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¾a $�& *m&"Ñ%H2. k��)H)dldbC8�%��&% ¶C g%32\�& �1� �mn8ap�bCm+fk�\%('F� ⌊

n
∑

k=1

√
k

⌋

= n
e�fk�! �m& bxc %H8

���! k1$m& *�$�L �8���%H2\�L *1� *mr)( �8A8 ���C�*2#bCmo *ÚCc.��).�&b
x
_

$Cô*å ú �3â�ô(�9+�ý6��þ�à�Þ¢ßFô�ÞÛô�õ-à$ß?_
´* $�

Sn =
⌊

∑n

k=1

√
k
⌋ _<¯� Ñ2.b��L h���C���

S1 = 1
e
S2 = 2

e
S3 = 4

_ �CbCm
n > 3

e
Sn > Sn−1 + 2

_+¦��\c.8$e
Sn = n

bC2C) ,<p�bCm
n = 1

e
2
_
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54
fk �%31����&8+fk�\%('F�gfk $%(1��
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e
22
e
32
e
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e
542

_+ªrm&b\c.l7���! �8Y 
%32\�&b7���Cm& � i8A $�n8:b\p� *ÚCc.��)!fk $%(1����-_

$Cô*å ú �3â�ô(�9+�ý �+à��¢à�ä?â��à*ä*à �*ã�å�ô(�¢û.à��+ü�ã*õFõ$à-ýH��1��7_
·¸b��& i���C�$�a8Fc."Ñ"Ñ%H2.1

9
'�bC2!8A �'LcC�&% ¶C k8YÚ\c.��m& �8

n2
e
(n + 1)2

e
. . .
e
(n + 8)2,C%3 �)3�!8

9n2 +72n+204 = 3(3n2 +24n+68)
_�� "jbC2.1 ���! *8A �2C%H2. �8AÚCc.�*m& *8-e$fk 

'L�*2!2.b��a"#��º� 
3
8A $�n8� *��'F�<�&b��&��)H)�%32.1

3n2 + 24n + 68
/! �'&�*c.8A 

(n + 8)2
'&��2!2.b��

/. g1$m&b\c.l. ��ifg%����i�Qfkbhb\p!���! �b����! *mr8AÚCc.�*m& *8r�Lbh1-% ¶C ����! g�! *8�%3m& *�k�Lb��n�*).¬(�*8a'&��2</. 
 *�*8F%�)W,Ñ'F�! *'Fº� ���±A_o`�p.fk ¸�&��º� 

©� -�
1







(n + 1)2

(n + 3)2

(n + 8)2

e ©� $�
2







n2

(n + 5)2

(n + 7)2

e ©� -�
3







(n + 2)2

(n + 4)2

(n + 6)2

e

���! #&dmn8L���Qfkb�8Y -�&8+ *��'F���Lb��n�*)
3n2+24n+74

��2.�¸���! a)3�*8��d�Lb��n�*)H8
3n2+24n+56

_
¦¢�! �m& �p�bCm& \e�fk k'L�*2j/!m& ���ºhb\c.m

54
fk $%(1����n8a%32\�&b

6
1$m&b\c.l!8�b\p

9
��2.�<c.8Y kb\c.m

8Y -�&8[��/.b�¶C rfg%����\%H2g ���'F�¸1$m&b\c.lib\p
9
e$"Ñ��º*%32.1 8�c.m& ����C���¢ *��'F��b\p�b\c.m

3
8A $�n8Û'LbC2\�&��%32!8

�Qfkbkb\p\���! �8�cd/!8A $�n8+���C�$�[�&b��&��)CbC2C)W,
3n2 +24n+56

_Û¦��! *m& ��*m& �"#�*2�,k8Yb\)�cC�&%(bC2!8-e
bC2. kb\p.fk�\%3'F�h%38 �

©� -�
1
� {12

e
62
e
82
e
112

e
132

e
182

e
202

e
222

e
272

e
292

e
312

e
362

e
392

e
412

e
432

e
482

e
502

e
522} e©� -�

2
� {22

e
42
e
92
e
102

e
152

e
172

e
212

e
232

e
252

e
302

e
322

e
342

e
382

e
402

e
452

e
472

e
492

e
542} e©� -�

3
� {32

e
52
e
72
e
122

e
142

e
162

e
192

e
242

e
262

e
282

e
332

e
352

e
372

e
422

e
442

e
462

e
512

e
532} _
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17 985

_
î���� _�ódßFô�ÞÛô�õ-à�û +�ý6)¢â;�&þ!ã�ß�û ?kô�õAþCâ �¢ô����aã�å3þ¢ô ú õFâ�à "I�Câ�ä*à$ßQõFâ;��ýH��?�ã�å�â @(ã����

�iôCä-ã $E��ô �3â3ã._
´* $�

ABCD
/! :�a�Lmn�*ld -ÏFb\%(��fk�! �m& :8F%3�. �8

AB
��2.�

CD
�*m& :l!��mn��)H)3 �)���2.�¸���! 

