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le Crux n’est pas une revue scientifique. Soumission en ligne:

https://publications.cms.math.ca/cruxbox/

The Canadian Mathematical Society grants permission to individual readers of this publication to copy articles for
their own personal use.

c© CANADIAN MATHEMATICAL SOCIETY 2022. ALL RIGHTS RESERVED.

ISSN 1496-4309 (Online)
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370/ Editorial

EDITORIAL
For a science that aims to be precise and concise, mathematics is full of ambiguities
and redundancies. We have words and notations meaning the same things (valency
versus degree, Cnk versus

(
n
k

)
, GF (q) versus Fq), words that are much over-used

(regular, primitive, homogeneous) and finally just bad notation (who else isn’t a fan
of tan−1 x?). We constantly re-define terms and struggle through interdisciplinary
papers: over-arrow to denote a vector is now replaced by a bra-ket notation while
your favourite sum over all the elements of a finite field no longer includes zero.

It gets worse when you add different languages and cultures into the mix. Even
when it comes to something as simple as numbers: on the North American black-
boards, 7 is suddenly stripped of its horizontal bar and 9 loses its resemblance to
a lowercase “g”, adding ambiguity to the former and removing it from the latter.
Even standard methods aren’t exempt: the European long division doesn’t look
the same as North American version due to different placement of the numbers
involved.

I find it ironic when people say that math is a cold and dry discipline because I see
so many historical, cultural, idiosyncratic, distinctly human elements. Whether
mathematics is invented or discovered, it is done by people, who introduce their
own unique touches to the exposition and the treatment of the subject. I don’t
condone pollution, but I encourage you to find your own mathematical ways and
leave your own trace.

Kseniya Garaschuk
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MATHEMATTIC EDITORIAL
MathemAttic is a journal meant for students and teachers. As it lives within Crux,
problem solving will play a significant role in the journal, however we will occa-
sionally see mathematical things that will be of interest to students and teachers
that are not problem solving based. The editorial staff of MathemAttic is looking
to expand the material in this section to better serve our audience.

To complement our regular features, in this volume we have introduced From the
bookshelf of . . . which features reviews of books recommended by the reviewer.
Books may be recent or classics that would be enjoyed by many. We are hoping
to start receiving and publishing reviews of this sort from MathemAttic readers.

We have also added Mathematics from the Web. This column contains short
descriptions of mathematical items and ideas from the web that may be of interest
to our readers. These selections include articles, videos, podcasts, apps, and other
things with a mathematical touch. We encourage MathemAttic readers to send in
recommendations with concise descriptions.

We also publish articles of a mathematical nature by MathemAttic readers. Have
you written something that you think would be of interest to our audience? Send
your article to our editors and you may see it appear in a future issue.

We are creating MathemAttic with students and teachers in mind. The journal is
enriched with feedback and ideas on ongoing features such as Teaching Prob-
lems and Problem Solving Vignettes, along with proposals and solutions to
problems. If you have any ideas of things that you would like to see in MathemAt-
tic, send your thoughts to the editors. Help us get MathemAttic out to its target
audience by letting people know about it. Tell your friends, colleagues, teachers
and students.

We hope you enjoy what we are doing in MathemAttic and will continue to do so
for years to come.

MathemAttic editors (mathemattic@cms.math.ca)

Copyright © Canadian Mathematical Society, 2022
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MATHEMATTIC
No. 37

The problems featured in this section are intended for students at the secondary school
level.

Click here to submit solutions, comments and generalizations to any
problem in this section.

To facilitate their consideration, solutions should be received by October 30, 2022.

MA181. In still water Aoife swims at 2 kph. She is standing on the bank
of a river that is exactly 100 m wide. The river is flowing past at a speed of 1.2
kph. How long (in seconds) will it take her to swim in a straight line to the point
directly across from her on the other bank of the river?

MA182. Antonia, Dara and Tosia are identical triplet sisters in the same
class. Antonia always tells the truth, Dara always lies and Tosia sometimes lies
and sometimes tells the truth. One day one of them arrives late for class. The
teacher asks this late sister who she is. She answers “I am Tosia”. The teacher
cannot tell the girls apart so asks the other two sisters the name of the sister who
was late. One of them says: “Antonia was late”, and the other says: “Dara was
late”. Which sister was in fact late?

MA183. ABCD is a square of sides length 4, E is the midpoint of CD,
and AE ⊥ EF , as shown. If x and y are the measures of ∠EAD and ∠FAE
respectively, prove that x = y.

A

B C

D

E

F

x
y

MA184. A unit circle is a circle of radius 1. Two circles are said to touch
if they have exactly one point in common. Three unit circles are drawn so that
each of them touches the other two. A fourth (larger) circle is drawn around these
three so that it touches each of the three unit circles. What is the radius of the
large circle?

Crux Mathematicorum, Vol. 48(7), September 2022
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MA185. Find the primes p, q, r, given that one of the numbers pqr and
p+ q + r is 101 times the other.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Les problèmes dans cette section sont appropriés aux étudiants de l’école secondaire.

Cliquez ici afin de soumettre vos solutions, commentaires ou
généralisations aux problèmes proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 30 octobre 2022.

MA181. En eau calme, Aoife nage à une vitesse de 2 km/h. Elle se tient sur
la rive d’une rivière qui mesure exactement 100 m de large. Le débit de la rivière
est exactement 1.2 km/h. Combien de temps (en secondes) lui faudra-t-il pour
nager en ligne droite jusqu’au point situé directement en face d’elle sur l’autre rive
de la rivière ?

MA182. Antonia, Dara et Tosia sont des soeurs triplées identiques. À
l’école, toutes trois sont dans la même classe. Antonia dit toujours la vérité,
Dara ment toujours et Tosia ment parfois mais elle dit parfois la vérité. Un
jour, l’une d’elles arrive en retard en classe. Incapable de distinguer les soeurs,
l’enseignante demande à la retardataire de s’identifier. Elle répond “Je suis Tosia”.
L’enseignante demande alors aux deux autres soeurs le nom de la soeur qui est
arrivée en retard. L’une d’elles dit “Antonia est arrivée en retard” tandis que
l’autre dit “Dara est arrivée en retard”. Laquelle des soeurs est réellement arrivée
en retard ?

MA183. Soit ABCD un carré de côté de longueur 4. Soit E le point milieu
de CD. Notons que AE ⊥ EF , tel qu’illustré. Si x et y désignent les mesures de
∠EAD et ∠FAE respectivement, montrez que x = y.

A

B C

D

E

F

x
y
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MA184. Un cercle unitaire est un cercle de rayon 1. On dit de deux cercles
qu’ils se touchent s’ils ont exactement un point en commun. On trace trois cercles
unitaires de telle manière que chacun d’eux touche les deux autres. On trace un
quatrième (plus grand) cercle autour de ces trois cercles unitaires de sorte qu’il
touche chacun d’eux. Quel est le rayon du grand cercle ?

MA185. Trouvez les nombres premiers p, q et r pour lesquels l’un parmi les
nombres pqr et p+ q + r est égal à 101 fois l’autre.

Crux Mathematicorum, Vol. 48(7), September 2022
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MATHEMATTIC
SOLUTIONS

Statements of the problems in this section originally appear in 2022: 48(2), p. 62–64.

MA156. In a kindergarten, 17 children made an even number of postcards.
Any group of 5 children made no more than 25 postcards while any group of 3
children made no less than 14 postcards. Determine the total number of postcards
made.

Originally from Mathematics Competitions Vol. 25, #2 (2012), Heaven and
Earth, heavenly problem 13.

We received 6 submissions, of which 4 were correct and complete. We present the
solution by Aravind Mahadevan.

We first deduce what are the possibilities for the number of postcards that one
child makes. To do this, we use the fact that the following three conditions need
to be satisfied:

(1) a group of 5 children make a maximum of 25 postcards,

(2) a group of 3 children make a minimum of 14 postcards,

(3) a group of 2 children make a maximum of 11 postcards (this follows from
the first two conditions).

It is clear that a child cannot make 1 or 2 postcards as in that case a group of 2
children would need to make more than 11 postcards to satisfy condition (2) but
then condition (3) is not met.

If a child cannot make 1 or 2 postcards, it follows from condition (3) that a child
cannot make 9 or 10 postcards Also, a child cannot make 3 postcards because then
every other group of 2 children would need to make at least 11 postcards to satisfy
condition (2) and in that case it’s clear that condition (1) cannot be met.

If a child cannot make 3 postcards, it follows from condition (3) that a child cannot
make 8 postcards.

If we assume that a child makes 7 postcards, this would mean that every other child
would have to make 4 postcards in order to satisfy condition (3). But in that case,
you would have groups of 3 children that make only 12 postcards, not satisfying
condition (2). Therefore, its’ not possible for a child to make 7 postcards.

Now, if we assume that a child makes 6 postcards, in order to ensure that condition
(1) is met, there can be only 3 other children who make 5 postcards and all other
children make 4 postcards. But since there are more than 2 children making 4
postcards, condition (2) is not met. Therefore, it’s not possible for a child to make
6 postcards.

Copyright © Canadian Mathematical Society, 2022
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So, we are left with only two possibilities: a child makes either 4 or 5 postcards.
It’s possible for all of the 17 children to make 5 postcards each and this would
meet all the three conditions. However, in that case, the total number of postcards
is 85 which is an odd number.

Therefore, we must have one of the children making 4 postcards and all the re-
maining 16 children making 5 postcards each. This would also meet all the three
conditions. But now the total number of postcards is 84, which is an even number.
Thus, the total number of postcards made is 84.

MA157. The four sides and one diagonal of a quadrilateral have lengths 1,
2, 2.8, 5 and 7.5, not necessarily in that order. Determine which number was the
length of the diagonal.

Originally from Mathematics Competitions Vol. 25, #2 (2012), Heaven and
Earth, heavenly problem 8.

We received 6 submissions, all correct and complete. We present the solution by
Vishwesh Shrimali.

Consider the quadrilateral ABCD given above and the diagonal AC. The diagonal
has broken down the quadrilateral into two triangles ABC and ADC. For the
lengths to be valid, each of these triangles should follow the rule “sum of any two
sides of the triangle is greater than the third side”.

Following the above concept, only two sets of three sides can be formed out of the
four lengths given in the problem which follow the rule:

(1, 2, 2.8) and (2.8, 5, 7.5).

The length which is common in the above two sets is 2.8. Since the diagonal AC
was present in both triangles, the common length should be of the diagonal. Thus,
the length of the diagonal is 2.8.

Crux Mathematicorum, Vol. 48(7), September 2022
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MA158. Proposed by Aravind Mahadevan.

A semi-circle is inscribed in ∆ABC such that it is tangent to AB and AC and
its diameter lies along the side BC. If AB = 13, AC = 14 and BC = 15,
find the radius of the semi-circle. (Solvers may find Heron’s formula for the area
of a triangle with sides a, b, and c useful: A =

√
s(s− a)(s− b)(s− c), where

s = a+b+c
2 .)

We received 7 correct solutions. We present the solution by Vasiliki Lalioti.

The semi-perimeter of the given triangle is s = 13+14+15
2 = 21, so by Heron’s

formula we get

Area(4ABC) =
»

21 · (21− 13) · (21− 14) · (21− 15) = 84. (1)

Denote by O the center of the inscribed semicircle and by P and Q the points of
tangency, as shown in the diagram below:

Then OP ⊥ AB and OQ ⊥ AC; moreover, OP = OQ = r, where r denotes the
radius of the semicircle. It follows that

Area(4ABC) = Area(4ABO) + Area(4AOC)

=
OP ·AB

2
+
OQ ·AC

2
=
r(AB +AC)

2
=

27r

2
. (2)

Comparing (1) and (2) we conclude 27r
2 = 84, whence r = 56

9 .

MA159. A 5-by-5 square consists of 25 1-by-1 small squares. If one corner
square is removed, prove that it is not possible to cover the rest of the squares by
eight 3-by-1 rectangles as shown in the figure.

Originally from Mathematics Competitions Vol. 34, #1 (2021), A brief history of
the South African Mathematics Olympiad, easy proof-type problems, example 1c.

Copyright © Canadian Mathematical Society, 2022
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We received 1 submission. We present the solution by Richard Hess.

The task is impossible.

From the two figures on the left we see there are two ways to cover the leftmost
square in the top row. By reflecting the second case about the main diagonal we
see any solution will require the placement of the piece a as shown in the right
figure. With that placement the pieces b, c, d, e, f and g are all forced, which
leaves a hole that cannot be covered by another 3-by-1 rectangle.

MA160. In a right triangle, the smallest height is one-quarter the length of
the hypotenuse. Determine the measure, in degrees, of the smallest angle of this
triangle.

Originally from Mathematics Competitions Vol. 25, #2 (2012), Heaven and
Earth, heavenly problem 24.

We received 13 solutions, of which 12 were correct. We present the solution by
Jaimin Patel.

It is well-known that the altitude with foot on the hypotenuse is the smallest height
of a right-angled triangle.

c
2

c
4

c
4

c
2

A B
M

C

D

P
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Let 4ABC be the right-angled triangle with C as a right angle. Suppose the
length of the hypotenuse is c. Let M be the midpoint of AB. Then AM = CM =

MB =
c

2
, since M is the circumcenter of 4ABC. We reflect the point C through

AB and call the image D. Note that points A,C,B and D are concyclic and M
is the center of the circle.

By the condition in the problem that states that the smallest height is c
4 , we find

that

DM = CM =
c

2
=
c

4
+
c

4
= CD

=⇒ ∠CMD = 60◦

=⇒ ∠CBD = 30◦ (inscribed angle theorem)

=⇒ ∠CBA = 15◦.

As a result, the other angle ∠CAB measures 75◦, which is larger, so the answer
is 15◦.

Copyright © Canadian Mathematical Society, 2022
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From the bookshelf of . . .
Andy Liu

This new feature of MathemAttic brings attention to books of potential interest to
the readers. Some of these will be reviews whereas others will be hearty recommen-
dations from the contributors. If you have a book related to mathematics that would
be of interest to secondary school students and/or teachers, feel welcome to send
along a submission to MathemAttic@cms.math.ca. Publishers are also welcome to
send along books for possible review.

Math Out Loud
by Steven Klee, Kolya Malkin, and Julia Pevtsova
ISBN 978-1-4704-6693-0, softcover, 243+ pages
Published by the Mathematical Sciences Research Institute with the American
Mathematical Society, 2021.

A Festival of Mathematics
by Alice Peters and Mark Saul
ISBN 978-1-4704-5338-1, softcover, 208+ pages
Published by the Mathematical Sciences Research Institute with the American
Mathematical Society, 2022.

These are respectively Volumes 27 and 28 of the MSRI Mathematical Circles Li-
brary. Under the diligent and intelligent stewardship of Advisory Board Chair
Tatiana Shubin, the Library provides ample resources for teachers engaged in
outreach activities. The Mathematical Circles, of Russian origin, have spread
around the world, and the Russian influence in this book series is abundantly
clear.

Math Out Loud is based on the University of Washington Math Hour Olympiad
founded by the authors in 2010 in Seattle. It is an oral competition modeled on
the historic St. Petersburg Mathematical Olympiad. As I had pointed out
in the book Five Competitions from the Leningrad Mathematical Olympiad, it is
the evaluation of the competition that takes an oral format.

This volume goes into meticulous details about organiz-
ing such an oral competition, down to sample invitation
letters to volunteers. The well-thought-out details are
valuable to anyone organizing any outreach events!

The main part of the book gives the statements and
solutions to the problems from 2010 to 2019. Each year,
there is a junior paper for students in Grades 6 or 7,
and a senior paper for students in Grades 8, 9 or 10.
There are seven problems in each paper. In some years,
some problems are used in both papers. Overall, it is
an excellent collection!

Crux Mathematicorum, Vol. 48(7), September 2022
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Sample Problems.

2016 Junior-5.
You have 100 pancakes, one with a single blueberry, one with two blueberries,
one with three blueberries, and so on. The pancakes are stacked in a random
order. Count the number of blueberries in the top pancake and call that number
N . Pick up the stack of the top N pancakes and flip it upside down. Prove that
if you repeat this counting-and-flipping process, the pancake with one blueberry
will eventually end up at the top of the stack.

