying the
condition ef(x) + f(x) ≥ x+ 1 for all x ∈ R. Find the minimum value of

I(f) =

∫ e

0

f(x) dx

as f runs through F .

Originally Romania Math Olympiad, 2nd Problem, Grade 12, Final Round 2018.

We received 5 submissions, all of which were correct and complete. We present a
typical solution.

The function g : R → R defined by g(x) = ex + x − 1 is differentiable on R with
g′(x) = ex + 1 > 0 and satisfies lim

x→−∞
g(x) = −∞, lim

x→∞
g(x) = ∞. Therefore, g

is a strictly increasing bijection from R to R. Note that g(0) = 0 and g(1) = e.

The given inequality can be written as g(f(x)) ≥ x, ∀x ∈ R. Due to aforemen-
tioned properties of g, this inequality is equivalent to f(x) ≥ g−1(x), ∀x ∈ R,
where g−1 stands for the inverse of g. We integrate both sides of this inequality
to obtain ∫ e

0

f(x)dx ≥
∫ e

0

g(x)dx,
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or I(f) ≥ I(g) for any f ∈ F .

In addition g belongs to the class of functions F because g(g−1(x)) = x, ∀x ∈ R.
Hence the minimum of I(f) over the functions in F is I(g−1). We calculate this
minimum:

I(g−1) =

∫ e

0

g−1(x)dx =

∫ 1

0

tg′(t)dt =

∫ 1

0

t(et + 1)dt = (t− 1)et +
t2

2

∣∣∣∣1
0

=
3

2
.

OC579. Consider an n-element subset S of the plane consisting of points
with both integer coordinates, where n is an odd number. The injective function
f : S → S satisfies the following condition: for each pair of points A,B ∈ S, the
distance between points f(A) and f(B) is not greater than the distance between
the points A and B. Prove that there exists a point X ∈ S that f(X) = X.

Originally Poland Math Olympiad, 2nd Problem, Final Round 2018.

We received 6 submissions, all of which were correct and complete. We present
the solution by Oliver Geupel.

The function f , as an injection on the finite set S, is in fact a permutation of
S. Suppose, for a proof by contradiction, that f does not have a fixed point.
Then f has a cycle (P1, P2, . . . , P`) of length ` > 1. For the sake of obtaining a
contradiction, it is enough to prove that ` is even. If all cycles are of even length
then n is even, which is a contradiction.

By the condition of the problem it holds P1P2 ≥ P2P3 ≥ . . . ≥ P`P1 ≥ P1P2;
whence P1P2 = P2P3 = . . . = P`P1. Let d denote the common distance. Then d2

is an integer. Observe that the square of the remainder modulo 4 of the distance
δ between two lattice points A(ax, ay) and B(bx, by) depends only on the parities
of their coordinates. For x1, x2, y1, y2 ∈ {0, 1}, let r(x1, y1, x2, y2) denote the
remainder modulo 4 of δ2 when ax ≡ x1, ay ≡ y1, bx ≡ x2, and by ≡ y2 (mod 2).
The values of r are given by the following table:

(x1, y1) \ (x2, y2) (0,0) (0,1) (1,0) (1,1)
(0,0) 0 1 1 2
(0,1) 1 0 2 1
(1,0) 1 2 0 1
(1,1) 2 1 1 0

(T)

If d2 is divisible by 4, then we transform coordinates by putting P1 = (0, 0) and
dividing the coordinates of P2, . . . , P` all by their greatest common even divisor.
We may therefore assume that d2 is congruent to 1 or 2 modulo 4. Let P`+1 = P1

and Pk = (xk, yk) for 1 ≤ k ≤ `+1. If d2 ≡ 1 (mod 4), then xk+yk and xk+1+yk+1

have opposite parities for 1 ≤ k ≤ ` by (T). Otherwise if d2 ≡ 2 (mod 4), then
xk and xk+1 have opposite parities for 1 ≤ k ≤ ` by (T). Consequently ` is even,
which is the desired contradiction. Hence f has a fixed point.

Crux Mathematicorum, Vol. 48(9), November 2022



OLYMPIAD CORNER /541

OC580. Consider an acute triangle ABC where AB < AC. Points E and
F are the feet of its altitudes drawn from vertices B and C, respectively. The
tangent line at point A to the circle ABC intersects the line BC at point P . The
line parallel to line BC passing through point A intersects the line EF at point
Q. Prove that the line PQ is perpendicular to the median of triangle ABC drawn
from vertex A.

Originally Poland Math Olympiad, 5th Problem, Final Round 2018.

We received 7 submissions of which 5 were correct and complete. We present 2
solutions.

Solution 1, by the UCLan Cyprus Problem Solving Group.

Since QA ‖ BC, then ∠QAE = ∠ACB. Since CF ⊥ BF and BE ⊥ CE,
then B, F , E and C are concyclic on a circle ω with diameter BC. Therefore
∠EFA = ∠ACB = ∠QAE. It follows that QA is tangent to the circumcircle of
the triangle AEF . Therefore QA2 = (QE)(QF ).

Let M be the midpoint of BC. Then M is the center of ω and so, if r is the
radius of ω, then (QE)(QF ) = (QM − r)(QM + r) = QM2 − r2 = QM2 −MB2.
Therefore QM2 −QA2 = MB2.

Since PA is tangent on the circumcircle of 4ABC, we have PA2 = (PB)(PC),
or

PA2 = (PM −MB)(PM +MC) = PM2 −MB2.

This implies PM2 − PA2 = MB2.

We conclude QM2 − QA2 = PM2 − PA2 which is a necessary and sufficient
condition for PQ ⊥ AM .
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Solution 2, by Theo Koupelis.

Let M be the midpoint of BC, O the circumcenter of 4ABC, D the intersection
point of lines OA and EF, Q′ the intersection point of lines EF with BC, and K
the intersection point of AM and PQ.

By construction, OA ⊥ AP and ∠PAB = ∠BCA = ∠CAQ.

Also, BEFC is cyclic and thus OA ⊥ EF because

∠DEA+ ∠EAD = ∠BCA+ ∠BAO = ∠BCA+
1

2
(180◦ − ∠BOA) = 90◦.

Therefore, EF ‖ AP and PAQQ′ is a parallelogram.

Triangles PBA and QFA are similar because ∠QFA = ∠PAF = ∠BAC +
∠BCA = ∠PBA and ∠PAB = ∠QAF. Therefore

AQ

AP
=
AF

AB
= cos∠BAC =

OM

OB
=
OM

OA
.

But ∠AOM = ∠AOB + ∠BOM = 2∠BCA + ∠BAC = ∠PAQ. Thus, triangles
PAQ and AOM are similar and ∠MAO = ∠QPA = ∠PQQ′. Therefore AKDQ
is cyclic and thus ∠AKQ = ∠ADQ = 90◦. Therefore, AM ⊥ PQ.
We mention that the above approach covers the case when 4ABC is obtuse in
either ∠B or ∠C. A very similar approach to the above (with a slight change in
the location of the points) covers the case if 4ABC is obtuse in ∠A. That is, PQ
is perpendicular to AM for any triangle ABC. In the special case of an isosceles
triangle with AB = AC, the result still holds with the understanding that points
A,D,O,M are collinear, points P and Q are two infinity points placed on a line
passing through A and parallel to BC.
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A Triangle, a Circle and Some
Associated Triangles

Michel Bataille

Dedicated to the memory of Bruce Shawyer.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

With a triangle and a circle, the two basic figures of plane geometry, we can
associate two more triangles in a natural way and thus obtain an interesting con-
figuration. The purpose of this note is to bring out some hidden properties of the
figure and to apply the results to past problems or new ones.

Constructing the configuration

Given are a triangle ABC and a circle Γ whose center O is not located on a sideline
of the triangle. What simple constructions can we perform? It seems natural
to invert the points A,B,C in Γ, obtaining points A1, B1, C1. We denote by
i(ABC) the triangle A1B1C1 (possibly degenerate). From the familiar properties
of inversion, we clearly have i(i(ABC)) = ABC, meaning that i is an involutory
process. Another involutory transformation then comes to mind and provides our
second associated triangle, namely A2B2C2 where A2, B2, C2 are the respective
poles of the sidelines BC,CA,AB (see Figure 1). We will also use the notation
p(ABC) for this triangle.

The vertex A being on the polar of B2 and on the polar of C2, the polar of A
is B2C2 (by polar reciprocity), meaning that the pole of B2C2 is A. A similar
result holds for B and C so that p(p(ABC)) = ABC. Note that A2, B2, C2 are
quickly obtained as the inverses of the projections of O onto the line BC,CA,AB,
respectively. With obvious notations, these projections are A21 = (A2)1, B21, C21

and we will consider again the triangle A21B21C21 = i(p(ABC)) in the next
section.

For more information about inversion, poles and polars, the reader is referred to
[1].