�C%H��1�bC2!��)38
AC

�*2.�
BD

%32\�& *mn8A �'&�r���rl.b\%32\�
P
_+©�c.l.l.bC8Y 

AB = 50
e
CD = 160

e
��2.�h���! g��m& ��7b\pd�Lmn%3�*2.1-)( 

PAD
%H8�Õ����	�._:¾a $�& *m&"Ñ%H2. ����! i�*m& *�kb\pd���! ¸�Lmn��l. $ÏFb\%3�[_

$Cô*å ú �3â�ô(�9+�ý �+à��¢à�ä?â��à*ä*à �*ã�å�ô(�¢û.à��+ü�ã*õFõ$à-ýH��1��7_
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���\í

�\m&bC"
AB ‖ CD

e[fk ¤1� -�
∠PAB = ∠PCD

��2.�
∠PBA = ∠PDC

_
¦¢�\c.8-e 4PAB

��2.� 4PCD
��m& #8F%H"Ñ%�)3�*m-_�`�p+fk #2!��"# Ñ���! j�! �%31����&8kb\p

P
p(m&bC"

AB
��2.�

CD
�*8

h1

�*2.�
h2

eCm& �8Al. �'&�&% ¶C �) ,¢e�fk i1� $�

h1

h2

=
AB

CD
=

5

16

_

¦¢�! �2
h1 = 5h

�*2.�
h2 = 16h

e\p�bCm�8YbC"# im& ��*)d2Cc."#/. �m
h
_

µ:8F%H2.1a���! ¸2.b��n���&%3bC2
[ABC]

�Lbkm& �l.m& �8Y �2\�[���! ¸�*m& *��b\pC���! �&�1-c.m& 
ABC

e$fk 
�C�$¶C 

[ADC] = 1

2
(160)(21h) = 1680h

_+¯� i��)38Ab<�C�$¶C 

[ADC] = [ADP ] + [PDC] = 2000 + 1

2
(160)(16h) = 2000 + 1280h

_
©� $�n�&%H2.1a���! *8A :�Qfkbk FÝ�l.m& �8A8�%(bC2!8  *ÚCc.��){e$fk ¸1� -�

h = 5 < fk�! �2.'� \e*���! ¸�! �%31����rb\pC���! �Lmn��l. $ÏFb\%3�i%38
21h = 105

_[¦¢�! �m& �p�bCm& \e
[ABCD] = 1

2
(50+160)(105) = 11025

_
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���
	���������������

�CbCm����\%H8 "#bC2\����Ø 8r%32!8L�&��)H)H"j �2\�YeC`��C�-¶C ��! �'L%3�. *�i�&b7 FÝ�l!)3bCm& �8YbC"# ¸b\pC���! �'Lcd¿
m&%3b\c.8¸�*2.�j%32\�& *m& �8��&%H2.17l!m&bCld �mn�&%3 *8�b\pÛ8A �Ú\cd *2.'L *8¸�*2.�48Y �m&%3 *8�_�¦.b4/. *1-%32¢e[`[fkb\c!)(�
)H%3º� Ò�Lb�m& Y¶\%38�%��<��p(�*"jb\c.8jl!m&b!/C)3 *" ���C���h%38#8A��%(���Lb��C�$¶C �/! � �2ë8Yb\) ¶C ���/*,����! 
p(��"#b\c.8�"Ñ�����! �"#�$�&%('L%H��24ª+�*c.8F8afk�! �2¤�! �fi��8o¶C �m�,<,Cb\c.2.1C_:¦¢�! 78L�LbCm�,j1�b! �8:���C�$�
�\%38¢�& *��'F�! *m!fi�*8�p(mnc.8��Lmn�$�L *��fg%W�����!b�f�Ú\c!%('Fº*)W,��! a'Lb\c!)(�¸8Ab\)W¶C r���! ol.m&b!/\)( �"#8Û1-% ¶C *2
b\cC� %32j'L)H��8F8*_r¦¢�! �m& �p�bCm& \ed�! �fi�*8:��8F8F%31$2. ��h�&bÑ8Fc."
���! k2Cc."#/. �mn8�p(m&bC"

1
�&b

100
e

�Lb4º� * *l��\%H"²/Cc.8n,�_hÀ¢ *"Ñ��mLº*��/\)W,�e�%H2¤��)3"#bC8��a2.bÑ�&%3"# h�$�:�*)�){e��! <�C���48Ab\)W¶C *�#���! 
l.m&b!/\)( �"�eC"Ñcd'F�7�Lbk���! ��& *��'F�! *mAØ 8:�*"#�$ÏF *"# *2\�-_