2016 Senior-1.
Alice and Bob compiled a list of movies that exactly one of them saw, then Cindy
and Dale did the same. To their surprise, these two lists were identical. Prove
that if Alice and Cindy list all movies that exactly one of them saw, this list will
be identical to the one for Bob and Dale.

2018 Junior-5.
A 2018 × 2018 board is covered by non-overlapping 2 × 1 dominoes, with each
domino covering two squares of the board. From a given square, a robot takes one
step to the other square of the same domino it is on and then takes one more step
in the same direction. Could the robot continue moving this way forever without
falling off the board?

2018 Senior 2.
Fifty-five Brits and Italians met in a coffee shop, and each of them ordered either
coffee or tea. Brits tell the truth when they drink tea, and lie when they drink cof-
fee. Italians do it the other way round. A reporter ran a quick survey. Forty-four
people answered “yes” to the question: “Are you drinking coffee?” Thirty-three
people answered “yes” to the question “Are you Italian?” Twenty- two people
agree with the statement: “It is raining outside.” How many Brits in the coffee
shop are drinking tea?

Try these problems out, their solutions appear later in this issue on page 385.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Copyright © Canadian Mathematical Society, 2022
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A Festival of Mathematics is based on the Julia Robinson Mathematics Festival
founded by Nancy Blackman and Joshua Zucker in 2007 in the San Francisco Bay
Area. It is an annual non-competitive event which has spread far beyond its
Californian base. A Festival features about 30 tables of activities, puzzles, games
and problems, with heavy emphasis on manipulatives.

Each of the ten chapters in this book is the material
for a single table. Many organizational and pedagogi-
cal comments are provided in the activity guides, along
with plenty of activity handouts. They greatly facili-
tate the running of a Festival.

Some of the topics are standard and familiar, such as
magic squares (Chapter 2), the game of Nim (Chapter
3), sums of powers of 2 (Chapte 5), the Josephus prob-
lem (Chapter 6), dominoes on chessboards (Chapter 8)
and dissection into congruent figures (Chapter 9).

I found Chapter 1 the most engaging. The activity
uses a row of n counters in three colors. A row of n− 1
counters is then built beneath the initial row, according to the following rules:
(1) If the two counters above the counter to be placed are of the same color, then
the counter below is also of that color.
(2) If the two counters above the counter to be placed are of different colors, then
the counter below is of the third color.
We repeat the process, forming shorter and shorter rows, until we complete a color
triangle with just one counter at the bottom. An example is shown in the diagram
below. The task is to determine the color of the final counter without having to
go through the whole formation process.

Chapter 10 features the maze in the diagram below on the left. The task is to get
from the square in the upper left corner to the square in the lower right corner.
The number in each square indicates how far you move – horizontally or vertically,
never diagonal1y – when you jump off the square. In the diagram below on the
right, we label each square with a letter in what is known as Martin Gardners
Christmas (Nöel) labeling.

Crux Mathematicorum, Vol. 48(7), September 2022
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3 2 2 2 0

1 2 3 2 3

3 2 2 2 2

2 2 2 2 2

4 2 2 3 3

V W X Y Z

Q R S T U

K M N O P

F G H I J

A B C D E

A good way to solve this maze is to draw the digraph of the maze, as shown in
the diagram below.

W Y V X Z

M O K N P

B D A C E

R T Q S U

G I F H J

Chapter 7 features five unusual calculators. The third calculator has a display
which can be reset to show 0 any time. It has three buttons. Pressing button
A adds 6 to the number in the display. Pressing button B divides the number
in the display by 2 if the number is even, but has no effect otherwise. Pressing
button C divides the number in the display by 3 if the number is a multiple of 3,
but has no effect otherwise. The task is to prove that it is possible to display any
positive integer. A further exploration is to determine, for each positive integer,
the shortest sequence of button pressing to display that integer.

Chapter 4 features a two-player game called Palingrab. It uses a row of counters
in two colors. The players take alternate turns. In each turn, a player takes
from either end of the row a block of counters which form a palindrome. In other
words, the color pattern of the block is the same forward or backward. Since
a single counter is also a palindrome, there is always a possible move until all
counters have been taken.

From this basic rule, two games are developed. In the greedy game, the player
taking more counters than the opponent is the winner. The more interesting is
the patient game, in which the player taking the last counter is the winner. A

Copyright © Canadian Mathematical Society, 2022
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sample game consists of six counters RRRBRB (R for red and B for black).

It appears that there is a typo on page 72, on the line marked (*). It currently
reads BBBRRRR. . . [all Rs]. . . RBBR, but there should not be three Bs from
the left. Two Bs or not two Bs – that is the question.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

These book recommendations are from the bookshelf of Andy Liu. Andy ran
a Mathematical Circle for Edmonton upper elementary and junior high students
from 1981 to 2012. He has given lectures to students in six continents. He has been
the vice-president of the International Mathematics Tournament of the Towns since
1992. He had been involved in various capacities in the International Mathematical
Olympiad from 1981 to 2016. He regularly attended the International Puzzle Party
and the Gathering for Gardner from 1991 to 2018. He has authored eighteen
mathematics books so far, and edited several others.

Crux Mathematicorum, Vol. 48(7), September 2022
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From the bookshelf of . . .
(Solutions)

Andy Liu

Below are the solutions to the problems appearing in From the bookshelf of . . .
from page 381, earlier in this issue.

2016 Junior-5.
You have 100 pancakes, one with a single blueberry, one with two blueberries, one
with three blueberries, and so on. The pancakes are stacked in a random order.
Count the number of blueberries in the top pancake and call that number N . Pick
up the stack of the top N pancakes and flip it upside down. Prove that if you repeat
this counting-and-flipping process, the pancake with one blueberry will eventually
end up at the top of the stack.

Solution:
We use induction on the total number M of pancakes. If M = 1, the pancake with
one blueberry is already at the top of the stack. Suppose the result holds for some
M ≥ 1. Consider the next case with M + 1 pancakes. We have two cases.
Case 1. The pancake with M + 1 blueberries is at the top of the stack at some
point. In the next step, it will go to the bottom of the stack and stay there. We
can now invoke the induction hypothesis.
Case 2. The pancake with M + 1 blueberries is never at the top of the stack.
Then the pancake initially at the bottom of the stack never moves. If it is the
one with M + 1 blueberries, we can invoke the induction hypothesis. Suppose it
has K blueberries instead for some K. Let it trade places with the pancake with
M +1 blueberries. Since neither pancake can make it to the top of the stack, their
actual identity is immaterial. Hence we can invoke the induction hypothesis again.

2016 Senior-1.
Alice and Bob compiled a list of movies that exactly one of them saw, then Cindy
and Dale did the same. To their surprise, these two lists were identical. Prove
that if Alice and Cindy list all movies that exactly one of them saw, this list will
be identical to the one for Bob and Dale.

Solution:
For each movie, let a = 1 if Alice has seen the movie, and a = −1 if she has not.
Let b, c, and d be similarly defined for Bob, Cindy and Dale respectively. The
given condition tells us that ab = cd. Hence abcd = 1, so that ac = bd. This is
equivalent to the desired conclusion.
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2018 Junior-5.
A 2018 × 2018 board is covered by non-overlapping 2 × 1 dominoes, with each
domino covering two squares of the board. From a given square, a robot takes one
step to the other square of the same domino it is on and then takes one more step
in the same direction. Could the robot continue moving this way forever without
falling off the board?

Solution:
No. The robot will eventually fall off the board. Paint the squares of the board
black and white in the usual checkerboard pattern. By symmetry, we may assume
that the robot starts from a white square. The dominoes are not necessary for
the description of the motion of the robot. The robot just moves in any of the
four directions two squares at a time. Hence it always lands on white squares.
Moreover, the row and column numbers of these white squares all have the same
parity, say odd.

If the robot never falls off the board, then its path is a loop which encloses a
number of squares. We shall obtain a contradiction by showing that this number
is odd, so that the enclosed area cannot be covered by dominoes. If the loop is
a rectangle, as in the diagram above, the number of squares enclosed is certainly
odd. This is because the enclosed area is also a rectangle, with all corner squares
white, so that both of its dimensions are odd.

Suppose the loop is more complicated, as in the diagram above on the left. We
will use a sequence of contractions to reduce it to a rectangle, as shown in the
diagram above in the middle and on the right. In each contraction, a number of
squares are expelled from the enclosed area. The expelled black squares are shaded
while the expelled white squares are marked with black dots. These squares form
a rectangle with half of the corner squares white. Hence one of its dimensions is
even, and the number of expelled squares is even. When the loop has been reduced
to a rectangle, it encloses an odd number of squares. This means that the original
loop also encloses an odd number of squares.
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2018 Senior-2.
Fifty-five Brits and Italians met in a coffee shop, and each of them ordered either
coffee or tea. Brits tell the truth when they drink tea, and lie when they drink cof-
fee. Italians do it the other way round. A reporter ran a quick survey. Forty-four
people answered “yes” to the question: “Are you drinking coffee?” Thirty-three
people answered “yes” to the question “Are you Italian?” Twenty- two people
agree with the statement: “It is raining outside.” How many Brits in the coffee
shop are drinking tea?

Solution:
Anyone who claims to be drinking coffee must be Italian. Hence there are 44
Italians and 11 Brits. Anyone who claims to be Italian must be drinking coffee.
Hence 33 people are drinking coffee. Let n be the number of Brits drinking cof-
fee. Then there are 11− n Brits drinking tea, 33− n Italians drinking coffee and
44 − (33 − n) = 11 + n Italians drinking tea. If it is not raining outside, then
n+ (11 +n) = 22 but n is not an integer. Hence it is raining outside, and we have
(11− n) + (33− n) = 22 so that n = 11. It follows that there are 0 Brits drinking
tea.
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PROBLEM SOLVING
VIGNETTES

No. 23
Shawn Godin

Counting With Recursion

Counting problems are a staple of math contests. You would be hard pressed
to find a contest without some sort of counting problem. Upon encountering an
interesting counting problem one should always proceed with caution. It is easy
to miss some of the cases, count some cases more than once, or both. There are
a number of techniques that are useful when dealing with counting problems, one
of which we will investigate in this column.

One of my activities this past summer was marking assignments for a problem
solving course for students offered by The Centre for Education in Mathematics
and Computing (CEMC) at the University of Waterloo. The following problem
was question 8 from the first assignment.

A string of A’s, B’s, and C’s is called magnificent if a B and a C are
never adjacent to each other. For example, ABCAA is not magnificent,
but AABBACC is magnificent. How many magnificent eight-letter
strings are there?

It is common in counting problems to have certain cases forbidden. The typ-
ical technique for solving such problems is to count all possible cases, without
restriction, count the offending cases and remove them. This is called the indirect
method.

For example, suppose we wanted to know how many 8 letter arrangements we have
of the letters ABCDEFGH such that B and a C are not adjacent to each other.
In another column [2020: 46(7), p. 291-293] we saw that there are

8! = 8× 7× 6× · · · × 2× 1 = 40 320

arrangements of 8 distinct letters. If we wanted to solve this problem directly, we
would have to look at all possible ways B and C can be apart (i.e. in positions
1 and 3, or 1 and 4, or . . . ), 21 cases in all. For each of those cases, there are 2
ways to put B and C into their positions, and 6! ways to arrange the remaining 6
letters, giving

21× 2× 6! = 30 240.

However, if we consider BC to be a “letter” (with two variants BC and CB), then
the number of arrangements with B and C together is 2× 7!, and so the number
of arrangements where they are apart is

8!− 2× 7! = 30 240.
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The indirect method is usually preferable for solving this type of problem as de-
termining all possible cases for the direct method can become a long and tricky
process.

Returning to the problem at hand, many students tried using the indirect method.
They argued that since A, B and C could be used in any of the positions, there
must be 38 = 6561 possible strings of 8 letters if there are no restrictions. Then,
they considered BC as a single letter and saw that there were 7 possible cases,
shown below

B/C C/B

2 1

B/C C/B

2 1

B/C C/B

2 1

B/C C/B

2 1

B/C C/B

2 1

B/C C/B

2 1

B/C C/B

2 1

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

×

3 3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3 3 3 3 3 3 3

3 3 3 3 3 3× × × × × × ×

case 1

case 3

case 5

case 7

case 2

case 4

case 6

They reasoned that in each of these cases, the other positions could be filled with
any possible letter, so the total number of disallowed cases is

7× 2× 36 = 10 206

which is more than the number of unrestricted cases! What is going on?

If we examine the non-magnificent string ABCCAACB we see that it is counted
in the second and seventh cases. Some non-magnificent strings are counted more
than twice (for example BCBCBCBC is counted in all cases!). Maybe we can
fix this, suppose we change our cases so that the indicated BC (or CB) is the
first place the rules are broken, now it will work. However, this gets tricky. For
example, if we look at the fourth case

B/C C/B

the last three boxes can be filled with anything, yielding 33 = 27 ways to end this
non-magnificent string. The first three boxes are a bit of a problem. Since the
fourth and fifth are the first offending positions, the first three letters must be a
magnificent string. On top of that, if we put a B in position 4, then the first three
letters must be a magnificent string ending with either A or B. Similarly, if we put
a C in position 4, then the first three letters must be a magnificent string ending
with either A or C. We can easily construct the 17 magnificent 3 letter strings (7
ending in A, 5 ending in B and 5 ending in C) and compute the number of strings
in this case, but it will get more involved at each step. We would probably end
up doing significantly more work than to compute the desired magnificent 8 letter
strings directly. I will leave this method to any readers who wish to pursue it.
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The strategy that we just explored suggested we would need to know how many
magnificent strings ended with an A, a B, or a C. Even though we are abandoning
this strategy, we can use that observation to construct a new strategy.

We will let Mn represent the number of n letter magnificent strings while An, Bn,
and Cn represent the number of n letter magnificent strings ending in A, B, or C,
respectively. Clearly we have

Mn = An +Bn + Cn.

Since, in a magnificent string, A can follow any letter, we can place an A at the
end of any n letter magnificent string to obtain a n + 1 letter magnificent string
that ends with A, hence

An+1 = Mn = An +Bn + Cn.

However, B can only follow A or B, and C can only follow A or C, so we have

Bn+1 = An +Bn,

Cn+1 = An + Cn.

The magnificent 1 letter strings are just A, B, and C, hence A1 = B1 = C1 = 1,
and we can use the recursion relations above to calculate

n An Bn Cn Mn

1 1 1 1 3
2 3 2 2 7
3 7 5 5 17
4 17 12 12 41
5 41 29 29 99
6 99 70 70 239
7 239 169 169 577
8 577 408 408 1393

and our problem is solved. There are 1393 8 letter magnificent strings.

Notice in the table that Bn = Cn in each case. This makes sense from the sym-
metry in the problem, B and C are “different” in the same way. Also, if we look
at the recursion equation for each variable, they are both of the form

t1 = 1, tn+1 = An + tn for n ≥ 1.

Thus we can write our recursions as

An+1 = An + 2tn

Bn+1 = tn+1 = An + tn

Cn+1 = tn+1 = An + tn
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where tn is defined above and hence

Mn = An +Bn + Cn

= An + 2tn

= An−1 + 2tn−1 + 2(An−1 + tn−1)

= 2(An−1 + 2tn−1) +An−1

= 2Mn−1 +Mn−2.

So using M1 = 3 and M2 = 7 (or, M0 = 1) as starting points, the sequence Mn

can be generated without needing to keep track of An, Bn, and Cn.

We could also have deduced the recurrence Mn = 2Mn−1 + Mn−2 directly by
trying to create a magnificent strings of length n from shorter strings. Letting MA

represent a magnificent string of length n− 1 that ends in A, and similarly for B
and C, magnificent strings of length n will be of one of the forms below

(MA)A (MB)A (MC)A
(MA)B (MB)B (MC)C

(MA)C

Thus

Mn = 2Mn−1 + (# of M-strings of length n− 1 that end with A)

but to create a magnificent string of length n − 1 that ends with an A, we just
start with any magnificent string of length n − 2 and put an A on the end. So
there are Mn−2 magnificent strings of length n− 1 that end with A and hence

Mn = 2Mn−1 +Mn−2.