Two theorems

To prove these theorems, we will embed the configuration in the complex plane,
taking the origin at the center O of Γ, and we suppose without loss of generality
that Γ is the unit circle. As usual, we denote by m (lower-case letter) the affix
of the point M (upper-case letter). For later use, we begin by some preliminary
results about the points of the configuration. [See [2] if necessary for the use of
complex numbers in plane geometry.]
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Figure 1

The affixes a1, b1, c1 of A1, B1, C1 are known to be a1 =
1

a
, b1 =

1

b
, c1 =

1

c
, but

the calculation of a2, b2, c2 requires a bit of work: the equation of the line C2A2,
perpendicular to OB through B1, is

z − b1
b

+
z − b1
b

= 0,

that is, bz + bz = 2. Similarly, the equation of A2B2 is cz + cz = 2. Solving
the system of these two equations gives the affix a2. The affixes b2, c2 are then
obtained cyclically:

a2 =
2(b− c)
bc− bc

, b2 =
2(c− a)

ca− ca , c2 =
2(a− b)
ab− ab

.

We are now ready to state and prove our first theorem.

(i) The triangle A21B21C21 = i(p(ABC)) is directly similar to the triangle
A1B1C1 and, if the triangle A1B1C1 is not degenerate;

(ii) The triangle A12B12C12 = p(i(ABC)) is directly similar to the triangle
A2B2C2.
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Thus, there exists some kind of duality between the associated triangles:

i(A2B2C2) ∼ i(ABC) and p(A1B1C1) ∼ p(ABC).

To prove (i), we just have to establish that

b21 − a21

b1 − a1
=
c21 − a21

c1 − a1
(1)

[Then, this ratio α is a nonzero complex number and setting β = a21 − αa1, we
have a21 = αa1 + β, b21 = αb1 + β, c21 = αc1 + β.]

For convenience, we set λ = bc−bc, µ = ca−ca, ν = ab−ab (note that λ, µ, ν 6= 0
because O is not on the lines BC,CA,AB). Then, we have

b21 =
1

b2
=

µ

2(a− c) , a21 =
1

a2
=

λ

2(c− b)

so that
b21 − a21

b1 − a1
=
ab(µ(c− b)− λ(a− c))
2(b− c)(c− a)(a− b)

.

The numerator equals σ with

σ = ab(µ(b− c)− λ(c− a))

= |a|2((b2c− bc2) + |b|2(c2a− ca2) + |c|2(a2b− ab2).

The symmetry of the found expression for
b21 − a21

b1 − a1
shows that (1) holds.

(ii) can be treated in the same way. We leave the details to the reader who will
verify that λ|a|2 + µ|b|2 + ν|c|2 6= 0 (when ∆A1B1C1 is not degenerate) and that

b12 − a12

b2 − a2
=
λ|a|2 + µ|b|2 + ν|c|2

λ+ µ+ ν
.

Note that this ratio is a real number (since λ, µ, ν are purely imaginary) so that
∆A12B12C12 and ∆A2B2C2 are even homothetic. Alternatively, this can also
be deduced from the following remark: the sidelines A2B2 and A12B12, say, are
parallel as being both perpendicular to the line OC (at C1 and C, respectively).

Our second theorem, attributed to Michel Chasles (Chasles’ polar triangle theo-
rem), is as follows:

Suppose that A2 6= A,B2 6= B and C2 6= C. Then the lines AA2, BB2, CC2

are concurrent or parallel.

The equation of the line AA2 is z(a2 − a)−z(a2−a) = aa2−aa2, that is, f(z, z) = 0
where

f(z, z) = z(λa+ 2(b− c))− z(λa− 2(b− c))− [2a(b− c) + 2a(b− c)].
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Cyclically, the equations of BB2 and CC2 are g(z, z) and h(z, z) where

g(z, z) = z(µb+ 2(c− a))− z(µb− 2(c− a))− [2b(c− a) + 2b(c− a)],

h(z, z) = z(νc+ 2(a− b))− z(νc− 2(a− b))− [2c(a− b) + 2c(a− b)].
Now, by addition, we see that

f(z, z) + g(z, z) + h(z, z) = 0,

hence any point on two of the lines is also on the third. The result follows.

Thus, A2B2C2 and ABC are in central perspective. From Desargues’ theorem,
they also are in axial perspective, meaning that the points of intersection of B2C2

and BC, of C2A2 and CA, of A2B2 and AB are all on a line ` (the axis of
perspective). As a supplement to the previous theorem, we have

If AA2, BB2 and CC2 are concurrent at Ω, then the axis ` is the polar
of Ω.

Let BC and B2C2 intersect at P and let H be the projection of O onto the line
` (see figure 2). The point H is on the circle with diameter OP which, passing
through A1, A21, is the inverse of the line AA2. Similarly, H is on the inverse of
BB2. Thus, H is the inverse of Ω and the result follows.

Figure 2
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Application to past problems

We first consider problem 4064 [2015 : 302 ; 2016 : 321]. With the notations
adopted above, this problem just require to prove that

OA2 ·B2C2

OA ·BC =
OB2 · C2A2

OB · CA =
OC2 ·A2B2

OC ·AB .

Our first theorem allows the following variant of solution. From an inversion
formula, we have

B1C1 =
ρ2BC

OB ·OC , B21C21 =
ρ2B2C2

OB2 ·OC2

where ρ is the radius of Γ. We deduce that

B21C21

B1C1
= k · OA2 ·B2C2

OA ·BC ,

where

k =
OA ·OB ·OC
OA2 ·OB2 ·OC2

.

Similarly,
C21A21

C1A1
= k · OB2 · C2A2

OB · CA
and

A21B21

A1B1
= k · OC2 ·A2B2

OC ·AB
and the desired equalities follow from the first theorem (part (i)) above, which
implies

B21C21

B1C1
=
C21A21

C1A1
=
A21B21

A1B1
.

Our second example is adapted from problem 3692 [2011 : 543 ; 2012 : 425]:

In the plane, let M be a point exterior to the circumcircle of triangle
ABC, with M not on the lines BC,CA,AB. Define D,E, and F to
be the second points where the circumcircle meets the lines AM,BM,
and CM , respectively. If O1, O2, and O3 are the respective centers of
the circles BCM,CAM, and ABM , prove that ∆O1O2O3 and ∆DEF
are in perspective.

Let p be the power of M with respect to the circumcircle. The inversion in the
circle with center M and radius

√
p transforms B into E and C into F , hence O1

is the center of the circle inverse of the line EF . Its inverse O′1 is the reflection of
M in the line EF and we have p = MO1 ·MO′1 = 2MO1 ·MU1 where U1 is the
projection of M onto EF . Thus, O1 is the inverse of U1 in the circle Γ with center

M and radius
»

p
2 , hence the pole of EF with respect to this circle. Of course, O2

is the pole of DF and O3 is the pole of DE and the result follows from the second
theorem above.
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Exercises

We conclude with a couple of easy problems related to the results of the present
note. In exercises 1 and 2, the notations are those introduced in the first sections.

1. Prove that O,A,B,C are concyclic if and only if O,A2, B2, C2 are concyclic.

2. If Γ is the circle centered at the incenter of ∆ABC and with radius r
√

2 (where
r is the inradius), prove that the triangles A21B21C21 and A1B1C1 are symmetrical
about a point.

3. Let the incircle of ∆ABC touch the sides BC,CA,AB at D,E, F , respectively
and let Ge be the Gergonne point (point of concurrency of AD,BE,CF ). If AC
intersects DF at V and AB intersects DE at W , prove that VW is perpendicular
to IGe (I is the incenter).

4. Let Γ (with center O) be the circumcircle of ∆ABC. Suppose that the tangent
to Γ at A intersects the line BC at U and that the tangent to Γ at B intersects
the line CA at V . Prove that UV is perpendicular to OK (K is the symmedian
point of ∆ABC).

References

[1] R. A. Johnson, Advanced Euclidean Geometry, Dover, 1960.

[2] Liang-Shin Hahn, Complex Numbers and Geometry, MAA, 1994.

Crux Mathematicorum, Vol. 48(9), November 2022



David E. Matthews /549

B. L. R. Shawyer: Some Personal
Reminiscences

David E. Matthews

My first encounter with Bruce Shawyer occurred in a lecture hall in the Biology
& Geology Building on Western’s campus at the beginning of the 1966–67 aca-
demic year. I was a newly-enrolled undergraduate in the Faculty of Science, and
Bruce had recently joined the Department of Pure Mathematics. What brought
us together was Math 24, an eight-month course in calculus. I entered Western
expecting to earn an honours undergraduate degree in chemistry; by Christmas
of that year, I had convinced myself that my future lay in some other direction.
Due to the weekly labs, I had become thoroughly disenchanted with chemistry.
However, as that winter of my discontent unfolded, I could not identify which
alternative I preferred, nor did I appreciate how my choice, and thus my future
career, would hinge on Bruce’s timely intervention.

Throughout the balance of that winter, my thoughts about the future mostly in-
volved physics. But at the end of the academic year, after receiving a grade report
from the Registrar’s Office, I also received a personal letter from my calculus prof
congratulating me on my achievements in Math 24 and inviting me, if I had not
already chosen an academic discipline to study, to give serious consideration to
pure mathematics. The letter also invited me, if I wished, to make an appoint-
ment with Professor Shawyer to answer any questions I might have concerning
undergraduate studies in pure mathematics.