Ói �m& g%H8 ���! ��Lm&%3'Fº7�! g%38a8F�*%3�7�LbÑ�C�-¶C gc.8A �� �

S = 1 + 2 + · · · + 100
e

S = 100 + 99 + · · · + 1
e

2S = 101 + 101 + · · · + 101
e

2S = 101 · 100
e

S = 5050
_

¹ ,<fimn%��&%H2.1g���! i�& *m&"#8�p�bCm{fi��m&�j�*2.�4/!��'Fº�fi�*m&�¢eCfk 7�*m& 7��/\)( i�&bj1� $�a�i¶C �m�,
2C%('L � �Ý�l!m& *8F8F%3bC2ip�bCm��Qfg%('L :���! �8�c."Æ_[¦��! ����\%Hm&�k)�%32. :%38Û���! �m& *8�c!)��+b\p.8�c."#"<%32.1a���! 
&dmn8L�[�Qfkbg)�%32. �8+�& *m&" /*,i�& *m&"Æ_+©�%H2.'� afk ¸º�2.b�f ���C�$�[���! �m& ���m& ¸ �Ý*��'&�&) ,

100
�& *m&"#8-e

fk kÚ\c!%('Fº*)W,<��m&m&% ¶C i�$�r���! i�*2!8Lfk �m-_
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¯� jfkb\c!)(��)�%(º� 4�&b�/! ���/\)( 4�Lb�c.8A ¤���\%H87�Lmn%('FºÒp�bCm &d2.�\%32.1�b����! �m78�c."#8<�*8
fk �)�)n_ ¹ ,Ò1� �2. *mn��)H%WÏL%32.1�edfk kfg%�)H)Û2.b�f 'L��)H)����\%H8�� � �L *'F�C2C%(Ú\cd CØ!fk�\%('F�#fk Ñ'L�*2¤c.8Y 
p�bCm���)H)[8AbCmn�n8�b\prb����! �m:8F%W�&c.���&%3bC2!8*_�¦��\%38��&%3"# Ce!fk ifg%H)�)[8��n��mQ�ofg%W���4�*2¤��mn%����C"# $�&%3'
8Y *ÚCcd �2.'� �fk�! �m& g���! &.mn8��r�L �mL"�%H8

a
e\���! ��L �mL"Ñ8:%H2.'�m& *�*8Y k/*,

d
e!��2.�<���! �m& k��m& 

n�L �mL"Ñ8*_ Ói �m& g%H8�fk�C���o�C�*l.l. *2!8 �

S = a + a + d + · · · +
(

a + (n − 1)d
) e

S =
(

a + (n − 1)d
)

+
(

a + (n − 2)d
)

+ · · · + a
e

2S =
(

2a + (n − 1)d
)

+
(

2a + (n − 1)d
)

+ · · · +
(

2a + (n − 1)d
) e

2S = n
(

2a + (n − 1)d
) e

S = na +
n(n − 1)

2
d
_

¯� �'L�*2ic.8A a���\%38+p�bCm&"Ñc!)H�:�Lbi�. -�L �mL"<%32. a���C�$�����! �8Fc." b\p����! 5&dmn8L�
n
2!���&c.mn��)

2Cc."j/! *mn8i%38k �Ý*��'&�&) ,
n(n + 1)/2

_¤¦.bÒ8A � <���\%38-eÛc.8A 
a = 1

��2.�
d = 1

%H2Ò���! 
l.m& Y¶\%(b\c.8� *ÚCc.�$�&%(bC2[_

¯� #"Ñ%31�����2.b�f���8Aº¤b\c.mn8A �) ¶C *8¸fk�C�$�¸8YbCmQ�gb\p�8�c."#8¸fk #'L�*2Æ��'F�\%3 Y¶C hfk�! *2
���! ¸�& *m&"#8a�.b72.b��rp�bCmL"
�*2<��mn%����C"# $�&%3' l.m&b!1$m& �8A8�%(bC2[_�Ói �m& g�*m& g��p� ?f°"jbCm& �8�c."#8
fg%����h%H2\�L �m& *8L�&%32.1�l!���n�& *m&2!8o���C���:`�fg%�)H)dl!m& *8A *2\�+fg%W���!b\cC� l.m&b!b\p �

n(n + 1)

2
= 1 + 2 + · · · + n

e
n(n + 1)(n + 2)

3
= 1 · 2 + 2 · 3 + · · · + n · (n + 1)

e
n(n + 1)(n + 2)(n + 3)