The following interesting solution was done by a student. We can list all 7 magnif-
icent strings of length 2 (AA, AB, AC, BA, BB, CA, CC) and all 17 magnificent
strings of length 3 (AAA, AAB, AAC, ABA, ABB, ACA, ACC, BAA, BAB,
BAC, BBA, BBB, CAA, CAB, CAC, CCA, CCC). Note that a magnificent
string of length 8 can be broken down into a block of 3 letters followed by a block
of 2 letters followed by a block of 3 letters. Each of the three blocks must also
be magnificent strings. We can then go through all possible 2 letter magnificent
strings and fit the appropriate 3 letter magnificent strings on either end.

Consider BA for example. It can only be preceded by a magnificent string that
ends in A (7 possibilities) or B (5 possibilities) and followed by any magnifi-
cent of length 3 (17 possibilities). So the total magnificent strings of the form
XXXBAXXX is 12× 17 = 204. Looking at all possible cases, we get:
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Middle string Number
AA 17× 17 = 289
AB 17× 12 = 204
AC 17× 12 = 204
BA 12× 17 = 204
BB 12× 12 = 144
CA 12× 17 = 204
CC 12× 12 = 144

total 1393

We could simplify things by looking at three cases for the middle string: two As,
one A, and no A to get

172 + 4× 12× 17 + 2× 122 = 1393.

Here are a few problems for you to play with.

1. Use the last method to put three magnificent strings of length 3 together to
count the number of 9 letter magnificent strings.

2. You have a number of 1 × 1 squares and 1 × 3 rectangles. You create a
rectangle of width 1 unit by lining up a number of squares and rectangles.
For example, there are 3 ways to make a 1× 4 rectangle, as shown below.

How many ways can you make a 1× 12 rectangle?

3. How may numbers can be formed, using only the digits 1, 2, and 3, where the
sum of the digits is 15? (33333, 2311323, and 3213213 are three examples)
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MATHEMATICS FROM THE
WEB

No. 2

This column features short reviews of mathematical items from the internet that
will be of interest to high school and elementary students and teachers. You can
forward your own short reviews to mathemattic@cms.math.ca.

New Proof Illuminates the Hidden Structure of Common Equations
https://www.quantamagazine.org/

new-proof-reveals-the-hidden-structure-of-common-equations-20220421/

This article features the recent insight into a century old conjecture and its recent
proof by the 2014 Fields Medallist Manjul Bhargava. It also gives the reader an
insight into the historical development of solutions of equations.
(Submitted by Rad de Peiza, Toronto Ontario)

The unexpected logic behind rolling multiple dice and picking the high-
est
https://youtu.be/X DdGRjtwAo

This video by Matt Parker investigates a problem suggested by the game Dun-
geons & Dragons. In the game, occasionally you can roll with advantage. What
this means is, you roll two 20-sided dice and your roll is the largest number. Matt
explores, with nice visuals, the expected value of this roll, compared with a regular
roll and some extensions.

High School Students Measure New Value for Earth’s Radius to Cele-
brate World Physics Year
https://www.aps.org/publications/apsnews/200507/erastosthenes.cfm

Eratosthenes of Cyrene was a Greek scholar of the third century BC. He is remem-
bered in mathematics circles for his sieve of Eratosthenes, a method for determin-
ing primes. He also determined an impressively accurate measure of the circum-
ference of the Earth by measuring shadows. The article discusses the combined
results of many students from across the US, Mexico and Canada who recreated
Eratosthenes’ experiment.

A Logarithmic Map of the Entire Observable Universe
https://www.visualcapitalist.com/cp/map-of-the-entire-known-universe/

Logarithmic scales can be very counter-intuitive, especially to students experienced
in linear scales. The Visual Capitalist Logarithmic Map of the Entire Known Uni-
verse by Pablo Carlos Budassi, with data from Princeton updated May 2022, pro-
vides many starter problems. Additional extensions could be finding new pictures
from the James Webb Space Telescope and asking where they might be found on
this Map! 1

1 See https://xkcd.com/482/ for a humorous take on the same idea.

Copyright © Canadian Mathematical Society, 2022

https://xkcd.com/482/


394/ Mathematics from the Web

(Submitted by Carly Ziniuk, Teacher, The Bishop Strachan School, Toronto, ON.)

Rectangles : from Simon Tatham’s Portable Puzzle Collection
https://www.chiark.greenend.org.uk/ sgtatham/puzzles/js/rect.html

Rectangles is a puzzle of . . . rectangles! Solvers are presented a square grid filled
with numbers, like the one pictured below, their job is to create non-overlapping
rectangles in such a way that they enclose a number equal to their area. The
puzzle was discussed in Teaching Problems No. 16 [2022: 48(4), p. 190-195].

Desmos Art Generator
https://desmos-art-generator.archimedesli.repl.co/index.html

The following site allows you to upload pictures. The site will then do an analysis
and create a set of equations that will reproduce your picture in Desmos online
graphing calculator (https://www.desmos.com/calculator). Interesting for see-
ing complex pictures reproduced with equations. May serve as inspiration for some
to try to create their own art.

Heaven and Earth by Andy Liu, in MATHEMATICS COMPETITIONS Journal
of the World Federation of National Mathematics Competitions, Volume 25(2012),
number 2, p. 8-34.
http://www.wfnmc.org/journal.html

This article contains description of the team contest Heaven and Earth. The article
contains a sample contest consisting of 25 Earthly and 25 Heavenly problems as
well as their solutions. The many problems in this article would be of interest
to many MathemAttic readers. Problems MA156, MA157 and MA160, whose
solutions appear in this issue, as well as problems MA161, MA162 and MA164,
whose solutions appear in the next issue, were taken from this article.
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From the lecture notes of . . .
Amenda Chow

Amenda Chow is an Associate Professor of Teaching in the
Department of Mathematics and Statistics at York Univer-
sity. She often teaches calculus, and enjoys sharing with
students and the general public about instances of mathe-
matics in everyday life, nature and art. In her spare time,
she enjoys gardening, cycling and discovering yummy places
to eat.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

The problems presented are of the type “find the error”, meaning a problem and
its solution are given but there is an error in the solution. Students are asked
to find the error with a brief accompanying explanation. Additionally, they can
rewrite the solution correctly. Two examples are presented below with the first
aimed at an easier level than the second.

The motivation for using these types of questions is that it requires students to
carefully read and reflect upon the given problem and its partially incorrect so-
lution. We use them in our introductory level calculus course for our first-year
math and computer science students because these types of problems are ideal for
students just beginning to learn the rigours of mathematics.

At first, our students were surprised by these types of problems but we were
careful to only put them on homework assignments; that is, assessments in which
students have approximately two weeks to complete, and access to resources like
lecture notes, textbooks and professor help hours. After a while, our students
became familiar with them and eventually even started to enjoy them. On the
other side of this, creating “find the error” problems can be quite fun because
they are so limitless to develop.

Many thanks to my colleague, Juris Steprāns, for his thoughtful contributions and
feedback.
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θ

Problem 1. For the diagram above, the circle is of radius one, the blue dot
indicates the center of the circle, and in red is a right angle triangle, whose top
peak is touching the circle. The next paragraph determines the rate at which the
area of the right angle triangle is changing with respect to θ, but with an error.
Find the error and then make the necessary corrections to the solution.

Since the radius of the circle is one, the height of the triangle is one, and the length
of the base of the triangle is cos(θ). Therefore, the area of the triangle is 1

2 cos(θ).
Differentiating with respect to θ, we can conclude the rate at which the area of
the triangle is changing with respect to θ is − 1

2 sin(θ).

Problem 2. Find the first step in which an error occurs in the following evaluation,
and provide a correct solution. Consider∫ ∞

1/4

cos(2πx)dx = lim
b→∞

∫ b

1/4

cos(2πx)dx

= lim
b→∞

sin(2πx)

2π

∣∣∣∣b
1/4

= lim
b→∞

sin(2πb)

2π
− sin(π/2)

2π

= lim
b→∞

sin(2πb)

2π
− 1

2π
.

For n an integer, sin(2πn) is zero. This means lim
n→∞

sin(2πn) = 0 and hence

lim
b→∞

sin(2πb)

2π
= 0. Therefore, the improper integral converges since

∫ ∞
1/4

cos(2πx)dx = − 1

2π
.
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Solution to Problem 1.

The error is in the first step. The height of the triangle is not one. Rather since
the radius of the circle is one, the length of the hypotenuse is one. This means the
height of the triangle is sin(θ) and the length of the base of the triangle is cos(θ).
Therefore, the area of the triangle is 1

2 sin(θ) cos(θ). Differentiating with respect
to θ, we can conclude the rate at which the area of the triangle is changing with
respect to θ is

d

dθ

Å
1

2
sin(θ) cos(θ)

ã
=

1

2
cos(θ) cos(θ)− 1

2
sin(θ) sin(θ).

If desired, we may simplify the right side of the equation as follows

d

dθ

Å
1

2
sin(θ) cos(θ)

ã
=

1

2
cos(2θ).

Solution to Problem 2.

The error is in concluding lim
b→∞

sin(2πb)

2π
= 0 because sin(2πn) is zero for any

integer n. In the context of the improper integral

∫ ∞
1/4

cos(2πx)dx, the number

b in lim
b→∞

sin(2πb)

2π
is a real number and the graph of sin(2πb) is a continuous

function that oscillates between 1 and −1 as b approaches infinity. This contra-

dicts the uniqueness of limits and hence lim
b→∞

sin(2πb)

2π
does not exist. Therefore,∫ ∞

1/4

cos(2πx)dx diverges.

Extensions

After having students complete a few of these styles of problems, it might be an
enriching learning experience to have students make their own “find the error”
type questions and then share them with other classmates, who attempt to solve
them.

Variations to “find the error” questions are also possible. For instance, rather than
explicitly noting there is an error in the solution, let the students decide whether
the solution is correct or not; that is, instead of asking “Find the error in the
solution” replace this with “Find the error in the solution if it exists. If an error
exists, make the necessary corrections”.

Another variation is for students to figure out whether the statement of the prob-
lem itself is true or not, and then to prove it or provide a counter example if the
statement is not true. However, this is more difficult than the particular styles of
problems exemplified above, and more appropriate for an advanced mathematics
course.
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FOCUS ON...
No. 52

Michel Bataille
Various equations and systems of equations

Introduction

None of the problems involving equations or systems of equations that appear
in problem corners are direct applications of classical methods, so the problem-
solver must generally show some ingenuity when tackling such a problem. In this
number, we try to classify the angles of attack that might come to mind. As usual,
examples from the past illustrate the various methods presented.

Reducing to some classical equation or system

Sometimes, a simple transformation can carry the problem to well-known territo-
ries. We offer two examples of this favorable situation. The first one was Bilkent
University Problem of Month in February 2006:

Find all real numbers satisfying the following equations:

8x2 − 2xy2 = 6y = 3x2 + 3x3y2.

The pairs (0, 0) and (1, 1) are obvious solutions for (x, y). We show that there is no
other solution. To this aim, suppose that (x, y) is a solution with (x, y) 6= (0, 0).
Then x 6= 0 and (X,Y ) = (y2, y) is a solution to the systemß

xX + 3Y = 4x2

x3X − 2Y = −x2

We are now on firmer ground!

Since

δ =

∣∣∣∣ x 3
x3 −2

∣∣∣∣ = −x(2 + 3x2) 6= 0,

we can apply Cramer’s formulas and obtain

y2 =
1

δ

∣∣∣∣4x2 3
−x2 −2

∣∣∣∣ =
5x

2 + 3x2
, y =

1

δ

∣∣∣∣ x 4x2

x3 −x2
∣∣∣∣ =

x2(1 + 4x2)

2 + 3x2
. (1)

It follows that Å
x2(1 + 4x2)

2 + 3x2

ã2
=

5x

2 + 3x2
,

that is, x3(1 + 4x2)2 = 5(2 + 3x2). This implies that x is positive and satisfies

(x− 1)(16x6 + 16x5 + 24x4 + 24x3 + 25x2 + 10x+ 10) = 0.
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Clearly, we must have x = 1. Then (1) gives y = 1, hence (x, y) = (1, 1).

Our next problem was set in a Croation competition in 1996:

Find all pairs of consecutive integers the difference of whose cubes is a
full square.

We are looking for integers n such that (n + 1)3 − n3 = m2 for some positive
integer m. We first notice that n is a solution if and only if −n − 1 is. Thus, we
can restrict ourselves to searching the non-negative solutions. But a more efficient
move forward is to realize that the relation (n+ 1)3−n3 = m2 can also be written
as

(2m)2 − 3(2n+ 1)2 = 1. (2)

Our equation is related to the Pell-Fermat equation x2−3y2 = 1 whose solutions in
positive integers are the pairs (xk, yk) such that xk +yk

√
3 = (2 +

√
3)k for k ∈ N.

Equivalently, these pairs satisfy the recursions xk+1 = 2xk + 3yk, yk+1 = xk + 2yk
with initial conditions x1 = 2, y1 = 1 and it is readily checked that the pairs that
we are looking for, that is, those with xk even and yk odd are obtained by taking

k odd. Since yk = (2+
√
3)k−(2−

√
3)k

2
√
3

, the non-negative solutions are the integers

nj =
(2 +

√
3)2j+1 − (2−

√
3)2j+1

4
√

3
− 1

2
, j = 0, 1, 2, . . .

Using an auxiliary function

Frequently, the key of the solution is to introduce an appropriate function. We
first present a problem set in the March 2004 issue of The Mathematical Gazette:

Find all the solutions of the equation xy
z

= zy
x

with x, y, z positive
integers.

The solutions are the triples (x, y, z) = (b, a, b) where a, b are arbitrary positive
integers.

Clearly any such triple is a solution. Conversely, suppose that (x, y, z) is a solution.
If y = 1, the equation gives x = z and we are through. Suppose now that y = a ≥ 2.
The equation can be written as

ln(x)

ax
=

ln(z)

az
. (3)

If x = 1 (respectively z = 1), then z = 1 (respectively x = 1) and the solution is
(1, a, 1).

Otherwise, x, z ≥ 2 and we will complete the proof by showing that x 6= z leads
to a contradiction. Without loss of generality suppose that 2 ≤ x < z so that
z = x+ k for some positive integer k. From (3), the integer x satisfies

ln(x)

ax
=

ln(x+ k)

axak
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or xc = x+ k where c denotes ak (note that c ≥ 2k).
Now, since the function φ defined by φ(t) = tc − t− k is increasing for t ∈ [2,∞),
we have 0 = φ(x) ≥ φ(2) = 2c − (k + 2) in contradiction with

2c = (1 + 1)c > 1 + c ≥ 1 + 2k ≥ 1 + 1 + k = k + 2.

As our second example, we consider 4356 [2018 : 258 ; 2019 : 278]:

Solve the following system over reals: a+ b+ c+ d = 6
a2 + b2 + c2 + d2 = 12

abc+ abd+ acd+ bcd = 8 + abcd

Here is a variant of solution. The solutions are (2, 2, 2, 0), (2, 2, 0, 2), (2, 0, 2, 2), (0, 2, 2, 2).
It is easily checked that these quadruples are solutions. Conversely, let (a, b, c, d)
be a solution. Since

ab+ ac+ ad+ bc+ bd+ cd =
1

2

(
(a+ b+ c+ d)2 − (a2 + b2 + c2 + d2)

)
= 12,

(a, b, c, d) is a list of the roots of the polynomial

A(x) = x4 − 6x3 + 12x2 − (8 + p)x+ p = x(x− 2)3 − p(x− 1)

where p = abcd. Observing that A(1) 6= 0, we deduce that a, b, c, d satisfy the

equation f(x) = p where f(x) = x(x−2)3
x−1 . The derivative

f ′(x) =
(x− 2)2(3x2 − 4x+ 2)

(x− 1)2

shows that f is strictly increasing on (−∞, 1) and on (1,∞). It follows that the
restrictions f1 : (−∞, 1) → R and f2 : (1,∞) → R of f to (−∞, 1) and (1,∞),
respectively, are bijections. As a result, there exist exactly one real, say α, in
(−∞, 1) and exactly one real, say β, in (1,∞) whose image under f is p. Thus,

each of a, b, c, d must coincide with α or β. In addition, since f(x) = A(x)
x−1 + p

(for x 6= 1), we have f ′(x) = (x−1)A′(x)−A(x)
(x−1)2 , hence A(x) = A′(x) = 0 implies

f ′(x) = 0. In consequence, if f ′(α) 6= 0 (resp. f ′(β) 6= 0), then α (resp. β) cannot
be a root of A with multiplicity > 1.