I never made such an appointment. Instead, on the strength of Bruce’s letter
alone, I enrolled in second-year studies in pure mathematics the following Septem-
ber. I believe Bruce knows just how important his letter to me turned out to
be, but when the guest co-editor of this special issue of CRUX Mathematicorum
invited contributions to the special issue honouring Bruce, I decided to seize the
opportunity to acknowledge in print just how pivotal for me was that letter which
Bruce wrote at the end of Math 24 in May, 1967.

In subsequent years, Bruce was my real analysis prof in both second- and third-year
studies. During the summer prior to fourth year, I headed off to Europe. Bruce
knew about my plans, and suggested I might visit his father in Kirkcaldy, on the
northern shore of the Firth of Forth, during my wanderings. Towards the end of
my four months abroad I managed to get to Scotland, and spent several pleasant
days with Mr. Shawyer, visiting the University of St. Andrews, savouring fish
and chips served up in genuine newsprint, and navigating around the awkward
problem of how to refer in conversation to someone whom one party has only
known as Bruce when the other party in the conversation has never had occasion
to call him by his given name!

I returned from Europe shortly before fourth year began and, in reaction to having
worn the same pair of jeans non-stop for four months — I hasten to add that they
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did get washed regularly — switched to attending classes attired in a navy blazer,
grey flannel trousers and a shirt and tie — every day! Within a few weeks, Bruce
caught me up in the hallway and inquired if I had my sights set on a place in
medicine. But as my final year as an undergraduate in pure mathematics pro-
gressed, I was encouraged by Bruce and other faculty members in the department
to apply for a scholarship to pursue a master’s degree. When that scholarship
was awarded to me at the end of my undergraduate studies, enrolling in the de-
partment’s course-based master’s degree program was a natural next step. Eight
months later, I had completed the degree requirements, and was looking forward
to heading off to England at the end of the summer to take up a Commonwealth
Scholarship at Imperial College, in the Department of Mathematics. By that
point, I had concluded that my best future prospects were likely to be found in
statistics rather than in pure math, a recalibration that Bruce later characterized
as “astute.” When I subsequently sought an academic post, that change in focus
would certainly prove to be advantageous.

During my doctoral studies in England, Bruce and family spent a sabbatical year
in Kintbury, Berkshire, west of Reading. On at least two occasions during that
year, I spent a delightful weekend in their sabbatical cottage, absorbing the aspects
of country life that doctoral studies in the capital did not include. During country
strolls, our conversations were wide-ranging, but I particularly recall one discussion
that focused on the challenge of changing from calling him “Professor Shawyer”
to addressing him simply as “Bruce.” As he observed, some students clear such a
hurdle with ease, whereas others never manage to adapt.

When I retuned to Canada at the end of my doctoral studies, I not only had a
newly-minted PhD, but I also had a visiting appointment in Statistics at the Uni-
versity of Waterloo. A year later, I was offered a tenure-track post and, in the end,
I spent nearly my entire career in the Faculty of Mathematics; of course, various
leaves always took us to foreign parts — England, Switzerland, Australia, New
Zealand and the USA. For ten years or so, I saw Bruce, Jo and family in London,
ON, which was also my family home, but then they moved to Newfoundland and
our physical paths crossed less frequently. Nonetheless, there were a few times
when we came to St. John’s, or when Bruce visited Waterloo, and we could renew
our friendship in person.

All the same, like two entangled quantum particles, we would experience intersec-
tions. For example, Janet, Bruce’s oldest daughter, kindly babysat our two very
young sons for an evening when the four of us were visiting St. John’s for an an-
nual meeting of the Statistical Society of Canada. Not too long after Bruce, Jo and
family moved to Newfoundland, my sister and two nieces lived for several years in
the former Shawyer family home on Bernard Avenue in London. I discovered that
my next door neighbour, Kate Larson, was a childhood friend of Suzanne, Bruce
and Jo’s younger daughter. And our family spent three memorable weeks in the
Shawyer’s Kintbury cottage while waiting to move into our sabbatical housing in
Oxford in the fall of 1998.

All of which prompts me to ponder, yet again, the obvious question, “Whatever
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would have happened if Bruce hadn’t written to me in 1967 inviting me to consider
undergraduate studies in Honours Pure Mathematics at Western?”

I’m so glad he did.

Thank you, Bruce.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

David E. Matthews
Statistics & Actuarial Science
University of Waterloo
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A note
Michael Parmenter

Although Bruce and I were colleagues for many years it was actually after we had
both retired that we got to know each other better. During our regular (usually
monthly) visits we would talk about many things — one topic that always came
up was how proud he was of his family and what they had all accomplished — but
we always found time for some mathematics. I would select two or three problems
from the latest issue of Crux and we would try our hand at solving them. One
result of this collaboration can be found on pp. 32-33 of the May 2015 issue of
Crux where a modified version of our solution to Problem 3944 appears. This may
be Bruce’s last mathematical contribution to appear in print and I am pleased to
be part of it.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Michael Parmenter
Memorial University of Newfoundland

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Here is the problem and solution.

3944. Proposed by Bill Sands.

With the elimination of the penny in Canada, purchase totals in stores are rounded
off to the nearest multiple of 5 cents. For example, if you bought several items in
a store with total price $9.97, you would only pay $9.95, but if your items totalled
to $9.98 then you would pay $10. Suppose you go into a dollar store and want to
buy 123 items worth 1 cent, 2 cents, 3 cents, . . ., $1.23. You are allowed to group
the 123 items into any number of groups of any sizes, and each group would be a
separate purchase. How could you group the 123 items so as to pay the smallest
possible total amount?

We received four correct and three incomplete solutions.

We present a modified and shortened version of the solutions of Joseph DiMuro,
Salem Malikić, and Michael Parmenter and Bruce Shawyer.

First we note that subtracting multiples of five cents from the prices does not
affect the rounding, so to simplify the problem, we assume that we have 25 items
each costing one, two, or three cents and 24 items each costing zero or four cents.
We claim that maximum savings can be achieved by paying for each of the zero,
one, and two cent items as well as one three cent item separately and grouping
the remaining items into 24 groups of one item of three cents and one item of four
cents.
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We begin by assuming that the items have been grouped together such that the
saving is maximum. We will make changes to the groupings without increasing
the price paid until we reach our solution above. If a group can be split into two
groups of total prices 5s + i and 5t + j, where i = 0, 1, 2, then we split it. It can
be checked easily that this split does not increase the total price. Therefore we
may assume that all the items that cost at most two cents are bought separately.
Furthermore the remaining groups consist either of exactly one three cent item
and one four cent item, of one or two three cent items, or of up to three four cent
items. Now if we have a group of only three cent items and one of only four cent
items, we remove one item from each group and put the two items in a new group.
Again we won’t increase the total price (check a few cases). By this process we
eventually arrive at our solution.

To calculate our savings, we note that we save one cent for each one cent item,
two cents for each two cent item and for each group of two items, and we pay two
cents extra for the single three cent item. In total we save $1.21 compared to the
original overall price of $76.26 (or $1.20 compared to the $76.25 we would have to
pay).

As an addendum we present the proposer’s proof that the above scheme is optimal.

Notice that the 24 items costing a multiple of five cents can be added to any
purchase without changing the amount saved from that purchase. Thus we can
ignore these items. Next, in each purchase, you cannot save more than two cents.
The 25 items costing 5r+ 2 cents are the only ones which when bought separately
will save you two cents. Thus each of the remaining 74 items can contribute at most
one cent to the total saving, whether bought separately or in combination with one
or more other items. Therefore the total saving can be at most 25 ·2 + 74 ·1 = 124
cents, so you must pay at least $76.26 - $1.24 = $75.02. But you have to pay a
multiple of 5 cents, thus at least $75.05.
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Constructing Regular Polygons
using Straightedge and Compass

Bruce Shawyer

This article appeared in Mathematical Mayhem, Volume 4, Issue 5, pages 8-15.
Reprinted with permission from the CMS.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

It has been known for about 200 years that only certain regular polygons can
be constructed using straightedge and compasses. The basic problem involved is
the division of a complete revolution (360◦ angle) into a given number of equal
angles. The method of bisection of an angle has been known for time immemorial,
and is to be found, for example, in Euclid. However, the problem of trisection
of an angle has fascinated mathematicians for centuries. It was not until 1837
that it was proved that this apparently simple problem could not be done with
straightedge and compasses alone. This proof has not prevented many people from
trying the impossible! Recently, Underwood Dudley published an account of many
of the more interesting “attempts” to obtain such a trisection, in a book entitled
A Budget of Trisections, published by Springer-Verlag.

Since bisection of angles (and lines) is always possible, it is only necessary to know
which polygons with a prime number of sides can be constructed. It was Carl
Friedrich Gauss, one of the greatest mathematicians of all times, who proved that
such primes must be of the form 2n + 1. Gauss was seventeen years old when he
proved this in 1794. Those of you who have seen the logo for the 1989 IMO held
in Braunschweig, Germany, will know that an image of Gauss appears within a
seventeen sided polygon (the case n = 4).[Ed.: pictured below.]

Fermat Primes

It is also known that if such a number is prime, then it must also be of the form
22n

+ 1, and this is commonly known as a Fermat prime. The first few primes of
this form are as following:
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n 22n

+ 1
1 5
2 17
3 257
4 65 537

Around 1645, Pierre Fermat conjectured that all such numbers were prime, but in
1732, Leonard Euler had shown that the case n = 5 was not so. In fact

225

+ 1 = 4 292 967 297 = 641× 6 700 417.