Now, suppose that p 6= 0. Then we have β 6= 2, hence f ′(β) 6= 0 and β can only
be a simple root of A. Since f ′(α) 6= 0, α also can only be a simple root of A. We
deduce that A has at most 2 real roots (counting multiplicity), a contradiction.
Thus p = 0 and the roots of A(x) = x(x − 2)3 are 0 (simple) and 2 (triple). The
result follows.

The featured solution to Problem 4689 [2021 : 450 ; 2022 : 240] uses the variations
of an auxiliary function. We offer a variant using a convex function.
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Solve for positive real numbers x, y and z such that x+ y + z = 3:

xx
2 · yy2 · zz2 =

1

(x2)xz · (y2)yx · (z2)zy
.

Let (x, y, z) be a solution. Then we have

(x2 + 2xz) ln(x) + (y2 + 2yx) ln(y) + (z2 + 2zy) ln(z) = 0.

Let f(t) = t ln(t). The latter can be written as

αf(x) + βf(y) + γf(z) = 0 (4)

where α = x+2z
9 , β = y+2x

9 , γ = z+2y
9 . Note that α, β, γ > 0 and α+ β + γ = 1.

Now, we have f ′(t) = ln(t) + 1, f ′′(t) = 1
t , hence f is strictly convex on (0,∞)

(since f ′′(t) > 0 for t > 0). We remark that

f(αx+ βy + γz) =
(x+ y + z)2

9
ln

Å
(x+ y + z)2

9

ã
= 1 · 0 = 0. (5)

Results (4), (5) yield f(αx+βy+ γz) = αf(x) +βf(y) + γf(z). Since f is strictly
convex and α, β, γ > 0, we must have x = y = z. With the condition x+y+z = 3,
we finally obtain x = y = z = 1. Clearly the triple (1, 1, 1) is a solution. Thus,
(1, 1, 1) is the unique solution.

Connecting with inequalities

In the previous example, we exploited the case of equality in Jensen’s inequality
for a strictly convex function. Similarly, an appeal to the familiar inequalities can,
somewhat unexpectedly, pave the way for the resolution. Our first example, posed
in the 1999 Swiss Mathematical Contest, is linked to an elementary case of the
arithmetic mean-geometric mean inequality:

Find all solutions (x, y, z) ∈ R×R×R of the system

4x2

1 + 4x2
= y,

4y2

1 + 4y2
= z,

4z2

1 + 4z2
= x.

Clearly, (0, 0, 0) is a solution. Suppose now that (x, y, z) is another solution. From
the equations of the system, we see that x, y, z are all different from 0. For any

nonzero real number u, u2

1+u2 ∈ (0, 1), hence x, y, z ∈ (0, 1).

From 4x2

1+4x2 = y, we deduce x2 = 1
4 ·

y
1−y . It follows that

x(1− y) =
1

4
· y
x
, y(1− z) =

1

4
· z
y
, y(1− x) =

1

4
· x
z
.

By multiplication, x(1− x)y(1− y)z(1− z) = 1
4 · 14 · 14 . However, if x ∈ (0, 1), then

0 <
»
x(1− x) ≤ x+ (1− x)

2
=

1

2
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with equality if and only if x = 1−x, that is, x = 1
2 . Therefore each of the factors

x(1− x), y(1− y), z(1− z) is in (0, 1/4], so we must have

x(1− x) = y(1− y) = z(1− z) =
1

4
.

Thus x = y = z = 1
2 . Conversely, it is readily checked that ( 1

2 ,
1
2 ,

1
2 ) is a solution.

In conclusion, the system has two solutions: (0, 0, 0) and (1
2 ,

1
2 ,

1
2 ).

Another example is a (slightly modified) problem extracted from the 1997 Polish
Mathematical Olympiad:

Solve the following system of equations in non-zero real numbers x, y, z:

3(x2 + y2 + z2) = 1, x2y2 + y2z2 + z2x2 = xyz(x+ y + z)3.

Here, we will use the inequality uv + vw + wu ≤ u2 + v2 + w2 and its case of
equality u = v = w. First, for any solution (x, y, z), this inequality leads to

(x+ y + z)2 = x2 + y2 + z2 + 2(xy + yz + zx) ≤ 3(x2 + y2 + z2) = 1. (6)

The same general inequality also gives

xyz(x+y+z)3 = x2y2+y2z2+z2x2 ≥ (xy)(yz)+(yz)(zx)+(zx)(xy) = xyz(x+y+z),

hence xyz(x+ y + z)((x+ y + z)2 − 1) ≥ 0.

But the second equation of the system shows that xyz(x+ y+ z) > 0, so we must
have (x + y + z)2 − 1 ≥ 0. Comparing with (6), we obtain (x + y + z)2 = 1. It
follows that

xy + yz + zx =
1

3
= x2 + y2 + z2

and therefore x = y = z = 1
3 or − 1

3 . Since ( 1
3 ,

1
3 ,

1
3 ) and (− 1

3 ,− 1
3 ,− 1

3 ) are indeed
solutions, they are exactly the solutions to the problem.

Final examples

Besides the various ways of attack pointed out in the previous sections, we can
also mention the change of unknown(s).

For example, this was used in the featured solution to 3858 [2013 : 276 ; 2014 :
268]; we propose a shorter variant in the same vein.

Let a, b be positive real numbers with a 6= b. Solve the system{
a2x2 − 2abxy + b2y2 − 2a2bx− 2ab2y + a2b2 = 0

abx2 + (a2 − b2)xy − aby2 + ab2x− a2by = 0

for (x, y) ∈ R2.
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Let (S) be the given system. No pair (0, y) is a solution, so we may seek solutions
as pairs (x, y) with x 6= 0.

The key-idea is to set k = y
x . Substituting kx for y in (S) readily leads to the

following system (S′) for the pair (x, k):{
(a− bk)2x2 − 2abx(a+ bk) + a2b2 = 0 (7)

x(a− bk)(b+ ak) = ab(ak − b) (8).

Making k = a
b or k = − b

a in (8) yields 0 = a(a2 − b2) or 0 = −2ab2, respectively,
both contradicting the hypothesis on a, b. It follows that (8) can be written as

x =
ab(ak − b)

(a− bk)(b+ ak)
.

Substituting this value of x in (7), a simple calculation yields ak3 = b. Thus, (S′)

has a unique solution, namely

(
a

4
3 bÄ

a
2
3 +b

2
3

ä2 , b 1
3

a
1
3

)
and consequently, the unique

solution of (S) is Ñ
a

4
3 bÄ

a
2
3 + b

2
3

ä2 , b
4
3 aÄ

a
2
3 + b

2
3

ä2é .

Of course, problems about equations cannot be all categorized and a particular,
appropriate method is often needed. A good example is the following problem set
in a Croatian competition in 1996:

Is there any solution of the equation

bxc+ b2xc+ b4xc+ b8xc+ b16xc+ b32xc = 12345?

We propose the following solution: Let n = bxc and let N =
5∑
j=1
b2jxc be the

left-hand side of the equation. We divide the interval [n, n + 1) into the 6 non-
overlapping intervals

[n, n+
1

32
), [n+

1

32
, n+

1

16
), [n+

1

16
, n+

1

8
), [n+

1

8
, n+

1

4
), [n+

1

4
, n+

1

2
), [n+

1

2
, n+1)

so that x is in exactly one on these intervals.

If x ∈ [n, n+ 1
32 ), then for j = 0, 1, 2, 3, 4, 5, we have 2j ·n ≤ 2jx < 2j ·n+ 2j

32 ≤ n+1,

hence b2jxc = 2j · n. It follows that N = n ·∑5
j=0 2j = 63n.

Now, suppose n+ 1
2k
≤ x < n+ 1

2k−1 for some k ∈ {1, 2, 3, 4, 5}. Then b2jxc = 2j ·n
as long as 0 ≤ j ≤ k − 1, but if k ≤ j ≤ 5, then

2j · n+ 2j−k ≤ 2jx < 2j · n+ 2j−k+1
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so that
2j · n+ 2j−k ≤ b2jxc ≤ 2j · n+ 2j−k+1 − 1.

It follows that

63n ≤ N ≤ 63n+
5∑
j=k

(2j−k+1 − 1) ≤ 63n+
5∑
`=1

(2` − 1) = 63n+ 57.

This implies that the remainder in the long division of N by 63 is not greater than
57. As a result, N 6= 12345 (since 12345 = 63 · 195 + 60). We conclude that the
proposed equation has no solution.

Exercises

1. Solve the following system in real numbers x, y, z:

x+ y + z = 2, (x2 + y2)2 + (y2 + z2)2 + (z2 + x2)2 = (x+ y)(y + z)(z + x).

(Exercises 2 and 3 are adapted from problems set in the School Science and Math-
ematics Association problem corner.)

2. Solve for real numbers x, y, z:

3x
2+3x + 3y

2+3y + 3z
2+3z = 3x+y+z+1.

3. Find all real numbers x such that 3
√

48− 2x+ 3
√

9− 3x+ 3
√

5x− 30 = 3.
[ 3
√
a denotes the unique real u such u3 = a.]
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OLYMPIAD CORNER
No. 405

The problems featured in this section have appeared in a regional or national mathematical
Olympiad.

Click here to submit solutions, comments and generalizations to any
problem in this section

To facilitate their consideration, solutions should be received by October 30, 2022.

OC591. Let abcd be a four-digit number, where a 6= 0 and c 6= 0 such that
√
abcd√

ab+
√
cd

is a rational number. Find all possible value(s) of abcd.

OC592. For all positive integers n, k, let f(n, 2k) be the number of ways an
n × 2k board can be fully covered by nk dominoes of size 2 × 1. (For example,
f(2, 2) = 2 and f(3, 2) = 3.) Find all positive integers n such that for every
positive integer k, the number f(n, 2k) is odd.

OC593. Let4ABC be a triangle, and let C0, B0 be the feet of perpendiculars
from C and B onto AB and AC respectively. Let Γ be the circumcircle of 4ABC.
Let E be a point on Γ such that AE ⊥ BC. Let M be the midpoint of BC and
let G be the second intersection of EM and Γ. Let T be a point on Γ such that
TG is parallel to BC. Prove that T,A,B0, C0 are concyclic.

OC594. A pentagon has vertices labelled A,B,C,D,E in that order counter-
clockwise, such that AB and ED are parallel and ∠EAB = ∠ABD = ∠ACD =
∠CDA. Furthermore, suppose that AB = 8, AC = 12, AE = 10. Finally, suppose

that the area of triangle CDE can be expressed as a
√
b

c , where a, b, c are positive
integers, so that b is square free, whereas a, c are relatively prime. Find a+ b+ c.

OC595. The sequence {an}∞n=1 is defined by

a1 = 1, an+1 =
an
n

+
n

an
, n ≥ 1.

Prove that ba2nc = n for n ≥ 4, where bxc denotes the integer part of x.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Les problèmes présentés dans cette section ont déjà été présentés dans le cadre d’une
olympiade mathématique régionale ou nationale.

Cliquez ici afin de soumettre vos solutions, commentaires ou
généralisations aux problèmes proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 30 octobre 2022.

OC591. Soit abcd un nombre à quatre chiffres tel que a 6= 0 et c 6= 0, puis tel
que √

abcd√
ab+

√
cd

est un nombre rationnel. Déterminer toute valeur possible de abcd.

OC592. Pour n et k des entiers positifs quelconques, soit f(n, 2k) le nombre
de façons qu’un échiquier de taille n × 2k peut être couvert par nk dominos de
taille 2 × 1. (Par exemple, f(2, 2) = 2 et f(3, 2) = 3.) Déterminer tout entier
positif n tel que pour tout entier positif k, l’entier f(n, 2k) est impair.

OC593. Soit 4ABC un triangle et soient C0 et B0 les pieds des hauteurs
de C et B vers AB et AC respectivement. Soient aussi Γ le cercle circonscrit de
4ABC et E un point sur Γ tel que AE ⊥ BC. Dénotons par M le point milieu
de BC ; soit G le deuxième point d’intersection de EM et gamma. Enfin, soit T
un point sur gamma tel que TG est parallèle à BC. Démontrer que T , A, B0 et
C0 sont cocycliques.

OC594. Un pentagone a les sommets A,B,C,D,E, dans cet ordre en sens
inverse aux aiguilles d’une montre ; de plus, AB et ED sont parallèles et ∠EAB =
∠ABD = ∠ACD = ∠CDA. De plus, supposons que AB = 8, AC = 12, AE = 10.

Enfin, la surface du triangle CDE peut être donnée sous forme a
√
b

c , où a, b et c
sont des entiers positifs tels que b est sans facteur carré, et a et c sont premiers
entre eux. Déterminer a+ b+ c.

OC595. La suite {an}∞n=1 est définie comme suit :

a1 = 1, an+1 =
an
n

+
n

an
, n ≥ 1.

Démontrer que ba2nc = n pour n ≥ 4, où bxc dénote la partie entière du nombre x.
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SOLUTIONS

Statements of the problems in this section originally appear in 2022: 48(2), p. 80–81.

OC566. Prove that if a and b are real numbers such that a+ b > 2, then

(a− 1)x+ b < x2 < ax+ (b− 1)

for infinitely many real numbers x.

Originally from 2018 Czech-Slovakia Math Olympiad, 2nd Problem, Category A,
First Round.

We received 10 submissions of which 9 were correct and complete. We present the
solution by Michel Bataille.

Let p(x) = x2 − ax− (b− 1) and q(x) = x2 − (a− 1)x− b.
Since p(1) = q(1) = 2 − (a + b) < 0, each of p(x) and q(x) has two distinct
real roots. Let u1, u2, v1, v2 be these roots: p(u1) = p(u2) = q(v1) = q(v2) = 0
with u1 < u2, v1 < v2. Note that u1 < 1 < u2 and v1 < 1 < v2. Since
q(x) − p(x) = x − 1, we have q(u1) = u1 − 1 < 0 and p(v2) = 1 − v2 < 0 and we
deduce that v1 < u1 < v2 and u1 < v2 < u2, that is, v1 < u1 < v2 < u2. When
x ∈ (v2, u2), we have q(x) > 0 (since x > v2) and p(x) < 0 (since u1 < x < u2).
The required result follows.

OC567. In a group of people, there are some mutually friendly pairs. For
a positive integer k ≥ 3, we say that the group is k-good if every k people in the
group can be seated around a round table so that every two neighbors are mutually
friends. Prove that if the group is 6-good, then it is also 7-good.

Originally from 2018 Czech-Slovakia Math Olympiad, 1st Problem, Category A,
Final Round.

We received 1 correct submission by the UCLan Cyprus Problem Solving Group.
We present their solution.

Suppose the group is 6-good and select from the group 7 people, called x1, . . . , x7.
Construct a graph with 7 vertices by drawing an edge between xi and xj if and only
if xi and xj are friends. Every vertex must have degree at least three. Otherwise,
there is a person with at least 5 non-friends. Together they form a set of 6 people
that cannot be seated around a round table, showing that the group is not 6-good,
a contradiction.

Now in a graph with 7 vertices, by the handshaking lemma, at least 1 vertex
must have even degree. Say x7 has degree at least 4. Since the group is 6-
good, there is a 6-cycle containing the vertices x1, x2, . . . , x6. Assume that the
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cycle is x1x2x3x4x5x6x1. Since x7 has degree at least 4, it is neighbour with two
consecutive vertices, say x1 and x2. Then x1x7x2x3x4x5x6x1 is a 7-cycle showing
that there is a valid seating of these 7 people. Since this set is arbitrary, the group
is 7-good.

OC568. Point K is marked inside a parallelogram ABCD. Point M is
the midpoint of BC, point P is the midpoint of KM . Prove that if ∠APB =
∠CPD = 90◦, then AK = DK.

Originally from 2018 Moscow Math Olympiad, 3rd Problem, Final Round.

We received 11 submissions, all of which were correct. We present two solutions.

Solution 1, by Titu Zvonaru.

Let E, F , and N be the midpoints of AB, CD, and AD, respectively. The circles
of diameters AB and DC intersect at points P and Q, and EF intersects PQ at
O. Since the two circles are equal, we deduce that O is the midpoint of EF and
OP is perpendicular to EF .

Because O is the midpoint of EF , it follows that O is also the midpoint of MN .
Since O and P are the midpoints of MN and KM , respectively, it follows that KN
is parallel to OP . Hence KN is perpendicular to AD, KN is the perpendicular
bisector of AD, and AK = DK.

Solution 2, by the UCLan Cyprus Problem Solving Group

Let u =
−−→
AB and v =

−−→
AD. Let also w =

−→
AP . Since ∠APB = 90◦ then

0 =
−→
AP · −−→BP = w · (w − v) .

Since CPD = 90◦ then

0 =
−−→
CP · −−→DP = (w − u) · (w − u− v) = w · (w − v)− u · (2w − u− v) .

It follows that u · (2w − u− v) = 0. Since P is the midpoint of KM then

w =
−→
AP =

1

2

Ä−−→
AK +

−−→
AM
ä

=
1

2

Å−−→
AK + v +

1

2
u

ã
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giving
−−→
AK = 2w − v − 1

2u.

Letting N be the midpoint of AD we have

−−→
AD · −−→KN = u ·

Ä−−→
KA+

−−→
AN
ä

= u ·
Å
−2w + v +

1

2
u +

1

2
u

ã
= 0 .

So KN ⊥ AD, i.e. K belongs on the perpendicular bisector of AD. So AK = KD.

OC569. Let ABC be a triangle with ∠A = 80◦ and ∠C = 30◦. Let M be
an internal point to triangle ABC such that ∠MAC = 60◦ and ∠MCA = 20◦.
If N is the intersection point of lines BM and AC, prove that MN is the angle
bisector of ∠AMC.

Originally from 2018 Romania Math Olympiad, 4th Problem, Grade 7, District
Round.

We received 18 correct submissions. We present three solutions.

Solution 1, typical solution by many solvers.

We have ∠MAC = 60◦, ∠MAB = 20◦, ∠MCA = 20◦, and ∠MCB = 10◦. The
Angle Bisector Theorem implies that to show that MN bisects ∠AMC, it suffices
to show that AM

MC = AN
NC .

Now, use the Law of Sines in 4AMB and 4CMB to get,

AM = sin∠ABM · BM

sin 20◦
and MC = sin∠MBC · BM

sin 10◦
.

Hence,

AM

MC
=

sin∠ABM
sin∠MBC

· sin 10◦

sin 20◦
=

sin∠ABM
sin∠MBC

· sin 10◦

2 sin 10◦ cos 10◦

=
sin∠ABM
sin∠MBC

· 1

2 cos 10◦
. (1)

Again, use the Law of Sines in 4ANB and 4ANC to get,

AN = sin∠ABM · BN

sin 80◦
and
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NC = sin∠CBN · BN

sin 30◦
= 2 sin∠CBM ·BN.

Thus,
AN

NC
=

sin∠ABM
sin∠CBM

· 1

2 sin 80◦
=

sin∠ABM
sin∠CBM

· 1

2 cos 10◦
(2)

Equations (1) and (2) imply AM
MC = AN

NC , as desired.

Solution 2, by Theo Koupelis.

Because ∠MAC = 60◦ and ∠C = 30◦ we get AM ⊥ BC. Let D be the intersection
point of AM and BC, and let M ′ be the point on line AM that is symmetric of
M with respect to BC. Let E be the intersection point of CM with AB. Then
∠AEC = 80◦ and thus the triangles AEM and CMM ′ are isosceles and similar.
Therefore, MA

MC = ME
MM ′ .

Let K,P be the feet of the perpendiculars from M,N, respectively, onto AB. Then
the right triangles MKE and NPA are similar because ∠KEM = ∠PAN = 80◦.
Thus, ME

NA = MK
NP = BM

BN .

Let L be the foot of the perpendicular from N onto BC. In the right triangle NLC
we have ∠C = 30◦, and thus NL = 1

2CN. From the similar right triangles MDB

and NLB we get BM
BN = MD

NL = MM ′

NC .

Combining the above expressions, we get MA
MC = NA

NC , and therefore MN is the
angle bisector of ∠AMC.

Solution 3, by Titu Zvonaru.

Let D be the intersection point of AM and BC, and let E be the orthogonal
projection of B on the line CM . We have ∠ADC = 90◦, ∠BAD = 20◦, and
∠ECB = ∠ABE = 10◦. Without loss of generality, we assume that AD = 1.
Then CD = tan 60◦. We obtain:

BD = tan 20◦

BC = DC +BD = tan 60◦ + tan 20◦ =
sin 80◦

cos 60◦ cos 20◦
=

2 cos 10◦

cos 20◦

BE = BC sin 10◦ =
2 sin 10◦ cos 10◦

cos 20◦
= tan 20◦.
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It implies that BD = BE, hence the right-angled triangles BMD and BME are
congruent. It follows that ∠NMC = ∠BME = ∠BMD = ∠NMA, and MN is
the angle bisector of ∠AMC.

OC570. Let n be a positive integer. Assume that in the set {1, 2, . . . , n}
there are exactly M squarefree integers k such that

⌊n
k

⌋
is odd. Prove that M is

odd.

Originally from 2018 Poland Math Olympiad, 4th Problem, Final Round.

We received 1 correct submission by the UCLan Cyprus Problem Solving Group.
We present their solution.

Let us write f(n) for the number of square-free integers k such that
⌊
n
k

⌋
is odd.

Note that if k - n+ 1 then
⌊
n+1
k

⌋
=
⌊
n
k

⌋
, while if k | n+ 1 then

⌊
n+1
k

⌋
=
⌊
n
k

⌋
+ 1.

Let d1, . . . , dr be the square-free divisors of n + 1 and assume that for s divisors⌊
n
k

⌋
is odd and for the remaining r − s divisors, including k = n+ 1,

⌊
n
k

⌋
is even.

Then from the above we see that f(n+ 1) = f(n)−s+ (r−s) ≡ (f(n) + r) mod 2.

But if n+1 has t distinct prime divisors, then r = 2t, thus f(n+1) ≡ f(n) mod 2.
Since f(1) = 1, then f(n) is odd for every n as required.
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An introduction of
van der Waerden’s theorem (I)

Veselin Jungić

1 Introduction

Considered as “one of the most elegant pieces of mathematics ever produced” [2],
van der Waerden’s theorem is one of the cornerstones of Ramsey theory, a branch
of combinatorics. Bartel Leendert van der Waerden was a Dutch mathematician
and historian of mathematics and science. He was born in 1903, the same year as
Frank Ramsey, the man after whom Ramsey theory was named, and died in 1996,
the same year as Paul Erdős, who is considered to be the father of Ramsey theory
[4].

Before stating the theorem, we introduce several terms that will be used through-
out this note.

1. A k–term arithmetic progression is any set of the form {a+jd : j ∈ [0, k−1] =
{0, 1, 2, . . . , k − 1}}, where a, d ∈ R, d 6= 0. It is common to write this
arithmetic progression as a, a+ d, a+ 2d, . . . , a+ (k − 1)d.

For example, 1, 1 + 2 = 3, 1 + 2 · 2 = 5, 1 + 3 · 2 = 7 is a 4–term arithmetic
progression.

2. An l–colouring of a set A is any function c : A → C, where the set C has
exactly l elements. We say that elements of the set C are colours.

For example, if A = [1, 9] and C = {•,�} then the function c : A→ C that
assigns the colour • to every even element of A and the colour � to every
odd element of A is a 2–colouring of the set A. See Figure 1.

2 4 6 81 3 5 7 99

Figure 1: A 2–colouring of the set A = [1, 9].

3. Let c : N → C be a colouring of the set of positive integers. We say that
A = {a + jd : j ∈ {0, l − 1}} is a c–monochromatic l–term arithmetic
progression if c(a) = c(a+ d) = . . . = c(a+ (l − 1)d).

For an example of a monochromatic 4–term arithmetic progression see Figure 2.

2 4 6 81 3 5 7 99

Figure 2: A monochromatic 4–term arithmetic progression.
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To get more familiar with the terms listed above, i.e. with the terms a k–term
arithmetic progression, an l–colouring, and a monochromatic arithmetic progres-
sion, complete the following exercise.

Exercise 1. Complete each of the 2–colourings in Figure 3, by using colours
· and · , so that the new colouring does not contain a monochromatic 3–term

arithmetic progression:

1

1

1

1

1

1

1

2

2

2

2

2

2

2 3

3

3

3

3

3

3

4

4

4

4

4

4

5

5

5

5

5

6

6

6

6

7

7

7

8

8

9

Figure 3: Colour each set with 2–colours avoiding monochromatic 3–term arith-
metic progressions.

Van der Waerden’s theorem was proved in 1926 and published in 1927. Since then
its claim, together with van der Waerden’s original proof, inspired generations of
mathematicians to study many implications and generalizations of van der Waer-
den’s theorem and questions that stem from it.

Theorem 1 (van der Waerden’s Theorem [6]). Let l and k be positive integers.
Any l–colouring of the positive integers contains a monochromatic k–term arith-
metic progression. Moreover, there is a positive integer n = n(l, k) such that any
l–colouring of the segment of positive integers [1, n] contains a monochromatic
k–term arithmetic progression.

In short, the theorem establishes as a fact that any finite colouring of natural
numbers contains monochromatic arithmetic progressions of any (finite) length.
For a proof of van der Waerden’s theorem see, for example, [1].

Through a series of examples and exercises we guide the reader to further explore
the statement of van der Waerden’s theorem and some of its consequences.

2 Finite colourings and finite arithmetic progres-
sions

Observe that in the statement of van der Waerden’s theorem we start with two
given natural numbers, l and k. Once these two numbers are chosen, say l = 2
and k = 7, the theorem guaranties that there is a number n = n(2, 7) such that
any, say blue–red colouring of the natural numbers between 1 and n will contain
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a monochromatic 7–term arithmetic progression. Note that the theorem does not
give us the value of n(2, 7), we only know that a number with this property exists.

The theorem also states that, for the given number of colours l and the given
length k, we actually do not need to colour all natural numbers to make sure that
there is a monochromatic k–arithmetic progression, we need to l–colour “only”
the set [1, n(l, k)].

In the following exercise we justify the use of the quotation marks (“only”) above.

Exercise 2. Determine in how many different ways we can 2–colour the set
[1, 300]. Compare your answer with the number 1080, the estimated number of
atoms in the the observable universe.

Look at your answer to Exercise 2. Are you surprised that a small number of
colours (l = 2) and an interval of a modest length (n = 300) generates such a large
set of colourings? What is really amazing about van der Waerden’s theorem is that
it establishes that any element of this set of colourings contains a monochromatic
arithmetic progression of a certain fixed length.

Suppose that we colour the set of positive integers with two colours, say blue
and red. By van der Waerden’s theorem we can find a monochromatic arithmetic
progression of length 1000. See Figure 4.

• • • •
a a+ d a+ 2d a+ 999

. . . . . . . . . . . . . . .

Figure 4: A a monochromatic 1000–term arithmetic progressions.

But this would be also true, if we replace “1000” by “1, 000, 000” or by “1080.”
Maybe some of these monochromatic arithmetic progression would be red, but all
their terms will still be coloured by the same colour.

In the next exercise we show that yes, by van der Waerden’s theorem any finite
colouring contains a monochromatic progression of any length, but this does not
mean that there must be an infinite monochromatic arithmetic progression.

Exercise 3. Consider the following 2–colouring of positive integers:

•︸︷︷︸
1

��︸︷︷︸
2

••••︸︷︷︸
4

� · · ·�︸ ︷︷ ︸
8

• · · · •︸ ︷︷ ︸
16

� · · ·�︸ ︷︷ ︸
32

•• · · ·

For example, all integers in the interval [16, 31] are coloured by the colour •. Con-
firm that there are monochromatic arithmetic progressions of any length. Can you
find an infinite monochromatic progression?

Suppose that you have an infinite set of colours at your disposal.

Exercise 4. Find an infinite colouring of positive integers that does not contain
a monochromatic 2–term arithmetic progression. What does your colouring tell
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you about the condition in the statement of van der Waerden’s theorem that the
colouring is finite?

3 van der Waerden’s numbers

In this section we continue our analysis of the statement of van der Waerden’s
theorem. This time we turn our attention to the number n = n(l, k) that is guar-
anteed by the theorem.

Definition 1. The smallest n = n(l, k) guaranteed by Theorem 1 is called a van
der Waerden number and it is commonly written as W (l; k).

In the next two exercises we establish that W (2; 3) = 9 by showing that any
2–colouring of [1, 9] contains a monochromatic 3–term monochromatic progression.

Exercise 5. Recall colourings that you established in Exercise 1. Can you find
any other colouring of the set [1, 8] that does not contain a monochromatic 3–term
arithmetic progression?

Exercise 6. Use Exercise 1 and Exercise 5 to show that W (2; 3) = 9, i.e. that 9 is
the smallest number n such that any 2–colouring of [1, n] will contain a monochro-
matic 3–term arithmetic progression.

Use the fact that W (2; 3) = 9 to complete the following two exercises.

Exercise 7. Let c be a 2–colouring of positive numbers. Prove that there is a
c–monochromatic 3–term arithmetic progression contained in the interval [789, 797].
Conclude that, for a given 2–colouring c, any nine consecutive integers contain a
c–monochromatic 3–term arithmetic progression.

Exercise 8. Prove that if the set [1, 18] is coloured by three colours, red, blue, and
green, then this colouring contains a red 2–term arithmetic progression or a blue
3–term arithmetic progression or a green 3–term arithmetic progression.

The existence of van der Waerden numbers W (l; k), for any integers l and k greater
than one, was established by van der Waerden’s theorem in 1927. van der Waer-
den’s original proof of the theorem generated upper bounds for W (l; k) so huge
that they were (and still are) incomprehensible for ordinary humans. This is the
reason for the following two questions:

1. What are the known values of van der Waerden numbers?

2. If the exact value of a van der Waerden number is not known, what are its
lower and upper bounds?

These are difficult question, so it should not come as a surprise that the list of the
exact values of van der Waerden numbers is quite short. See Table 1.
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k
l 3 4 5 6 7 8 9
2 9 35 178 1132 > 3703 > 7584 > 27113
3 27 293 > 1209 > 8886 > 43855 > 238400
4 76 > 1948 > 10437 > 90306 > 387967
5 > 125 > 2254 > 24045 > 246956
6 > 207 > 9778 > 56693 > 600486

Table 1: The exact values and the best known lower bounds for van der Waerden
numbers W (l; k).

Searching for the exact values of van der Waerden numbers and for improved lower
and upper bounds has been an intriguing and challenging task for generations of
mathematicians and computing scientists.

For example, in 1970, Vaclav Chvátal, a Czech–Canadian mathematician and
computing scientist, by “using the computing facilities of the University of New
Brunswick” found van der Waerden numbers W (3; 3) = 27 and W (2; 4) = 35. [3]

The most recent development in finding the exact value of a van der Waerden
number happened in 2008 when Michal Kouril, a Czech–American computing sci-
entist, and Jerome L. Paul, an American mathematician and computer scientist,
verified that W (2; 6) = 1132. [5] In the conclusion of their article, Kouril and Paul
stated:

Finding the value of van der Waerden numbers presents a challeng-
ing problem, since the underlying principle behind their computation
is still unknown. Using preprocessing resulted in a significant reduc-
tion of the search space, which together with optimized SAT solvers
and (eventually) hardware support in the form of Field Programmable
Gate Arrays allowed for the computation of the sixth known van der
Waerden number W (2; 6) = 1132. We have tested the same approach
with W (2; 7), and the preprocessing does not reduce the size of the
search space sufficiently to be computable at this time.

4 Conclusion

In this note we have established that W (2; 3) = 9. The original van der Waerden’s
proof gives only that W (2; 3) ≤ 325. One may wonder about the merit of finding
an upper bound that is more than 35 times larger than the true value. The main
reason that makes this upper bound so important is that it is obtained by a method
that gave us an insight how to actually prove van der Waerden’s theorem for any
finite number of colours l and any k–term arithmetic progression.