It is now known that such numbers are not prime for

7 ≤ n ≤ 16; n = 18, 23, 36, 38, 39, 55, 63, 73,

and some larger values of n. In fact, no Fermat prime greater than 65 537 has
been discovered. The first candidate on the list above, when n = 17, contains
3 946 digits. Its investigation will require a lot of computer time!

Most people know how to construct an equilateral triangle and a square using
straightedge and compasses alone [Ed.: If not, check out [2021 : 47(5), 232-237]].
And so, they also know how to construct a regular hexagon, a regular octagon, etc.
However, very few people (including professional mathematicians) know, without
looking it up in a book, how to construct a regular pentagon. I will give two
methods here.

Regular Pentagon, Method I

• Draw a circle, centre O, into which the pentagon is to be inscribed.

• Draw any diameter AOB.

• Bisect OB to find C.

• Find D on the circle so that OD is perpendicular to AOB.

• With centre C and radius CD, draw an arc to intersect AB internally at E.

• With centre D and radius DE, draw an arc to intersect the arc of the circle,
AD, at F .

• Then DF is one side of the regular pentagon inscribed in the given circle.

This method has the practical disadvantage of having to reset the compasses three
times. The next method eliminates that disadvantage.

Regular Pentagon, Method II

In this method, we need to find a point G such that OG =
√

5−1
4 times the radius

of the given circle.

• Draw a circle, centre O, into which the pentagon is to be inscribed.
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• Let OA be any radius and extend it to B so that OA = AB.

• Draw BC perpendicular to OB with BC = OA.

• Note that OC =
√

5 times the radius OA.

• Let the line segment OC intersect the circle at D.

• Find E on the line segment OC such that CE = OA.

• Bisect OE to give F . Bisect OF to give G.

• Draw HGJ perpendicular to OC, where H and J lie on the given circle.

• Then H, D and J are three vertices of the regular pentagon inscribed in the
given circle.

The two other vertices could be obtained by resetting the compasses, but this is
not necessary, since it is sufficient to bisect the angles ∠HOD and ∠JOD.

Algorithms for the regular polygons with 17, 257 and 65 537 sides are known, but
are much more complicated than either of those given here.

The Carpenter’s Theorem

Despite it being known that it is impossible to construct a regular heptagon with
straightedge and compasses alone, there are several results in the literature that
tell you how to do it! I will give two such methods. The first occurs (at least)
in a book of making furniture (The Techniques of Furniture Making, E. Joyce,
Batsford, London, 1972). This result claims to give a straightedge and compasses
method for constructing any regular polygon.

To construct a regular polygon of n sides (n = 5, 7, 8, 9, . . . ), proceed as follows:

• Draw one side AB.
• Above AB, using straightedge and com-

passes, construct the centre of the square
of side AB and call it C4 and the centre of
the hexagon of side AB and call it C6.

• Draw the line C4C6 and produce it as re-
quired.

• Bisect C4C6 using straightedge and com-
passes.

• Let C5, be the midpoint of C4C6.
• Let the distance C4C6 = δ.
• Let C7 be distance δ above C6. Let C8 be

distance δ above C7. And so on.

A B

C4

C5

C6

C

Then Cn is the centre of a regular polygon of n sides with AB as one side.

Since the Carpenter’s Theorem is clearly false in general, the question remains as
to how good it is in practice.
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Theory of the Carpenter’s Theorem

Let C be the midpoint of AB and let AC = CB = 1. Then CC4 = 1 and

CC6 =
√

3. Therefore δ =
√

3−1
2 so that

CCn = 1 +
(n− 4)

Ä√
3− 1

ä
2

.

Now the true centre of the regular polygon with n sides, C∗n, is given by

CC∗n = cot
(π
n

)
.

So that the Carpenter’s Theorem would then tell us that

2π = 2n tan−1

Å
CB

CCn

ã
= 2n tan−1

Ñ
2

2 + (n− 4)
Ä√

3− 1
äé .

See the table at the end for some numerical data.

It is easy to see what sort of approximation we have. The graph of y = cot(π/x)
for x ≥ 2 is a smooth curve that passes through all the centres C∗n. This curve
is given on the diagram below by a solid curve. The Carpenter’s Theorem, being
exact for n = 4 and n = 6, is a straight line approximation through the two points
representing C∗4 and C∗6 . This is the dotted line of the diagram. The line lies
above the curve for x < 4 and for x > 6, and lies below the curve for 4 < x < 6.

1

2

3

4

1 2 3 4 5 6 7 8 9 10 11 12

Using calculus, we get that y′ = π
x2 csc2

(
π
x

)
→ 1

π as x→∞. Now the slope of the

line is
√

3
2 which is approximately equal to 0.86603 whereas 1

π is approximately
equal to 0.31831. Although the Carpenter’s Theorem may be reasonably practical
for small values of n, it becomes increasingly inaccurate as n becomes large.

The Draughtsman’s Theorem

The second result occurs in a book on perspective drawing (Background to Per-
spective, W. Coombes, A. C. Black, London, 1958). Again, this result claims to
give a method for constructing any regular polygon.
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To construct a regular polygon of n sides (n = 4, 5, 6, . . . ), proceed as follows:

• Draw the circle into which the polygon is to be inscribed.

• Draw any diameter AOB.

• Using straightedge and compasses, divide AB into n equal portions.

• Call these points, in order, A = P0, P1, . . . , Pn,= B.

• Find C using compasses, such that AB = BC = CA.

• Draw CP2 and produce it to meet the circle at D on the opposite side of AB
from C.

Then AD is a side of a regular polygon inscribed in the circle.

The diagram illustrates the case n = 7.

P1 P2 P3 P4 P5 P6
A B

C

D

O

Since the Draughtsman’s Theorem is clearly false in general, the question remains
as to how good it is in practice.

Theory of the Draughtsman’s Theorem

Consider a coordinate system with O as the origin and B as the point (1, 0). Then

C is the point
Ä
0,
√

3
ä

and P2 is the point (4/n−1, 0). For notational convenience,

we shall set p = 1− 4/n.

The equation of CP2 is y =
√

3(x − p)/p. To find the coordinates of D, we must
solve this with the equation of the circle x2 + y2 = 1. This is easy!

Crux Mathematicorum, Vol. 48(9), November 2022



Bruce Shawyer /559

If D∗ is the correct point for a regular polygon, then its coordinates are
(− cos(2π/n),− sin(2π/n)).

So that the Draughtsman’s Theorem would then tell us that

2π =
4

1− p tan−1

ñ√
3

p

Ç
1− p2 + 3

3 +
√

3− 2p2

åô
Again, see the table at the end for some numerical data.

This formula is true for n = 4 and n = 6, but it does not give a simple (that is,
linear) approximation to y = cot(π/x). We shall not attempt to graph it here, but
refer you to the table at the end.

The Master Carpenter’s Theorem

In terms of practicality, the Carpenter’s Theorem is more appealing than the
Draughtsman’s Theorem in that it enables one to obtain the desired side length.
Of course, the Draughtsman’s Theorem can be drawn in any circle, and then
the polygon expanded or contracted, but it is not as easy as starting with the
correct side. Therefore we will now consider an improvement, called the Master
Carpenter’s Theorem.

First we note that the centres of the regular, square, hexagon, octagon and do-
decagon are all easily constructable, since we have

CC∗4 = cot
(π

4

)
= 1; CC∗6 = cot

(π
6

)
=
√

3;

CC∗8 = cot
(π

8

)
= 1 +

√
2; CC∗12 = cot

( π
12

)
= 2 +

√
3.

Let C∗7 be the midpoint of C∗6C
∗
8 . This gives the approximation:

2.0765 · · · = cot
(π

7

)
≈
√

1 +
√

2 +
√

3

2
= 2.0731 · · · .

Let C∗9 , C∗10, and C∗11 be equally distributed between C∗8 and C∗12. This gives the
approximation

cot
(π
n

)
≈ 4(1 +

√
2) + (n− 8)(1−

√
2 +
√

3)

4
.

Written out, this gives

2.7474 · · · = cot
(π

9

)
≈ 4(1 +

√
2) + (1−

√
2 +
√

3)

4
= 2.7436 · · · ;

3.0776 · · · = cot
( π

10

)
≈ 2(1 +

√
2) + (1−

√
2 +
√

3)

2
= 3.0731 · · · ;

3.4056 · · · = cot
( π

11

)
≈ 4(1 +

√
2) + 3(1−

√
2 +
√

3)

4
= 3.4025 · · · .
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This can be extrapolated for n ≥ 13 to get better results than the Carpenter’s
Theorem.

Finally, we place C∗5 so that CC∗5 = 11
8 ×AC because of the approximation:

1.3764 · · · = cot
(π

5

)
≈ 11

8
= 1.375.

C∗4 C∗5 C∗6 C∗7 C∗8 C∗9 C∗10 C∗11 C∗12

A

B

C

1
11
8

√
3 1 +

√
2 2 +

√
3

Note: AC∗4 =
√

2× AC

CC∗4 = AC

Note that all the points C∗n can be obtained using straightedge and compasses
alone.