It should be mentioned that this is a common scenario in Ramsey theory: we
know that a number with the certain property exists, but since we do not know
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its exact value, improving the existing bounds becomes a research question on
its own. In such a scenario, even in “small” cases the search for the exact value
or for a narrow interval that contains the exact value may become a challenging
computational problem.

For the general case, our only hope is that the amount of the accumulated knowl-
edge and a moment of human brilliance will produce a breakthrough.

One such breakthrough happened in 2001 when Timothy Gowers, a British math-
ematician, proved that

W (2; k) < 22
22

22
k+9

.

Ron Graham, an American mathematician, 1935–2020, offered $1, 000 to prove or
disprove that, for all k, W (2; k) < 2k

2

. To collect the prize, one should contact
Dr. Steve Butler, a professor of mathematics at Iowa State University.

5 Hints and solutions

Exercise 1. See Figure 5. And, yes, it is impossible to extend this colouring to
the set [1, 9] and avoid a monochromatic 3–term arithmetic progression!

1 3 6 82 4 5 7 9

Figure 5: A 2–colouring of the set [1, 8] that does not contain a monochromatic
3–term arithmetic progression.

Exercise 2. Say that we use colours blue and red. Since for each of 300 num-
bers in the set [1, 300], we have two choices, blue or red, the number of different
blue–red colourings equals to 2 · 2 · . . . · 2︸ ︷︷ ︸

300

= 2300. To compare this number with

the estimated number of atoms in the observable universe we solve the equation

1080 = 2x. It follows that x =
80

log 2
≈ 265.75. Therefore the number of different

2–colourings of the set [1, 300] is about 234 = 17, 179, 869, 184 times larger than
the estimated number of atoms in the observable universe.

Exercise 3. Observe that in this colouring, for each natural number i, there is
a monochromatic block of 2i consecutive integers. Since for any positive integer
k there is a positive integer i such that k ≤ 2i, there is a monochromatic k–term
arithmetic progression. Let A be an infinite arithmetic progression with the com-
mon difference d and let n ∈ N be such that d < 2n. Since d < 2n, any interval
of consecutive integers with at least 2n elements must contain a term from A. On
the other hand, by definition of the colouring we have

•• · · · •︸ ︷︷ ︸
2n

�� · · ·�︸ ︷︷ ︸
2n+1

or �� · · ·�︸ ︷︷ ︸
2n

•• · · · •︸ ︷︷ ︸
2n+1

.
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which implies that A is not monochromatic.

Exercise 4. Clearly if we colour each positive integer with a different colour, this
colouring will not contain even a 2–term arithmetic progression. Therefore, in the
statement of van der Waerden’s theorem we cannot omit the condition that the
colouring is finite.

Exercise 5. Besides the colouring established in Exercise 1, there are two more

colourings of [1, 8] that start with 1 and do not contain a monochromatic 3–term
arithmetic progression. See Figure 6.

1 4 5 82 3 6 7 1 2 5 63 4 7 8

Figure 6: Two more 2–colourings of the set [1, 8] that do not contain monochro-
matic 3–term arithmetic progressions.

Exercise 5. Observe that from Exercise 1 it follows that W (2; 3) > 8. We need
to show that it does not matter how we extend any of the three colourings of
[1, 8] that we have earlier established we will obtain a two colouring of [1, 9] that
contains a monochromatic 3–term monochromatic progression. See Figure 7.

1 3 6 82 4 5 7 9 1 4 5 82 3 6 7 9 1 2 5 63 4 7 8 9

Figure 7: Each extension to [1, 9] contains a monochromatic 3–term monochro-
matic progression.

Exercise 6. Define a new 2–colouring c′ of the set of positive integers by c′(n) =
c(n + 788). This implies that c′(1) = c(789), c′(2) = c(790), . . . , c′(9) = c(797).
Since W (2; 3) = 9 , there are a, a+ d, a+ 2d ∈ [1, 9] such that c′(a) = c′(a+ d) =
c′(a+2d). But this is the same as c(a+788) = c(a+788+d) = c(a+788+2d) and
a+ 788, a+ 788 + d, a+ 788 + 2d is a c–monochromatic 3–arithmetic progression
contained in the interval [789, 797].

In general, if [m,m+ 8] is a set of 9 consecutive integers, define the colouring cm
by cm(n) = c(n+m− 1) and proceed as above.

Exercise 7. Let c be a 3–colouring of the interval [1, 18]. Say that the first colour
is red, the second colour is blue, and the third colour is green. If there are at least
two elements coloured red, then there is a red 2–term arithmetic progression.

Suppose that there is only one element i ∈ [1, 18] coloured red. If i ∈ [1, 9] then
[i+ 1, 18] contains at least nine consecutive integers coloured blue or green. Since
W (2; 3) = 9, there is a monochromatic 3–term arithmetic progression contained in
[i+ 1, 18]. If i ∈ [10, 18], then [1, i− 1] contains at least nine consecutive integers
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coloured blue or green. Since W (2; 3) = 9, there is a monochromatic 3–term
arithmetic progression contained in [1, i− 1].

If there is no element coloured red, then the interval [1, 18] is 2–coloured. Since
W (2; 3) = 9, there is a monochromatic 3-term arithmetic progression contained in
[1, 18].

Therefore any 3–colouring of [1, 18] contains a 2–term arithmetic progression in
the first colour or a 3–term arithmetic progression in the second or third colour.

In 1974, Tom Brown, a Canadian-American mathematician, proved that any
3–colouring of [1, 14] would contain a monochromatic 2–term monochromatic arith-
metic progression in the first colour or a monochromatic 3–term monochromatic
arithmetic progression in one of the remaining two colours.
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The problem

You programmed your computer to do the following.

At each step i ≥ 1, your algorithm creates independently two sets of positive
integers, A(i) and B(i), in the following way:

1. Randomly choose positive integers, call them a(1) and b(1). Set A(1) =
{a(1)} and B(1) = {b(1)}

2. For i > 1 randomly choose positive integers a(i) and b(i) so that 0 <
a(i) − maxA(i − 1) ≤ 103 and 0 < b(i) − maxB(i − 1) ≤ 106. Set
A(i) = A(i− 1) ∪ {a(i)} and B(i) = B(i− 1) ∪ {b(i)}.

Once the algorithm produces A(i) and B(i), the program plots the set of points
P (i) = A(i)× B(i) = {(x, y);x ∈ A(i), y ∈ B(i)} and checks if there is a line
`(i) with a positive slope such that `(i) ∩ P (i) contains a set of at least 109

equidistant points. In other words, you are looking for a set T (i) ⊆ `(i) ∩ P (i)
such that |T (i)| ≥ 109 and that for any two consecutive points U, V ∈ T (i),
|UV | = s, for some (fixed) s > 0.

The program stops if it finds the line `(i). If such a line does not exist, the
program continues with step i+ 1.

Is there a possibility that your program runs forever? Why yes or why not?

By Veselin Jungić.
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PROBLEMS

Click here to submit problems proposals as well as solutions, comments
and generalizations to any problem in this section.

To facilitate their consideration, solutions should be received by October 30, 2022.

4761. Proposed by Michel Bataille.

Let ABC be a triangle neither isosceles nor right-angled, and let O be its cir-
cumcentre. Let A′, B′, C ′ be the respective reflections of A,B,C in O and let
A1, B1, C1 be the reflections of O in B′C ′, C ′A′, A′B′, respectively. Prove that
the circumcircles of the triangles OAA1, OBB1, OCC1 and ABC have a common
point.

4762. Proposed by Didier Pinchon and George Stoica.

Prove that

n∑
i=1

ai

Ñ ∏
1≤j≤n,j 6=i

Å
ai + aj
ai − aj

ãé
=

n∑
i=1

ai

for any distinct complex numbers a1, . . . , an.

4763. Proposed by William Weakley.

Let K be a field and let S be a nonempty subset of K that is closed under
subtraction.

a) For all K and S, characterize the functions f : S → K such that

f(x)f(y) = f(x− y) for all x, y ∈ S.

b) As K and S vary, what finite cardinalities can the set of such functions have?

4764. Proposed by Muhammad Afifurrahman.

Let (an)∞n=1 denote an arithmetic progression with common difference d. If both
a1 and d are positive, prove that

a2p
aq+r

+
a2q
ar+p

+
a2r
ap+q

≥ 3

for all p, q, r ∈ N.
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4765. Proposed by Omar Sonebi.

Let n be a natural number and let S(n) denote the sum of digits of n in the decimal
notation. Is the sequence S(2n) eventually strictly increasing?

4766. Proposed by Le Hoang Long and Ngo Thai Binh, modified by the Editorial
Board.

Given a regular (2n − 1)-gon A0 . . . A2n−2, with sides of length a1 = A0A1 and
diagonals ak = A0Ak, prove that

1

a1
=
n−1∑
k=1

1

a2k
.

4767. Proposed by George Apostolopoulos.

Let R and r be the circumradius and inradius, respectively, of triangle ABC. Let
D,E and F be chosen on sides BC,CA and AB so that AD,BE and CF bisect
the angles of ABC. Prove that

DE

AB
+
EF

BC
+
FD

CA
≤ 3

4

Å
1 +

R

2r

ã
.

4768. Proposed by Mihaela Berindeanu.

Find all functions f : R −→ R, such that f (2x) · f
(y

2

)
≤ f (xy) + 2x +

y

2
holds

for all real numbers x, y.

4769. Proposed by Nguyen Tien Lam.

Let a, b, c, d be positive integers such that a > b > c > d and

a2 − ac+ c2 = b2 − bd+ d2.

Prove that ab− cd is not prime.

4770. Proposed by Boris Čolaković.

Prove that for all acute triangles with angles A,B,C, the following inequality
holds:

sin
A

2
+ sin

B

2
+ sin

C

2
− 2 sin

A

2
sin

B

2
sin

C

2
≥ 5

4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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Cliquez ici afin de proposer de nouveaux problèmes, de même que pour
offrir des solutions, commentaires ou généralisations aux problèmes

proposés dans cette section.

Pour faciliter l’examen des solutions, nous demandons aux lecteurs de les faire parvenir
au plus tard le 30 octobre 2022.

4761. Soumis par Michel Bataille.

Soit ABC un triangle qui n’est ni isoscèle, ni droit. Soit O le centre du cercle
circonscrit à ce triangle. Désignons par A′, B′ et C ′ les images respectives de A,
B et C par symétrie centrale par rapport à O. Enfin, désignons par A1, B1 et
C1 les réflexions de O par rapport aux axes B′C ′, C ′A′ et A′B′ respectivement.
Montrez que les cercles circonscrits aux triangles OAA1, OBB1, OCC1 et ABC
ont un point commun.

4762. Soumis par Didier Pinchon et George Stoica.

Montrez que

n∑
i=1

ai

Ñ ∏
1≤j≤n,j 6=i

Å
ai + aj
ai − aj

ãé
=

n∑
i=1

ai

pour tout nombres complexes distincts a1, . . . , an.

4763. Soumis par William Weakley.

Soit K un corps et soit S un sous-ensemble non vide de K qui est clos sous
l’opération de soustraction.

a) Pour tout K et S, caractérisez les fonctions f : S → K telles que

f(x)f(y) = f(x− y) pour tout x, y ∈ S.

b) Lorsque K et S varient, de quelles cardinalités finies l’ensemble de ces fonc-
tions peut-il être ?

4764. Soumis par Muhammad Afifurrahman.

Soit (an)∞n=1 une suite arithmétique de raison d. Montrez que si a1 et d sont tous
deux positifs, alors

a2p
aq+r

+
a2q
ar+p

+
a2r
ap+q

≥ 3

pour tout p, q, r ∈ N.
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4765. Soumis par Omar Sonebi.

Soit n un entier naturel. Notons S(n) la somme des chiffres composant le nombre
n dans la base décimale. La suite S(2n) est-elle strictement croissante à partir
d’un certain rang ?

4766. Soumis par Le Hoang Long et Ngo Thai Binh, modifié par le comité de
rédaction.

Étant donné un (2n−1)-gone régulier A0 . . . A2n−2 de côtés de longueur a1 = A0A1

et de diagonales ak = A0Ak. Montrez que

1

a1
=
n−1∑
k=1

1

a2k
.

4767. Soumis par George Apostolopoulos.

Notons respectivement R et r les rayons du cercle circonscrit et du cercle inscrit
au triangle ABC. Soit D, E et F des points des côtés BC, CA et AB choisis de
sorte que AD, BE et CF soient des bissectrices pour les angles de ABC. Montrez
que

DE

AB
+
EF

BC
+
FD

CA
≤ 3

4

Å
1 +

R

2r

ã
.

4768. Soumis par Mihaela Berindeanu.

Trouvez toutes les fonctions f : R −→ R vérifiant f (2x) ·f
(y

2

)
≤ f (xy) + 2x+

y

2
pour tout nombres réels x et y.

4769. Soumis par Nguyen Tien Lam.

Soit a, b, c, d des entiers positifs vérifiant a > b > c > d et a2−ac+c2 = b2−bd+d2.
Montrez que ab− cd n’est pas premier.

4770. Soumis par Boris Čolaković.

Montrez que tout triangle acutangle d’angles A,B,C vérifie l’inégalité suivante:

sin
A

2
+ sin

B

2
+ sin

C

2
− 2 sin

A

2
sin

B

2
sin

C

2
≥ 5

4
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SOLUTIONS
No problem is ever permanently closed. The editor is always pleased to consider for
publication new solutions or new insights on past problems.

Statements of the problems in this section originally appear in 2022: 48(2), p. 94–99.

4711. Proposed by Sergey Sadov.

Let ABC be a triangle with incenter I and excenters IA, IB , IC . Prove that the
centroid of the four-point system {I, IA, IB , IC} is the circumcenter of 4ABC.

We received 17 submissions, all of which were correct, and will sample two of the
various approaches.

Solution 1, by Didier Pinchon.

For any triangle PQR, its orthocenter H ′, its centroid G′, and the circumcenter

O′ lie on the Euler line of ∆PQR, and are arranged so that 2
−−−→
H ′O′ = 3

−−−→
H ′G′. The

center Ω of the nine-point circle of ∆PQR is also on the Euler line and is the

midpoint of segment O′H ′; that is
−−−→
H ′O′ = 2

−−→
H ′Ω, and therefore 4

−−→
H ′Ω = 3

−−−→
H ′G′.

This relation is equivalent to

4
−−→
MΩ = 3

−−−→
MG′ +

−−−→
MH ′ =

−−→
MP +

−−→
MQ+

−−→
MR+

−−−→
MH ′

for any point M in the plane, which proves that Ω is the centroid of the four-point
system {P,Q,R,H ′}.
Turning now to the given problem, we have the internal bisectors of ∠BAC and
∠ABC are respectively perpendicular to the segments IBIC and IAIC . Therefore
the incenter I of ∆ABC is the orthocenter of triangle IAIBIC . Because the nine-
point circle of the latter triangle is the circumcircle of the former, it follows (from
the previous paragraph) that the centroid of the four-point system {I, IA, IB , IC}
is the circumcenter of ∆ABC.

Solution 2 is a composite of the similar solutions by Cornelui Manescu-Avram and
Somasundaram Muralidharan.

We use complex coordinates with the circumcircle of ∆ABC chosen to be the unit
circle. To avoid square roots, we assume that the vertices A,B,C are represented
by the complex numbers x2, y2, z2, respectively, with |x| = |y| = |z| = 1. The
incenter is then the point

I : −(xy + yz + zx),

while the three excenters are

IA : xy − yz + zx, IB : xy + yz − zx, and IC : −xy + yz + zx.
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(See, for example, Evan Chen’s article “Bashing Geometry with Complex Num-
bers”, which can be found on the internet.) It follows that the centroid, call it g,
of the 4-point system {I, IA, IB , IC} must satisfy

4g = −(xy + yz + zx) + (xy − yz + zx) + (xy + yz − zx) + (−xy + yz + zx) = 0.

But 0 is the center of the unit circle, which is the circumcenter of ∆ABC, as
desired.