Concluding Remarks

We reduce the question now to one of sheer practically: “What is the best method
to use if you wish to draw a regular polygon?”

There has been no consideration here of practical errors that may arise from the
drawing of lines, from the placing of the point of the pair of compasses, from the
setting of the compasses to any required radius, from the width of the pencil, or
from the width of the cut made by the carpenter’s saw! So I will conclude with
two extremely practical methods.

Method A Draw the circumscribing circle. Guess, to the best of your ability,
the size of the required side. Use the compasses to mark off round the circle, the
correct number of points.

Unless you are exceptionally lucky, you will not be exact! You will be either too
long or too short. Estimate the error, reset the compasses, and try again. After
three tries you should be as close as is practical.
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Method B CHEAT! Use a protractor!

Method Number Approximation percent Perimeter error in
of sides to 360◦ error 48” diameter

Carpenter 361.2◦ 0.57 0.9”
Draughtsman 5 359.8◦ 0.06 −0.1”
Master 360.3◦ 0.08 0.1”
Carpenter 356.8◦ 0.90 −1.3”
Draughtsman 7 360.6◦ 0.17 0.3”
Master 360.3◦ 0.08 0.1”
Carpenter 353.4◦ 1.83 −2.8”
Draughtsman 8 361.5◦ 0.42 0.6”
Master 360.0◦ 0 0”
Carpenter 350.3◦ 2.70 −4.1”
Draughtsman 9 362.5◦ 0.69 1.0”
Master 360.5◦ 0.13 0.2”
Carpenter 347.5◦ 3.48 −5.2”
Draughtsman 10 363.6◦ 0.99 1.5”
Master 360.5◦ 0.14 0.2”
Carpenter 345.0◦ 4.17 −6.3”
Draughtsman 11 364.6◦ 1.30 1.9”
Master 360.3◦ 0.09 0.1”
Carpenter 342.7◦ 4.78 −7.2”
Draughtsman 12 365.7◦ 1.60 2.4”
Master 360.0◦ 0 0”
Carpenter 329.0◦ 8.62 −13.0”
Draughtsman 24 365.7◦ 4.20 6.4”
Master 355.8◦ 1.16 1.8”
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PROBLEMS

Click here to submit problems proposals as well as solutions, comments
and generalizations to any problem in this section.

To facilitate their consideration, solutions should be received by January 15, 2023.

4781. Proposed by Michel Bataille.

Let C denote the set of all pairs of coprime positive integers and let

d(m,n) = gcd{2m(m+ n), n(10m+ n), n2 + 10m2 + 2mn}.

Find {d(m,n); (m,n) ∈ C}.

4782. Proposed by Eugen J Ionascu.

Let A be the set of all integers n such that 1 ≤ n ≤ 2022 and gcd(n, 2022) = 1.
For every nonnegative integer j, let S(j) =

∑
n∈A n

j . Show that

S(j) (mod 2022) ≡
®

0 if 336 6 |j,
672 if 336|j.

4783. Proposed by Mihaela Berindeanu.

Prove that the points A,B,C on the unit circle are the vertices of an equilateral
triangle if and only if the corresponding complex numbers a, b, c satisfy

a

2(b+ c)− a +
b

2(c+ a)− b +
c

2(a+ b)− c = −1.

4784. Proposed by Salem Malikic.

Given is a triangle ABC and point D on the extension of CA beyond A such that
AD = AB. Let E be the intersection point of the angle bisector of angle BAC
and side BC, and F the midpoint of AE. If CF intersects side AB at G, prove
that the points D, G, and E are collinear.

4785. Proposed by George Apostopoulos.

Let ABCD be a cyclic quadrilateral with circumradius R and area F . Prove that∑
tan2 A

2∑
cos4 A

2

≤ 16R4

F 2
,

where the sums are taken over all the angles of the quadrilateral.
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4786. Proposed by Florică Anastase-Călăraşi.

In ∆ABC, prove that the following relationship holds:(∑
cyc

1

mamb

)(
4s+

∑
cyc

bc

a

)
≥ 54

s

4787. Proposed by Toyesh Prakash Sharma.

Evaluate ∫ ∞
−∞

tan2 x

x2
· dx

4 + sec2 x
.

(Hint: use Lobachevsky Integral formula. Can you solve this using another method?)

4788. Proposed by Albert Natian.

Solve
∞∑
k=0

(−1)
k

2k+1

Ä
x2k

+ 1
ä2

= 0

for real x given that |x| < 1.

4789. Proposed by Byungjun Lee.

Side BC of triangle ABC is divided by interior points D and E, so that 4BD =
4CE = BC. Circle Γ passing through A and tangent to the segment CD has center
O, and meets segments AB, AC, and AD again at X, Y , and Z, respectively.
Suppose that Γ and EX both bisect the segment CZ. Prove that points C, Y , Z,
and O are concyclic.

4790. Proposed by Aravind Mahadevan.

Find x and y such that

x cos3 y + 3x sin2 y cos y = 14 and x sin3 y + 3x cos2 y sin y = 13.
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Cliquez ici afin de proposer de nouveaux problèmes, de même que pour
offrir des solutions, commentaires ou généralisations aux problèmes

proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 15 janvier 2023.

4781. Soumis par Michel Bataille.

Soit C l’ensemble de toutes les paires d’entiers positifs copremiers et soit

d(m,n) = PGCD{2m(m+ n), n(10m+ n), n2 + 10m2 + 2mn}.

Trouvez {d(m,n); (m,n) ∈ C}.

4782. Soumis par Eugen J Ionascu.

Soit A l’ensemble de tous les entiers n, 1 ≤ n ≤ 2022 et PGCD(n, 2022) = 1. Pour
tout entier non négatif j, soit S(j) =

∑
n∈A n

j . Montrez que

S(j) (mod 2022) ≡
®

0 si 336 6 |j,
672 si 336|j.

4783. Soumis par Mihaela Berindeanu.

Montrez que les points A, B et C du cercle unité sont les sommets d’un triangle
équilatéral si et seulement si les nombres complexes correspondants a, b, c satisfont
à

a

2(b+ c)− a +
b

2(c+ a)− b +
c

2(a+ b)− c = −1.

4784. Soumis par Salem Malikic.

Soit ABC un triangle. Considérons un point D sur le prolongement de CA au-delà
de A tel que AD = AB. Soit E le point d’intersection de la bissectrice de l’angle
BAC et du côté BC. Soit F le point milieu de AE. Si CF rencontre le côté AB
en G, montrez que les points D, G et E sont colinéaires.

4785. Soumis par George Apostopoulos.

Soit ABCD un quadrilatère cyclique dont le rayon du cercle circonscrit est R et
dont l’aire est F . Montrez que ∑

tan2 A
2∑

cos4 A
2

≤ 16R4

F 2
,

où les sommes sont prises sur tous les angles du quadrilatère.
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4786. Soumis par Florică Anastase-Călăraşi.

Montrez que ∆ABC vérifie la relation suivante :(∑
cyc

1

mamb

)(
4s+

∑
cyc

bc

a

)
≥ 54

s

4787. Soumis par Toyesh Prakash Sharma.

Évaluez l’intégrale suivante :∫ ∞
−∞

tan2 x

x2
· dx

4 + sec2 x
.

(Indice: utilisez la formule intégrale de Lobachevski. Pouvez-vous résoudre ce
problème en employant une autre méthode?)

4788. Soumis par Albert Natian.

Résoudre ∞∑
k=0

(−1)
k

2k+1

Ä
x2k

+ 1
ä2

= 0

pour x réel vérifiant |x| < 1.

4789. Soumis par Byungjun Lee.

Le côté BC du triangle ABC est divisé par les points intérieurs D et E, de telle
sorte que 4BD = 4CE = BC. Le cercle Γ passant par A et tangent au segment
CD a comme centre le point O. Ce cercle rencontre les segments AB, AC et AD
à nouveau en X, Y et Z, respectivement. Supposons que Γ et EX bissectent tous
deux le segment CZ. Montrez que les points C, Y , Z et O sont cocycliques.

4790. Soumis par Aravind Mahadevan.

Trouvez x et y tels que

x cos3 y + 3x sin2 y cos y = 14 et x sin3 y + 3x cos2 y sin y = 13.
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SOLUTIONS
No problem is ever permanently closed. The editor is always pleased to consider for
publication new solutions or new insights on past problems.

Statements of the problems in this section originally appear in 2022: 48(4), p. 225–228.

4731. Proposed by Michel Bataille.

Let n be a nonnegative integer. Evaluate

∞∑
k=0

Ç
2n+ k

n

å
1

2k
.

There were 16 correct and 2 incomplete solutions from 17 solvers. We present 4
solutions.

Solution 1, by Ivan Hadinata and Didier Pinchon (independently).

Let f(n) =
∑∞
k=0

(
2n+k
n

)
1
2k for each nonnegative integer n. Then f(0) = 2, and,

for n ≥ 1,

1
2f(n) = f(n)− 1

2f(n) =
∞∑
k=0

Ç
2n+ k

k

å
1

2k
−
∞∑
k=0

Ç
2n+ k

n

å
1

2k+1

=

Ç
2n

n

å
+
∞∑
k=1

ñÇ
2n+ k

n

å
−
Ç

2n+ k − 1

n

åô
1

2k

=

Ç
2n

n

å
+
∞∑
k=1

Ç
2n+ k − 1

n− 1

å
1

2k

=

Ç
2n

n

å
+ 2

ñ
f(n− 1)−

Ç
2n− 2

n− 1

å
− 1

2

Ç
2n− 1

n− 1

åô
.

Therefore

f(n)− 4f(n− 1) = 2

ñÇ
2n

n

å
−
Ç

2n− 1

n− 1

åô
− 4

Ç
2n− 2

n− 1

å
=

Ç
2n

n

å
− 4

Ç
2(n− 1)

n− 1

å
.

It follows that, for each n ≥ 1,

f(n)−
Ç

2n

n

å
= 4

ñ
f(n− 1)−

Ç
2(n− 1)

n− 1

åô
= 4n[f(0)− 1] = 4n,

so that f(n) =
(

2n
n

)
+ 4n.
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Solution 2, by Brian Bradie.

We first note that
(
n
k

)
= (2πi)−1

∮
γ
(1 + z)nz−(k+1)dz, where γ is a closed contour

around the origin, that
(
n
k

)
= 0 when k > n, and that 1−(1+z)(2z)−1 = 1

2 (1−z−1).

Let γ be the closed curve defined by |z| = 2. SinceÇ
2n+ k

n+ k

å
=

1

2πi

∮
γ

(1 + z)2n+k

zn+k+1
dz,

the proposed sum is equal to

1

2πi

∮
γ

(1 + z)2n

zn+1

∞∑
k=0

Å
1 + z

2z

ãk
dz =

1

πi

∮
γ

(1 + z)2n

zn+1
· 1

1− z−1
dz

=
1

πi

∮
γ

(1 + z)2n

zn+1

( ∞∑
k=0

1

zk

)
dz =

1

πi

∞∑
k=0

∮
γ

(1 + z)2n

zn+k+1
dz

= 2
∞∑
k=0

Ç
2n

n+ k

å
= 2

n∑
k=0

Ç
2n

n+ k

å
=

Ç
2n

n

å
+

2n∑
k=0

Ç
2n

k

å
=

Ç
2n

n

å
+ 22n.

Solution 3, by the proposer.

We begin by observing that

n∑
k=0

Ç
n+ k

n

å
2−k = 2n and

∞∑
k=0

Ç
n+ k

n

å
2−k = 2n+1.

The first of these can be shown by induction; using that fact thatÇ
n+ k

k

å
=

Ç
n+ k − 1

k

å
+

Ç
n+ k − 1

k − 1

å
,

it can be established that Xn = 2Xn−1 where Xn is the sum. The second follows
from the expansion

(1− x)−(n+1) =
∞∑
k=0

Ç
n+ k

n

å
xk,

which is valid when x = 1
2 .

The sum to be found is equal to

2n
∞∑
k=n

Ç
n+ k

n

å
1

2k
=

Ç
2n

n

å
+ 2n

[ ∞∑
k=0

Ç
n+ k

n

å
1

2k
−

n∑
k=0

Ç
n+ k

n

å
1

2k

]

=

Ç
2n

n

å
+ 2n(2n+1 − 2n) =

Ç
2n

n

å
+ 4n.
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Solution 4, by Brian Bradie.

Since Ç
2n+ k

n

å
=

1

n!

[
Dn(x2n+k)

]
x=1

,

the sum is equal to the following evaluated at x = 1:

1

n!xn
Dn

Å
x2n

1− x

ã
=

1

n!xn
Dn

(
1

1− x −
2n−1∑
k=0

xk

)

=
1

n!xn

(
n!

(1− x)n+1
−
n−1∑
k=0

(n+ k)!

k!
xk

)

=
1

xn(1− x)n+1
−

n∑
k=0

Ç
n+ k

n

å
xk−n +

Ç
2n

n

å
.

Thus

∞∑
k=0

Ç
2n+ k

n

å
1

2k
= 22n+1 − 2n

n∑
k=0

Ç
n+ k

n

å
2−k +

Ç
2n

n

å
= 22n+1 − 22n +

Ç
2n

n

å
= 22n +

Ç
2n

n

å
,

using the identity at the outset of Solution 3.

Editor’s Comments. Several solvers derived the recursion f(n + 1) = 4f(n) −
2

n+1

(
2n
n

)
and thence were led by various routes to the answer. Jason Smith and

C.R. Pranesachar generalized the series to the function Fn(x) =
∑
k=0

(
2n+k
n

)
xk.

The former found that

Fn(x) =
1

x

Ç
Fn−1(x)−

Ç
2n− 2

n− 1

åå
+ x

Ç
Fn(x) +

1

x

Ç
2n− 1

n

åå
and the latter that

Fn(x) =
n−1∑
k=1

Ç
2n− k
n− k

å
(1− x)−k.

G. C.Greubel noted that

Fn(x) =

Ç
2n

n

å
2F1(1, 2n+ 1;n+ 1;x) =

1

1− x
n∑
k=0

Ç
2n

k

åÅ
x

x− 1

ãn−k
,

and obtained the result by letting x = 1
2 . Yunyang Zhang also used the hyperge-

ometric function and he, along with Paul Bracken noted that the answer can be
given in the form

f(n) = 4n
Ç

Γ(n+ 1
2 )√

πΓ(n+ 1)
+ 1

å
.
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Three people identified
(

2n+k
n

)
through the evaluation of the nth derivative of

xn(1− x)−1 at x = 1; one of them used Leibniz’ rule for differentiating a product.
Paolo Perfetti also expressed the sum as a contour integral and was led to the
result. Angel Plaza recognized that the generating function for which the given
series was the coefficient of xn in its expansion was…

1

1− 4x
+

1

1− 4x
.

A tool not used in any of the solutions was probability. Ignoring the first term of
the series, we can reformulate the result as showing that

∞∑
j=n+1

Ç
n+ j

n

å
2−(n+j) =

∞∑
k=1

Ç
2n+ k

n

å
2−(2n+k) = 1.

Suppose that I toss a coin until I get a total of n + 1 heads. Before the winning
toss, I had exactly n heads, so the probability of getting exactly j tails in the
process (including the winning throw) isÇ

n+ j

n

å
2−(n+j+1).

If j ≤ n, then n+ 1 heads will appears before n+ 1 tails, while, if j ≥ n+ 1, then
n + 1 tails will appear before n + 1 heads. Since these two outcomes are equally
likely,

n∑
j=0

Ç
n+ j

n

å
2−(n+j+1) =

∞∑
j=n

Ç
n+ j

n

å
2−(n+j+1) =

1

2
.

Multiplying by 2, we get

n∑
j=0

Ç
n+ j

n

å
2−(n+j) =

∞∑
j=n

Ç
n+ j

n

å
2−(n+j) = 1.

Is this already known? Looking this up in Graham, Knuth, and Patashnik’s won-
derful Concrete mathematics, we find the finite sum on page 167 as formula (5.20).
There is also a reference there to Tamas Lengyel’s paper “A combinatorial identity
and the World Series” (SIAM Rev 35 (1993) 294-297), where a proof similar to
ours is given. The application to the World Series (n = 3) is obvious! The infinite
sum corresponds to a similar sum of probabilities for a “World Infinite Series” in
which play continues until the losing team has won n games.

4732. Proposed by Arben Ajredini.

Let ϕ denote the Euler’s totient function. Find all polynomials p ∈ Z[x] such that

ϕ(x) | p(x), ∀x ∈ Z≥1.

There were 8 correct and 2 incorrect solutions. We present 2 solutions.
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Solution 1, by Marie-Nicole Gras.

Let r be a fixed prime and q be any prime that exceeds |p(r)|.
Since q ≡ 1 (mod q − 1) and φ(qr) = (q − 1)(r − 1) divides p(qr), then p(r) ≡
p(qr) ≡ 0 (mod q − 1). Therefore p(r) = 0. Since this holds for every prime r,
p(x) must be the zero polynomial.

Solution 2, by Walther Janous.

Recall that, for arbitrary distinct integers x and y, p(x)−p(y) is divisible by x−y.
Let a and b be two distinct primes. Then φ(ab) = (a− 1)(b− 1) = ab− (a+ b− 1)
is a divisor of both p(ab) and p(ab)−p(a+b−1). Therefore (a−1), being a divisor
of p(ab), divides p(a+ b− 1).

Since a − 1 = (a + b − 1) − b, a − 1 divides p(a + b − 1) − p(b), and so divides
p(b). Thus, for each prime b, p(b) has infinitely many distinct divisors a− 1, and
so p(b) = 0. Having infinitely many roots, p(x) must be identically zero.

Editor’s Comments. Generally, the solutions relied on using the infinitude of
primes to show that p(x) had infinitely many roots. Omar Sonebi noted that
since b− 1 divided p(ab) for infinitely many values of b, x− 1 was a divisor of the
polynomial p(ax), so that p(a) = 0, for each prime a. A couple of solvers invoked
Dirichlet’s result on primes in arithmetic progressions.