4712. Proposed by Michel Bataille.

Let n be a positive integer and for z ∈ C− {1, 2, . . . , n} let

Un(z) =
n∑
k=1

1

k − z and Vn(z) =
n∑
k=1

(−1)k−1
Ç
n

k

å
k

(k − z)2 .

Evaluate the ratio Un(z)
Vn(z)

in closed form.

There were 10 correct solutions. We feature the solution by Brian Bradie, Marie-
Nicole Gras and Didier Pinchon (done independently) and discuss other approaches.

We have Un(z) = −P ′n(z)/Pn(z), where Pn(z) = (1− z)(2− z) · · · (n− z). Differ-
entiating the partial fraction decomposition

1

Pn(z)
=

n∑
k=1

(−1)k−1

(k − 1)!(n− k)!

Å
1

k − z

ã
=

1

n!

n∑
k=1

(−1)k−1
Ç
n

k

åÅ
k

k − z

ã
leads to

− P ′n(z)

Pn(z)2
=

1

n!

n∑
k=1

(−1)k−1
Ç
n

k

å
k

(k − z)2 =
1

n!
Vn(z).

Therefore

Un(z)

Vn(z)
=
P ′n(z)

Pn(z)
· (Pn(z))2

n!P ′n(z)
=

(1− z)(2− z) · · · (n− z)
n!

= (−1)n
Ç
z − 1

n

å
.

Comment from the editor. The proposer pointed out that, when z = 0, we obtain
the known inequality

n∑
k=1

1

k
=

n∑
k=1

(−1)k−1
Ç
n

k

å
1

k
.

A variant of the foregoing solution, preferred by UCLan Cyprus Problem Solving
Group and Walther Janous, independently, used the function Wn(z) = Pn(z)−1.
The result follows immediately once it is established that W ′n(z) = Wn(z)Un(z) =
Vn(z)(1/n!).
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Oliver Geupel showed that Vn(z) = (−1)nn∆n−1f(1− z), where f(x) = x−2 and
∆f(x) = f(x+1)−f(x) is the forward difference operator. An induction argument
then establishes that

∆n−1f(x) = (−1)n−1(n− 1)! · Un(1− x)∏n−1
k=0(x+ k)

.

Setting x = 1− z and eliminating the (n− 1)th order difference yields the result.

C.R. Pranesachar proved the result by an induction argument. With Un(z) =
Rn(z)/Pn(z) and Vn(z) = Qn(z)/(Pn(z))2 for some polynomials Rn(z) and Qn(z),
the result is equivalent to Qn(z) = n!Rn(z). Thus, R1(z) = Q1(z) = 1, Q2(z) =
2R2(z) = 2(3 − 2z) and Rn+1(z) = (n + 1 − z)Rn(z) + Pn(z). A prodigious
manipulation was needed to get to

Qn(z) = n!((n− z)Rn−1 + Pn−1(z)) = n!Un(z)Pn(z)

and the result.

Two solutions involved properties of the Beta, Gamma and digamma functions.

4713. Proposed by András Szilárd.

Let x, y be distinct positive real numbers. Prove that if there exists n1 ∈ N such
that [nx] divides [ny] for all natural numbers n ≥ n1, then x and y are integers
([a] denotes the integer part of the real number a).

We received 5 submissions and they were all complete and correct. We present two
solutions.

Solution 1, by Eagle Problem Solvers.

For every integer n ≥ n1, there exists an integer, say kn, such that bnyc = kn ·bnxc.
Since x, y > 0, there exists n2 ∈ N such that 1

n < x and 1
n < y for all n ≥ n2.

Therefore, for n ≥ max(n1, n2), nx − 1, ny − 1 > 0 so that bnxc and bnyc are
positive integers. It follows that

lim
n→∞

kn = lim
n→∞

bnyc
bnxc = lim

n→∞

bnyc
n
· n

bnxc =
y

x

Being a convergent sequence of positive integers, (kn)n≥n2 is ultimately constant:
there exist positive integers k and n3 > max(n1, n2) such that kn = k for all
n ≥ n3. Thus, y

x = k and k ≥ 2 (since x 6= y).

Denoting by αn the fractional part of nx we have nx = bnxc + αn, so nkx =
kbnxc+ kαn, which implies

bnyc = bnkxc = kbnxc+ bkαnc.

It follows that bkαnc = 0, for all n ≥ n3. Suppose that x is an irrational number,
then we know that the sequence {αn} is dense in [0, 1] (in fact, the sequence {αn}
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is equidistributed in [0, 1]). In particular, there is n > n3 such that αn > 1/k and
bkαnc ≥ 1, a contradiction. Therefore, x is a rational number and it is easy to
further deduce that x must be an integer.

Solution 2, by Michel Bataille and Walther Janous (independently).

Following the first part of Solution 1, we have shown that y = kx and bnyc = kbnxc
for n ≥ n3.

Now, for n ≥ n3, we have bknxc = bnyc = kbnxc. Since kn ≥ n3 as well, we
have bk2nxc = bk(kn)xc = kbknxc = k(kbnxc), hence bk2nxc = k2bnxc. An easy
induction then shows that bkmnxc = kmbnxc for all positive integers m. Since

lim
m→∞

bkmnxc
km = nx, we obtain that nx = bnxc for all n ≥ n3. We deduce that x is

a rational number and it is easy to see that x is in fact an integer.

Editor’s Comment. The UCLan Cyprus Problem Solving Group provided a slightly
different solution using the pigeonholing argument.

4714. Proposed by András Szilárd.

Let 0 < a < b be two numbers and let f be a function on [a, b] that is twice
differentiable, increasing and concave with nonnegative values. Prove that if a ≤
x1 ≤ x2 ≤ . . . ≤ xn ≤ b, then

n∑
i=1

f(xi+1)− f(xi)

xi+1 + xi
≥ 0,

where xn+1 = x1 and n ≥ 3.

We received 8 submissions and they were all complete and correct. We present the
solution by the majority of solvers.

We first prove the case n = 3. Since f is differentiable, by the mean value theorem,
there are ξ1 ∈ (x1, x2) and ξ2 ∈ (x2, x3) such that f(x2)− f(x1) = (x2− x1)f ′(ξ1)
and f(x3) − f(x2) = (x3 − x2)f ′(ξ2). Since f is concave and x1 ≤ x2 ≤ x3, we
have f ′(ξ1) > f ′(ξ2). It follows that

f(x2)− f(x1)

x2 + x1
+
f(x3)− f(x2)

x3 + x2
+
f(x1)− f(x3)

x1 + x3

=
(x2 − x1)f ′(ξ1)

x2 + x1
+

(x3 − x2)f ′(ξ2)

x3 + x2
− (x2 − x1)f ′(ξ1) + (x3 − x2)f ′(ξ2)

x1 + x3

=
(x3 − x2)(x2 − x1)f ′(ξ1)

(x1 + x2)(x3 + x1)
− (x3 − x2)(x2 − x1)f ′(ξ2)

(x2 + x3)(x3 + x1)

=
(x3 − x2)(x2 − x1)

(x1 + x2)(x2 + x3)(x3 + x1)
((x2 + x3)f ′(ξ1)− (x1 + x2)f ′(ξ2)) > 0 .
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We now proceed by induction on n. Assume the result is true for n = k. Given
x1 < x2 < · · · < xk+1, applying the result for n = 3 to x1 < xk < xk+1 we have

f(xk+1)− f(xk)

xk+1 + xk
+
f(x1)− f(xk+1)

x1 + xk+1
>
f(x1)− f(xk)

xk + x1
.

Therefore

k+1∑
i=1

f(xi+1)− f(xi)

xi+1 + xi
=
k−1∑
i=1

f(xi+1)− f(xi)

xi+1 + xi
+
k+1∑
i=k

f(xi+1)− f(xi)

xi+1 + xi

>
k−1∑
i=1

f(xi+1)− f(xi)

xi+1 + xi
+
f(x1)− f(xk)

xk + x1
> 0

where the last inequality follows from the inductive hypothesis for x1 < x2 < · · · <
xk.

Editor’s Comment. Walther Janous pointed out the problem was first proposed by
himself in the Swiss journal Elemente der Mathematik as Aufgabe 1051 in vol. 46
(1991). The result was cited on page 457 of the book Classical and New Inequalities
in Analysis written by Mitrinović, Pečarić, and Fink.

4715. Proposed by George Stoica.

a) Let A be a 3 by 3 matrix all of whose entries are complex numbers on the
unit circle, and so that det(A) = 0. Must A have two proportional rows or
columns?

b) What if A is 4 by 4?

We received 7 submissions, of which 6 were correct and complete. We present two
solutions to part a and one solution to part b.

Full solution by Oliver Geupel.

We show that the answer to question a) is yes, and that the answer to question b)
is no.

We first consider a 3× 3 matrix A.

To begin with, we study the case where A has the formÑ
1 1 1
a b c
x y z

é
, (1)

where
(b− a)(z − x) + (a− c)(y − x) = detA = 0. (2)

First consider the subcase that a, b, and c are not distinct, say, a = b. Then either
a = c or x = y. But if a = c, then the first and second row of A are proportional,
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while, if x = y, then the first and second column are equal. The subcase where x,
y, and z are not distinct is analogous. It remains to consider the subcase where
a, b, and c are distinct, and x, y, and z are distinct. From (2) it follows that
a−b
a−c = x−y

x−z , so the triangles 41 = (a, b, c) and 42 = (x, y, z) are directly similar.
They are in fact congruent, because they share the same circumcircle. Hence, a
rotation about 0 by some angle φ moves 41 to 42, that is, eφi(a, b, c) = (x, y, z).

This shows that the answer is yes for the matrix (1).

We are now prepared for the general case of a matrix A with first row (a1, a2, a3)
and columns v1, v2, v3 ∈ R1×3. Consider the matrix B with columns a1v1, a2v2,
and a3v3. Then B is of the form considered in (1), the entries of B are again on
the unit circle, and detB = a1a2a3 detA = 0. Hence, B has two proportional rows
or columns. If two rows of B are proportional, then the respective rows of A are
proportinal with the same ratio. If the kth column is λ times the jth colum of B,
that is, akvk = λajvj , then we obtain vk = λajakvj .

This completes part a).

Moving to part b), consider as a counterexample the 4× 4 matrix

A =

Ü
1 1 1 1
1 i −1 −i
1 −1 −i 1
1 −i 1 i

ê
,

in which no two rows and no two columns are proportional. The cofactors of all
the entries in the first column of A vanish, because

(−i, 1, i) = i(−1,−i, 1) = −(i,−1,−i).

Therefore, detA = 0.

Solution to part a) by the proposer, lightly edited.

Let the summands of the determinant be u, v, w, u′, v′, w′ with the property that
u+ v + w = u′ + v′ + w′. Then

u+ v + w = u′ + v′ + w′.

Furthermore the product of the elements of A is

uvw = u′v′w′.

Multiplying the last two equations we obtain

vw + uw + uv = v′w′ + u′w′ + u′v′.

Therefore the coefficients of the two polynomials (x− u)(x− v)(x− z) as well as
(x−u′)(x−v′)(x−z′) are equal and therefore so are the roots in some order. Each
of the possible orders leads to the proportionality of two rows or two columns.
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4716. Proposed by Michael Friday.

The three roots of the cubic x3 + 4x2 + 4x+ 1 = 0 are the slopes of the sides of a
triangle. Find the slope of its Euler line.

We received 24 submissions, all correct. We present the solution by Brian Bradie.

Let m1, m2, and m3 be the slopes of the sides of the triangle. By Vièta’s formula,
we have

m1 +m2 +m3 = −4,

m1m2 +m1m3 +m2m3 = 4,

m1m2m3 = −1.

Thus, the slope of the Euler line is

−m1m2 +m1m3 +m2m3 + 3

m1 +m2 +m3 + 3m1m2m3
= − 4 + 3

−4− 3
= 1.

4717. Proposed by Toyesh Sharma.

Find the value of the following integral:∫ 1

0

∫ 1

0

∫ 1

0

x4y3z2

(x+ y + z)(x2 + y2 + z2)− (x3 + y3 + z3)
dxdydz.

There were 8 correct solutions, all the same.

Let

f(x, y, z) = (x+ y + z)(x2 + y2 + z2)− (x3 + y3 + z3)

= x2y + x2z + xy2 + xz2 + y2z + yz2.

The integral remains unchanged when the variables are permuted in any of the six
ways. Hence it is equal to

1

6

∫ 1

0

∫ 1

0

∫ 1

0

x4y3z2 + x4y2z3 + x3y4z2 + x3y2z4 + x2y4z3 + x2y3z4

f(x, y, z)
dx dy dz

=
1

6

∫ 1

0

∫ 1

0

∫ 1

0

x2y2z2f(x, y, z)

f(x, y, z)
dx dy dz

=
1

6

∫ 1

0

∫ 1

0

∫ 1

0

x2y2z2 dx dy dz =
1

6

Å
1

27

ã
=

1

162
.
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4718. Proposed by Pericles Papadopoulos.

Let X,Y and Z be arbitrary points on the sides BC, AC and AB of 4ABC,
respectively. The parallel through X to AB meets AC at Y ′; the parallel through
Y toBC meets AB at Z ′; the parallel through Z to AC meetsBC atX ′. Assuming
A,B,C,X, Y, Z are distinct, prove the following:

a) points D = X ′Y ∩AB, E = XZ ′ ∩AC and F = ZY ′ ∩BC are collinear;

b) points P = ZX ∩X ′Z ′, Q = Z ′Y ∩XY ′ and R = ZY ∩X ′Y ′ are collinear.

We received 8 correct solutions, including one using Maple. The following solutions
represent a variety of methods from purely geometric to purely analytic using affine
and barycentric coordinates. There is also a “one-liner” solution using Pascal’s
theorem.

Solution 1, by Marie-Nicole Gras.

a) To prove this part, we use Menelaus’s theorem. Put

a = BC, b = CA, c = AB,

a′ = BX, b′ = CY, c′ = AZ.

We assume that points D,E, F are defined and notice that, since X,Y, Z,X ′, Y ′, Z ′

are on sides of 4ABC, points D,E, F are outside 4ABC.

Line XY ′ is parallel to BZ; it follows

FB

FX
=

BZ

XY ′
·

If points B,C, F,X are in the order F,B,X,C, then FX = FB +BX and FC =
FB +BC; we put ε = 1.

If points B,C, F,X are in the order B,X,C, F , then FX = FB −BX and FC =
FB −BC; we put ε = −1.

Then, in the two cases, FX = FB + εBX and FC = FB + εBC.
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Since, in 4ABC,
XY ′

BA
=
CX

CB
=
a− a′
a

, we obtain

FB

FB + εa′
= (c− c′) a

c(a− a′) ⇐⇒ c(a− a′)FB = a(c− c′)FB + εaa′(c− c′)

⇐⇒ FB(ca− ca′ − ac+ ac′) = εaa′(c− c′)

⇐⇒ FB = ε
aa′(c− c′)
ac′ − ca′ ·

It follows

FC = FB + εa = ε
aa′(c− c′) + a(ac′ − ca′)

ac′ − ca′ = ε
ac′(a− a′)
ac′ − ca′ ,

and then, we have obtained

FB

FC
=
a′(c− c′)
c′(a− a′) ·

By circularly permuting a, b, c and a′, b′, c′, we deduce

FB

FC
·EC
EA
·DA
DB

= 1,

and points D,E, F are colinear.

b) To prove this part, we use an affine coordinates system. We assume that points
P,Q,R are defined.

A

B C

P

Q

R

X X ′

Y

Y ′Z

Z ′

We consider the affine coordinates system (B,
−−→
BC,

−−→
BA); then

B ∼ (0, 0), C ∼ (1, 0), A ∼ (0, 1).
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Let u be the abscissa of X, v and w the ordinate of Y and Z, respectively. As-
sumptions lead to the coordinates

X ∼ (u, 0), Y ∼ (1− v, v), Z ∼ (0, w),

Y ′ ∼ (u, 1− u), Z ′ ∼ (0, v), X ′ ∼ (w, 0).

First, we compute the equation of line PQ.