One solver obtained partial results about the polynomial p. Let q be an arbitrary
prime. Since p(1) ≡ p(q) ≡ 0 (mod q−1), then p(1) = 0 and p(x) = (x−1)f(x) for
some polynomial f(x). Therefore q(q − 1) = φ(q2) divides p(q2) = (q2 − 1)f(q2).
Hence q divides f(q2) so that f(0) is divisible by q. We conclude that x divides
the polynomial f(x) and so p(x) is divisible by x(x− 1). However, his attempt to
generalize the power of x in the factorization was unsuccessful.

4733. Proposed by Dong Luu.

Let ABC be a triangle with circumcircle (O) and AB < AC. Denote by M and
N the midpoints of the segments BC,OA, respectively. For any point D on the
side BC, let E,F be the respective projections of the vertices B,C on the line
AD. The line from E, parallel to AB, meets the line from F , parallel to AC, at
G. Denote by I the center of the circle (GEF ). Prove that NI = NM .

We received 8 solutions, all of which were correct. We present the solution by
Moyan Liang.

We claim that4EIF ∼ 4BOC and D is their center of similarity. Since EG ‖ AB
and GF ‖ AC, we have ∠EGF = 180− ∠BAC and

∠EIF = 2(180− ∠EGF ) = 2∠BAC = ∠BOC.

Taking IE = IF,BO = OC into consideration, we have 4EIF ∼ 4BOC, as
desired.
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We note that, as E, F are the respective projections of the vertices B,C on the
line AD, it follows that that 4BDE ∼ 4FDC, which implies that D is their
center of similarity.

This is the main part of the proof which relies on the following claim: we claim
that the quadrilateral OIMD can be inscribed in a circle and OD is its diameter.
As D is the center of similarity of the two similar triangles 4EIF ∼ 4BOC, and
I,O are points of correspondence we can have 4OID ∼ 4CFD, which implies
∠OID = 90◦. As 4BOC is equilateral, it follows that ∠OMD = 90◦. That gives
the desired result.

We continue to prove the original problem. Let the center of the circle (OIMD)
be J . Then OJ = OD. As N is the midpoint of AO, NJ is the mid-segment of
4AOD with respect to side AD, which impliesNJ ‖ AD. Let H be the midpoint
of line segment EF . It is trivial that M,H, I are collinear and MI ⊥ AF. Thus
IM ⊥ NJ, and thus NJ is the perpendicular bisector of the segment MI. Hence
NM = NI.

This is indeed the desired result.
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4734. Proposed by Paolo Perfetti.

Let ak > 0, k = 1, 2, . . . be a monotonic strictly increasing sequence such that
lim
k→∞

ak = +∞. Determine the convergence or not of the series

∞∑
k=1

Å
tan

π

2

ak
ak+1

ã−1

.

We received nine solutions, two of which were incomplete. We present the solution
by UCLan Cyprus Problem Solving Group.

We will show that the sequence diverges. We have

1

tan(π2 (1− α))
=

1

tan(π2 − απ
2 )

=
cos(π2 − απ

2 )

sin(π2 − απ
2 )

=
sin(απ2 )

cos(απ2 )
= tan

(απ
2

)
.

Therefore, using also the inequality tanx > x for x ∈ [0, π/2), we have that

∞∑
k=1

1

tan
Ä
π
2 · ak

ak+1

ä =
∞∑
k=1

1

tan
Ä
π
2

Ä
1− ak+1−ak

ak+1

ää
=
∞∑
k=1

tan

Å
π

2
· ak+1 − ak

ak+1

ã
>
π

2

∞∑
k=1

ak+1 − ak
ak+1

.

Thus it is enough to show that the series

∞∑
k=1

ak+1 − ak
ak+1

diverges. Since an → +∞, we can find a sequence 1 = n1 < n2 < n3 < · · · such
that ani+1 > 2ani for each i. Then

∞∑
k=1

ak+1 − ak
ak+1

=
∞∑
i=1

ni+1−1∑
k=ni

ak+1 − ak
ak+1

>
∞∑
i=1

ni+1−1∑
k=ni

ak+1 − ak
ani+1

=
∞∑
i=1

ani+1
− ani

ani+1

>
∞∑
i=1

1

2
,

and therefore the series diverges.
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4735. Proposed by Florentin Visescu, modified by the Editorial Board.

Given triangle ABC with circumradius R, let P be either point on the line AB for
which there exist points S and T on the line AC for which PST is an equilateral
triangle whose sides have length BC. Determine the length of AP as a function
of R.

We received 11 submissions, all of which were correct. Nine of them were quite
similar, and we feature a composite of their solutions; the other two used coordi-
nates.

Figure 1: The two possible positions for P on AB.

Let PST be an equilateral triangle that satisfies the conditions of the problem,
namely, P ∈ AB while S, T ∈ AC. If D is the foot of the altitude from P to AC,
then (in the right triangle APD) PD = AP · sinA. But PD is an altitude of the
equilateral triangle PST, and thus

PD =

√
3

2
· ST =

√
3

2
·BC =

√
3R sinA

Consequently, AP =
√

3R.

Editor’s comment. The point P can be constructed as the intersection of the line

AB with either line parallel to AC at a distance
√

3
2 BC from it.

4736. Proposed by Marius Stănean.

Let x, y, z be positive real numbers such that x2 + y2 + z2 + xyz = 4. Prove that

x2

y2
+
y2

z2
+
z2

x2
+ 6xyz ≥ 9.

We received 12 submissions, 6 of which were correct and complete. We present
the solution submitted by Mohamed Amine Ben Ajiba.
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We will first prove a lemma that for all x, y, z > 0,

x2

y2
+
y2

z2
+
z2

x2
+ 6 ≥ 3

2

Å
x2 + y2

xy
+
y2 + z2

yz
+
z2 + x2

zx

ã
. (1)

Let a =
x

y
, b =

y

z
, c =

z

x
, p = a + b + c, q = ab + bc + ca and r = abc. Then

inequality (1) becomes

a2 + b2 + c2 + 6 ≥ 3

2
(a+ b+ c+ ab+ bc+ ca),

which is equivalent to

p2 − 3

2
p+ 6− 7

2
q ≥ 0.

By the AM-GM inequality, p ≥ 3 3
√
r = 3, and by Schur’s inequality, p3 +9r ≥ 4pq.

Hence,

p2 − 3

2
p+ 6− 7

2
q ≥ p2 − 3

2
p+ 6− 7

2
· p

3 + 9

4p
=

(p− 3)
î(
p− 9

2

)2
+ 3

4

ó
8p

≥ 0,

completing the proof of (1). Equality holds if and only if x = y = z.

Returning to the proposed inequality, by using (1), it suffices to prove that

x2 + y2

xy
+
y2 + z2

yz
+
z2 + x2

zx
+ 4xyz ≥ 10. (2)

Let p′ = x+ y+ z, q
′

= xy+ yz + zx and r′ = xyz. Then x2 + y2 + z2 + xyz = 4
is equivalent to

q′ =
p′

2 − 4 + r′

2
,

and since
x2 + y2

xy
+
y2 + z2

yz
+
z2 + x2

zx
=
p′q′

r′
− 3,

inequality (2) becomes
p′q′

r′
+ 4r′ ≥ 13.

After replacing q′ by
p′

2 − 4 + r′

2
, we will prove

f (p′) =
p′
Ä
p′

2 − 4 + r′
ä

2r′
+ 4r′ − 13 ≥ 0.

To that end, fix r′, so q′ is a continuous function of p′, and f (p′) is increasing.
Thus, it suffices to prove f (p′) ≥ 0 for the minimum value of p′. By the pqr lemma
for special condition (see Steven Chow, Howard Halim and Victor Rong, The pqr
Method: Part II, Crux , Volume 43, no. 6, (2017), 258 - 261), this occurs when
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two of the variables are equal. Hence, we may assume x = y, and the condition
x2 + y2 + z2 + xyz = 4 becomes 2x2 + z2 + x2z = 4, or (z + 2)

(
z − 2 + x2

)
= 0.

Thus, z = 2− x2, so that inequality (2) becomes

2
x2 +

(
2− x2

)2
x (2− x2)

+ 4x2
(
2− x2

)
≥ 8,

which is equivalent to

2(x− 1)2
î
x
(
x2 − 1

)2
+
(
x5 + 4− 5x

)
+ x

(
4x3 + 4− 7x

)ó
x (2− x2)

≥ 0.

The latter inequality is true by the AM-GM inequality, because

x5 + 1 + 1 + 1 + 1 ≥ 5x and 4x3 + 2 + 2 ≥ 6
3
√

2x > 7x.

Since the inequality is true for the minimum value of p′, it is true for all values of
p′. Equality holds if and only if x = y = z = 1.

4737. Proposed by George Stoica.

Let α, β be real numbers. Find all convergent sequences (an)n≥1 satisfying

α(a1 + · · ·+ an) + β(a1 · · · · · an) = 1

for all n ≥ 1.

We received 2 submissions, both solutions were correct. We present the solution
by UCLan Cyprus Problem Solving Group, slightly modified by the editor.

Suppose that (an) is a desired sequence. We first consider a few special cases.

• If α+ β = 0, then a1 cannot be defined, so no such sequence (an) exists.

• If α = 0 and β 6= 0, then the sequence (an) must be given by 1
β , 1, 1, . . .,

which converges to 1.