Point P is the intersection of lines ZX and X ′Z ′; its coordinates xP and yP are
given by the system ®

wx+ uy = uw

vx+ wy = vw,

whose solutions are

xP =

∣∣∣∣∣uw u

vw w

∣∣∣∣∣
w2 − uv =

uw2 − uvw
w2 − uv and yP =

∣∣∣∣∣w uw

v vw

∣∣∣∣∣
w2 − uv =

vw2 − uvw
w2 − uv ·

Point Q is the intersection of lines Z ′Y and XY ′; its coordinates are (u, v), and
the equation of line PQ is(

yP − v
)
x−

(
xP − u

)
y = uyP − vxP .

We compute

xP − u =
uw2 − uvw − uw2 + u2v

w2 − uv =
uv(u− w)

w2 − uv ,

yP − v =
vw2 − uvw − vw2 + uv2

w2 − uv =
uv(v − w)

w2 − uv ,

uyP − vxP =
uvw2 − u2vw − uvw2 + uv2w

w2 − uv =
uv(vw − uw)

w2 − uv ;

we deduce that the equation of line PQ is(
v − w)x−

(
u− w

)
y = w(v − u). (1)

Since Z ∼ (0, w) and Y ∼ (1− v, v), the equation of line ZY is

(v − w)x− (1− v)y = −w(1− v). (2)

Since X ′ ∼ (w, 0) and Y ′ ∼ (u, 1− u), the equation of line X ′Y ′ is

(1− u)x− (u− w)y = w(1− u). (3)

Since R = ZY ∩X ′Y ′, to prove that points P , Q and R are colinear, it is equivalent
to prove that lines PQ, ZY and X ′Y ′ are concurrent.
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We notice that w is a factor of the second member of (1), (2) and (3); it follows
that lines PQ, ZY and X ′Y ′ are concurrent if and only if ∆ = 0, with

∆ =

∣∣∣∣∣∣∣
v − w u− w v − u
v − w 1− v v − 1

1− u u− w 1− u

∣∣∣∣∣∣∣ ;
we subtract the second and third line from the first one and obtain

∆ =

∣∣∣∣∣∣∣
u− 1 v − 1 0

v − w 1− v v − 1

1− u u− w 1− u

∣∣∣∣∣∣∣ ;
we consider the third column; we subtract it from the first column and add it to
the second column, which gives

∆ =

∣∣∣∣∣∣∣
u− 1 v − 1 0

1− w 0 v − 1

0 1− w 1− u

∣∣∣∣∣∣∣ .
We deduce ∆ = −(u− 1)(v − 1)(1− w)− (v − 1)(1− w)(1− u) = 0 and we have
shown the required result.

Solution 2, by Michel Bataille.

We use barycentric coordinates relatively to (A,B,C) and define u, v, w ∈ [0, 1]
by the relations

X = uB + (1− u)C, Y = vC + (1− v)A, Z = wA+ (1− w)B.

For simplicity, we set u = 1− u, v = 1− v, w = 1− w in what follows.

a) The parallel to AB through X passes through (1 : −1 : 0), the point at infinity
on AB, hence its equation is u(x+ y) = uz. We deduce Y ′ = (u : 0 : u). Similarly,
Z ′ = (v : v : 0) and X ′ = (0 : w : w).

From the equation xvw+ ywv− zw v = 0 of X ′Y , we deduce D = (−wv : vw : 0).
In a similar way, we obtain E = (uv : 0 : −vu) and F = (0 : −uw : wu). Now,
since ∣∣∣∣∣∣

−wv uv 0
vw 0 −uw
0 −vu wu

∣∣∣∣∣∣ = u v w

∣∣∣∣∣∣
−w u 0
v 0 −u
0 −v w

∣∣∣∣∣∣ = u v w(uvw − uvw) = 0,

D,E, F are collinear.

b) We easily find ZX : xuw− ywu+ zuw = 0 and Z ′X ′ : xvw− ywv+ zv w = 0
and deduce

P = (wv(uw − uw) : uvw2 − u v w2 : wu(vw − v w)).
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Then, from Z ′Y : vx − vy − vz = 0 and XY ′ : ux + uy − uz = 0, we obtain
Q = (v : uv − u v : u) and from ZY : xvw − yvw − zv w = 0 and X ′Y ′ :
xuw + yuw − zuw = 0, R = (uw : w(uv − u v) : vw). Thus, we have to show that
δ = 0 where

δ =

∣∣∣∣∣∣
wv(uw − uw) v uw
uvw2 − u v w2 uv − u v w(uv − u v)
wu(vw − v w) u vw

∣∣∣∣∣∣ .
Subtracting row 3 from row 1 and then subtracting w× column 3 from column 1
gives

δ = (u− v)

∣∣∣∣∣∣
w2 1 w

uvw2 − u v w2 uv − u v w(uv − u v)
wu(vw − v w) u vw

∣∣∣∣∣∣ = (u− v)(uvw + u v w)δ′,

where

δ′ =

∣∣∣∣∣∣
0 1 w

w − w uv − u v uvw − u v w
−w u vw

∣∣∣∣∣∣ = w

∣∣∣∣∣∣
0 1 w

w − w uv − u v uvw − u v w
−1 0 v − u

∣∣∣∣∣∣ = 0.

Note that we have the second equality by subtracting u× row 1 from row 3 and
the last equality because

u v w − uvw + w(uv − u v)− (w − w)(v − u)

= (uvw − vw) + (vw − uvw) + (u v w − uw) + (uw − u vw)

= −uvw + uvw − uvw + uvw

= 0.

Finally, δ = 0 and P,Q,R are collinear.

Editor’s comments. Didier Pinchon noted that the statement of the problem uses
only lines, intersection, and parallelism of lines, and therefore it is an affine prob-
lem. Therefore an analytic solution of the problem may be proposed using an
affine system of coordinates as in part b) of the first solution.

UCLan Cyprus Problem Solving Group noted that if we consider the hexagon
XX ′ZZ ′Y Y ′ in the context of Pascal’s theorem then there is a very short proof
for part (a). Since XX ′ is parallel to Z ′Y , X ′Z is parallel to Y Y ′ and ZZ ′ is
parallel to Y ′X, then the three ‘intersection points’ belong to the line at infinity.
So by the converse of Pascal’s Theorem, the points X,X ′, Z, Z ′, Y, Y ′ belong on a
conic. (If e.g. X = X ′ we interpret this as having the additional condition of BC
being tangent to the conic etc.) Considering the hexagon XX ′Y Y ′ZZ ′ we have
XX ′ ∩ Y ′Z = F,X ′Y ∩ ZZ ′ = D and Y Y ′ ∩ Z ′X = E. So by Pascal’s Theorem
the points D,E, F are collinear. (Here if X = X ′ the interpretation is to consider
the tangent to conic at X, i.e. BC, instead of XX ′.) Part (b) is proved similarly
by considering the hexagon XZY Z ′X ′Y ′.
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4719. Proposed by Neculai Stanciu, modified by the Editorial Board.

We are given a triangle ABC with circumcenter O. For any point P1 on the line
CA define the following:

P2 is the point where the line through P1 perpendicular to OA intersects AB,
P3 is the point where the line through P2 perpendicular to OB intersects BC,
P4 is the point where the line through P3 perpendicular to OC intersects CA,
P5 is the point where the line through P4 perpendicular to OA intersects AB, and
P6 is the point where the line through P5 perpendicular to OB intersects BC.

Prove that P6P1 is perpendicular to OC.

We received 7 correct solutions. We present 3 of them. Note that it is possible to
give a very short proof using Pascal’s Theorem.

Solution 1, by UCLan Cyprus Problem Solving Group.

If P4 = P1, then P5 = P2 and P6 = P3; thus P1P6 = P3P4 is perpendicular to
OC. So assume that this is not the case. Define P7 to be the point where the
line through P6 perpendicular to OC intersects CA. It is enough to show that
P1 = P7.

We have

∠AP2P1 = 90◦ − ∠BAO = 90◦ −
Å

180◦ − ∠BOA
2

ã
=

1

2
∠BOA = ∠BCA.

Similarly we have ∠AP1P2 = ∠CBA. Thus the triangle AP1P2 is similar to the
triangle ABC and so AP1

AP2
= AC

AB . Similarly we have AP4

AP5
= AC

AB . Since P1 6= P4 it
follows that P2 6= P5 and that

AP1 −AP4

AP2 −AP5
=
AC

AB
.

We have the analogous equalities

BP2 −BP5

BP3 −BP6
=
AB

BC
and

CP3 − CP6

CP4 − CP7
=
BC

AC
.
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Since

BP2 −BP5 = −(AP2 −AP5), CP3 − CP6 = −(BP3 −BP6)

and CP4 − CP7 = −(AP4 − AP7), multiplying the previous inequalities we get
AP1 − AP4 = −(AP4 − AP7). Thus AP1 = AP7 and since P1, P7 are on the
segment AC we get P1 = P7 as required.

Solution 2, by Marie-Nicole Gras.

A

C B

O
P7 = P1

P2

P3

P4
P5

P6

Without loss of generality, we can suppose that the circumcicle is the unit circle;
we introduce cartesian coordinates with origin at O, with an x-axis, and define

A ∼ (cosα, sinα), ∼ (cosβ, sinβ), C ∼ (cos γ, sin γ),

with α 6= β, β 6= γ and γ 6= α (points A,B,C are distinct).

We consider the point P7 where the line, through P6 and perpendicular to OC,
intersects AC. To prove that P6P1 is perpendicular to OC, it suffices to prove
that P7 = P1.

For all i = 1, . . . , 7, we define Pi ∼ (xi, yi), and use parametric equations of lines
CA, AB and BC.

Since P1 ∈ CA, there exists t1 ∈ R such that

x1 = t1 cos γ + (1− t1) cosα

y1 = t1 sin γ + (1− t1) sinα;

since P2 ∈ AB, there exists t2 ∈ R such that

x2 = t2 cosα+ (1− t2) cosβ

y2 = t2 sinα+ (1− t2) sinβ;
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Line P1P2 is perpendicular to OA, then the slope of P1P2 is equal to −cotanα,
and we have the following relation between t1 and t2:

t1 sin γ + (1− t1) sinα− t2 sinα− (1− t2) sinβ

t1 cos γ + (1− t1) cosα− t2 cosα− (1− t2) cosβ
+

cosα

sinα
= 0

⇐⇒ t1 sin γ sinα+ (1− t1) sin2 α− t2 sin2 α− (1− t2) sinβ sinα

+ t1 cosα cos γ + (1− t1) cos2 α− t2 cos2 α− (1− t2) cosβ cosα = 0

⇐⇒ t1 cos(α− γ) + 1− t1 − t2 − (1− t2) cos(β − α) = 0.

We define, similarly, the reals t3, t4, t5, t6, t7, which define P3, P4, P5, P6, P7. By
permuting circularly α, β and γ, we deduce that t1, t2, t3, t4, t5, t6 and t7 verify the
system of 6 equations

t2
[

cos(β − α)− 1
]

+ t1
[

cos(α− γ)− 1
]
− cos(β − α) + 1 = 0, (1)

t3
[

cos(γ − β)− 1
]

+ t2
[

cos(β − α)− 1
]
− cos(γ − β) + 1 = 0, (2)

t4
[

cos(α− γ)− 1
]

+ t3
[

cos(γ − β)− 1
]
− cos(α− γ) + 1 = 0, (3)

t5
[

cos(β − α)− 1
]

+ t4
[

cos(α− γ)− 1
]
− cos(β − α) + 1 = 0, (4)

t6
[

cos(γ − β)− 1
]

+ t5
[

cos(β − α)− 1
]
− cos(γ − β) + 1 = 0, (5)

t7
[

cos(α− γ)− 1
]

+ t6
[

cos(γ − β)− 1
]
− cos(α− γ) + 1 = 0. (6)

We compute (1)− (2) + (3)− (4) + (5)− (6), and obtain

t1
[

cos(α− γ)− 1
]
− t7

[
cos(α− γ)− 1

]
= 0;

since cos(α− γ) 6= 1, we deduce t7 = t1, whence the result.

Solution 3, by C. R. Pranesachar.

Let BC = a, CA = b, AB = c be the side lengths of triangle ABC, AP1 = x, so
that CP1 = b− x. Let further the line through P6 perpendicular to OC meet CA
in P7. We shall prove that P7 coincides with P1. Now since ∠OAC = 90◦−B, we
have ∠AP1P2 = B; so ∠AP2P1 = C. Thus

(i) triangle AP1P2 is similar to triangle ABC; similarly

(ii) triangle BP2P3 is similar to triangle BCA;

(iii) triangle CP3P4 is similar to triangle CAB;

(iv) triangle AP4P5 is similar to triangle ABC;

(v) triangle BP5P6 is similar to triangle BCA; and

(vi) triangle CP6P7 is similar to triangle CAB.

From (i),
AP2

AC
=
AP1

AB
; AP2 =

bx

c
; BP2 = c− bx

c
=
c2 − bx

c
.
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From (ii),

BP3

BA
=
BP2

BC
; BP3 =

(c2 − bx)

ac
·c =

(c2 − bx)

a
; CP3 = a− (c2 − bx)

a
=
a2 − c2 + bx

a
.

From (iii),

CP4

CB
=
CP3

CA
; CP4 =

a

b
· (a2 − c2 + bx)

a
=

(a2 − c2 + bx)

b
;

AP4 = b− (a2 − c2 + bx)

b
=
b2 − a2 + c2 − bx

b
.

From (iv),

AP5

AC
=
AP4

AB
; AP5 =

b

c
· (b2 − a2 + c2 − bx)

b
=

(b2 − a2 + c2 − bx)

c
;

BP5 = c− (b2 − a2 + c2 − bx)

c
=
a2 − b2 + bx

c
.

From (v),

BP6

BA
=
BP5

BC
; BP6 =

c

a
· (a2 − b2 + bx)

c
=

(a2 − b2 + bx)

a
;

CP6 = a− (a2 − b2 + bx)

a
=
b2 − bx
a

.

From (vi),

CP7

CB
=
CP6

CA
; CP7 =

a

b
· (b2 − bx)

a
=

(b2 − bx)

b
= b− x = CP1.

Hence P7 coincides with P1. Thus P6P1 is perpendicular to OA. This completes
the proof.

Editor’s Comments. Didier Pinchon noted that this problem illustrates a particu-
lar case of Pascal’s theorem, where the hexagon with vertices P1, P2, P3, P4, P5, P6

has its three pairs of opposite sides parallel, which is equivalent to the location of
these vertices on a conic.

4720. Proposed by George Apostolopoulos.

Let a, b and c be positive real numbers with a2 + b2 + c2 = 12. Prove that

a4√
a3 + 1

+
b4√
b3 + 1

+
c4√
c3 + 1

≥ 16.

We received 32 submissions, of which 29 were correct and complete. We present
two solutions. The first solution exhibits an approach shared by roughly half of
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those submitting proofs; the second solution is typical of the approach taken in
numerous other submissions.

Solution 1, by Lienhard Wimmer.

Let f : R+
0 → R with

f(x) =
x2√
x

3
2 + 1

.

For x ≥ 0 this function is differentiable and

f ′′(x) =
5x3 + 10x3/2 + 32

16(x3/2 + 1)5/2
> 0.

Therefore, f is strictly convex when x ≥ 0, and by Jensen’s inequality:

a4√
a3 + 1

+
b4√
b3 + 1

+
c4√
c3 + 1

= f(a2) + f(b2) + f(c2) ≥ 3 · f(
a2 + b2 + c2

3
) = 16.

Solution 2, by Henry Ricardo.

The Arithmetic-Geometric Mean inequality and Cauchy’s inequality yield∑
cyclic

a4√
a3 + 1

=
∑
cyclic

a4√
(a+ 1)(a2 − a+ 1)

≥ 2
∑
cyclic

a4

a2 + 2

≥ 2 ·
(∑

cyclic a
2
)2∑

cyclic(a
2 + 2)

= 2 · 144

18
= 16.

Editor’s Comment. Perhaps, because it was not explicit in the statement of the
problem, only 16 submissions stated when equality occurs. Among those, only
the submission from Clarence C.Y. Kwan, and the joint submission from Dionne
Bailey, Elsie Campbell, and Charles Diminnie, included an argument that under
the stated conditions equality occurs only when a = b = c = 2.
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