• If β = 0 and α 6= 0, then the sequence (an) must be given by 1
α , 0, 0, . . .,

which converges to 0.

Next we assume that α 6= 0, β 6= 0, and α+ β 6= 0. Then we have

a1 =
1

α+ β
6= 0.

Suppose that some term of (an) was given by 0. Let k be the smallest positive
integer such that ak = 0; then k ≥ 2. Since ak = 0, the given condition

α(a1 + · · ·+ ak) + βa1 · · · ak = 1

implies that α(a1 + · · ·+ ak−1) = 1. This reduces the condition

α(a1 + · · ·+ ak−1) + βa1 · · · ak−1 = 1
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to a1 · · · ak−1 = 0, violating the choice of k. Therefore, an 6= 0 for all n.

Now we can define the sequence (xn) by xn = 1
an

for each n > 1. For each n > 1,
we have

an+1(α+ βa1 · · · an) = 1− α(a1 + · · ·+ an) = βa1 · · · an,

giving
1

an+1
= 1 +

α

βa1 · · · an
=⇒ xn+1 = 1 +

α

β
x1 · · ·xn . (1)

In particular, we have

x2 = 1 +
α

β
x1 = 1 +

α(α+ β)

β
=
α2 + αβ + β

β
6= 0,

which means that if α2 + αβ + β = 0, then such (an) does not exist. Next we
assume that α2 + αβ + β 6= 0. By equation (1), we have

xn+2 = 1 +
a

β
x1 · · ·xn+1 = 1 + xn+1 (xn+1 − 1) = x2

n+1 − xn+1 + 1

for each n > 1, which defines a recurrence relation for (xn). In other words, once
α, β are fixed, then x1, x2 are fixed, and the sequence (xn) is uniquely determined
by the recurrence relation (and so is the sequence (an)). Thus, it remains to check
if the sequence (xn) converges. Since

xn+2 − xn+1 = x2
n+1 − 2xn+1 + 1 = (xn+1 − 1)2 > 0,

the sequence (xn) is increasing and therefore converges, perhaps to +∞. The
limit `, if finite, satisfies ` = `2 − ` + 1 which gives ` = 1. Therefore xn → 1 or
xn → +∞. Indeed, it is easy to show that if 0 < x2 ≤ 1, then xn → 1 and thus
an → 1; and if x2 > 1 or x2 < 0, then xn → +∞ and thus an → 0.

4738. Proposed by Mihaela Berindeanu.

Let ABC be a triangle with ]A = 20◦ and ]B = 80◦. The sides AC and BC
are extended so that C ∈ AE and C ∈ BD. On the extensions of the sides AC
and BC, the points D and E are taken so that ]ADC = 50◦ and ]DEC = 70◦.
Show that the bisector of ∠DCE is parallel to BE.

We received 18 submissions, all of which were correct, and we feature the solution
by Brian Bradie.

As in the accompanying figure below, we let F denote the intersection between
the bisector of ∠DCE and the side DE, so that ]FCD = 40◦. To prove that
BE||CF it suffices to show that ]EBC = 40◦; but since ]BCE = 100◦ (as the
supplement of the given 80◦ angle), ]CEB would necessarily also be 40◦, and the
problem reduces to showing that ∆BCE is isosceles. That is, we shall prove that
BC = CE.
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By the Law of Sines applied to ∆ABC

BC =
sin 20◦AC

sin 80◦
=

sin 20◦AC

2 sin 40◦ cos 40◦
=

AC

4 cos 20◦ cos 40◦
.

Moreover, the Law of Sines applied to triangles CED and CAD yields

CE =
sin 30◦CD

sin 70◦
=

CD

2 cos 20◦

while

CD =
sin 30◦AC

sin 50◦
=

AC

2 cos 40◦
;

consequently,

CE =
AC

4 cos 20◦ cos 40◦
,

and we have BC = CE, as desired.

4739. Proposed by Michel Bataille.

Let α, β, γ be the angles of a triangle and let

m =
cosα

sinβ sin γ
, n =

cosβ

sin γ sinα
, p =

cos γ

sinα sinβ
.

Prove that∣∣∣∣∣∣
m cos2 α m cos2 β − 1 m cos2 γ − 1

n cos2 α− 1 n cos2 β n cos2 γ − 1
p cos2 α− 1 p cos2 β − 1 p cos2 γ

∣∣∣∣∣∣ = −2(cos2 α+ cos2 β + cos2 γ).
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There were 13 correct solutions. We present the solution by Marie-Nicole Gras.

First, establish some identities. Let x = cos2 α, y = cos2 β, z = cos2 γ, where
α+ β + γ = π.

sin 2α+ sin 2β + sin 2γ = 2 sinα cosα+ 2 sin(β + γ) cos(β − γ)

= 2 sinα[− cos(β + γ) + cos(β − γ)] = 4 sinα sinβ sin γ.

sin 4α+ sin 4β + sin 4γ = 2 sin 2α[cos(2β + 2γ)− cos(2β − 2γ)]

= −4 sin 2α sin 2β sin 2γ = −32 sinα sinβ sin γ cosα cosβ cos γ.

x+ y + z = cos2 α+ 1
2 [2 + cos 2β + cos 2γ] = cos2 α+ 1 + cos(β + γ) cos(β − γ)

= 1− cosα[cos(β + γ) + cos(β − γ)] = 1− 2 cosα cosβ cos γ.

m+ n+ p =
sin 2α+ sin 2β + sin 2γ

2 sinα sinβ sin γ
= 2.

mx+ ny + pz =
cos3 α sinα+ cos3 β sinβ + cos3 γ sin γ

sinα sinβ sin γ

=
sin 2α(1 + cos 2α) + sin 2β(1 + cos 2β) + sin 2γ(1 + cos 2γ)

4 sinα sinβ sin γ

=
(sin 2α+ sin 2β + sin 2γ) + 1

2 (sin 4α+ sin 4β + sin 4γ)

4 sinα sinβ sin γ

= 1− 4 cosα cosβ cos γ = 2(x+ y + z)− 1.

The matrix can be expanded to

m(−x+ y + z) + n(x− y + x) + p(x+ y − z)− 2

= (m+ n+ p)(x+ y + z)− 2(mx+ ny + pz)− 2

= 2(x+ y + z)− 4(x+ y + z) + 2− 2 = −2(x+ y + z),

as desired.

Editor’s Comments. About half the solvers worked out the determinant without
any preliminary row or column operations and got either the forms in the solution
or

(−m+n+p)x+(m−n+p)y+(m+n−p)z−2 = 2[(1−m)x+(1−n)y+(1−p)z−1],

where 1−m = cotβ cot γ, etc.. From there it was a matter of each choosing their
own tortuous trigonometric way to the result.
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Others reduced the determinant to one of the following forms:∣∣∣∣∣∣
mx2 my2 − 1 mz2 − 1

nx2 − 1 ny2 nz2 − 1
px2 − 1 py2 − 1 pz2

∣∣∣∣∣∣ = −2

∣∣∣∣∣∣
1− x2 1− y2 1− z2

nx2 − 1 ny2 nz2 − 1
px2 − 1 py2 − 1 pz2

∣∣∣∣∣∣
= −2

∣∣∣∣∣∣
1− x2 1− y2 1− z2

n− 1 n n− 1
p− 1 p− 1 p

∣∣∣∣∣∣
= −2

∣∣∣∣∣∣
1− x2 x2 − y2 x2 − z2

n− 1 1 0
p− 1 0 1

∣∣∣∣∣∣
where the second matrix arises by adding the last two rows of the first matrix
to its first row, and the third matrix arises by adding suitable multiples of the
first row to the last two rows of the second. The easier evaluation of the matrix
is somewhat offset by having to deal with a non-symmetric arrangement of the
variables in the subsequent computations. One solver had recourse to software to
sort it out.

4740. Proposed by Daniel Sitaru.

If 0 < a ≤ b < 1 then:

exp

(∫ b

a

∫ b

a

x+ y + 2

1− xy dxdy

)
≤
(1− a

1− b
)2(b−a)

We received 7 submissions each of which was correct and complete. We present
the solution submitted independently by the proposer, Mohamed Amine Ben Ajiba,
and the UCLan Cyprus Problem Solving Group.

First we prove that for x, y ∈ (0, 1),

x+ y + 2

1− xy 6
2− x− y

(1− x)(1− y)
=

1

1− x +
1

1− y .

That holds since, after expanding we have

(2− x− y)(1− xy)− (x+ y + 2)(1− x)(1− y) = (x− y)2 > 0 .

Integrating, we have:∫ b

a

∫ b

a

x+ y + 2

1− xy dxdy ≤
∫ b

a

∫ b

a

1

1− xdxdy +

∫ b

a

∫ b

a

1

1− y dxdy

=

∫ b

a

1

1− xdx ·
∫ b

a

dy +

∫ b

a

dx ·
∫ b

a

1

1− y dy

= −2(b− a)(ln(1− b)− ln(1− a)) = ln
(1− a

1− b
)2(b−a)
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Hence

exp

(∫ b

a

∫ b

a

x+ y + 2

1− xy dxdy

)
≤
(1− a

1− b
)2(b−a)

.

Equality holds for a = b.

Tree Of Life
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