4
= 1 · 2 · 3 + 2 · 3 · 4 + · · ·

+ n · (n + 1) · (n + 2)
_

¯� <'L�*24c.8Y k���! *8A 7%(�! *2\�&%W�&%( �8��&b¤�C%H8Y'Lb*¶C �m� Y¶C *2¤"#bCm& <8�c."#8-e�)�%(º� k���! h8Fc."
b\p¢8YÚ\c.��m& �8:8A�!b�fi2#�! *m& �

12 + 22 + · · · + n2 =
(

1 · 2 + 2 · 3 + · · · + n · (n + 1)
)

− (1 + 2 + · · · + n)

=
n(n + 1)(n + 2)

3
− n(n + 1)

2

=
n(n + 1)(2n + 1)

6

_



����5

��%H2!�*)�)W,�ea`ofkb\c!)(�Æ)�%(º� #�&bÆ)(b!b!º¤���i2Cc."#/. �mn8<'L��)H)3 �� � �Lm&%H��2.1-c!)H��mAØ+2Cc."#/. �mn8*_
¦¢�! 

k �
� �Lmn%3�*2.1-c!)3�*mÛ2Cc."j/! *m[%38Û���! �8Fc." b\p\���! �&.mn8��

k
2!�$�&c.mn�*)C2Cc."j/! *mn8�_Û¦��! �&dmn8L�

&C¶C g�Lmn%3�*2.1-c!)3�*mo2Cc."j/! *mn8���m& 
1
e
3
e
6
e
10
e.�*2.�

15
_�`�8a���! �m& 7�*24 ���8n,7fi�$,h�Lb &.2.�

���! h8�c."²b\p¢���! *&dmn8L�
n
�Lmn%3�*2.1-c!)3�*m:2Cc."#/. �mn8���¦¢�! 7��2!8&fk *mo%H8a,C �8��i§*¶C *2#���!b\cd1��

���! Y,#�.b<2.b���p�bCm&" ��2Ñ��mn%����C"# $�&%3'o8A �Ú\cd *2.'L Ce�fk k'&��2Ñ8L�&%H)�) &.2.�h���! �%Hm 8�c."Æ_

1 + 3 + 6 + · · · +
n(n + 1)

2
=

12 + 1

2
+

22 + 2

2
+ · · · +

n2 + n

2

=
1

2

(

12 + 22 + · · · + n2
)

+
1

2
(1 + 2 + · · · + n)

=
1

2

(

n(n + 1)(2n + 1)

6

)

+
1

2

(

n(n + 1)

2

)

=
n(n + 1)(n + 2)

6

_

·¸b�f°���C���r,Cb\c4º�2.b�f«8YbC"# ic.8A �p3c!)d�& �'F�C2C%3ÚCcd �8��*2.�Ñ%(�! *2\�&%W�&%( �8:p�bCm�&d2.�\%32.1i8�c."#8-e
�! *m& i�*m& i�k'�b\c.lC)( ib\p¢l.m&b!/\)( �"#8op�bCmÛ,Cb\c<�Lb7�Lm�, �
�!_���%H2.�h���! g8Fc."�b\pd���! '&.mn8��

n
'Lcd/! *8�_Û¦¢�C�$��%38-eE&.2.�

13 + 23 + · · · + n3
_

Õ!_���%H2.�<�gm& �)H���&%3bC2!8Y�\%HlÑ/. -�Qfk � �27,Cb\c.mrm& *8�c!)��rp(m&bC"
l.m&b!/\)( �"��g�*2.�ÑbC2. ib\p.���! 
b����! *mr%(�! *2\�&%W�&%( �8oc.8Y *�<%H2h���\%38a�*mn�&%3'L)( !_

�!_���%H2.�7���! g8�c."�b\p.���! gm& *'L%3l!m&b!'L��)38ab\p.���! ¸�Lmn%3�*2.1-c!)3�*m�2Cc."j/! *mn8�_+¦��C���r%38-e(&.2.�
1

1
+ 1

3
+ 1

6
+ · · ·

U � ����� ¦¢�\%H8k%38k��2Æ%32 &.2C%��& 48Fc."Ò_�©$�&�*mn�k/*,Æ)3b!b!º�%H2.1#���i�C�*)�p ���\%H878Fc."¤e��*2.�
fim&%W�L i ���'F�7�& *m&"��*8o���! i�C%�»[ �m& *2.'L kb\pd�Qfkb7p(mn��'&�&%3bC2!8*_
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·�%H"�e-�*)H8Yb�º�2.b�fi2¸�*8 ¹ b\cC�LbC2¢Ø 8�·:%3"¤e-%H8�� �Qfkb!¿�l!)H�$,C �m�'�b\c.2\�& *mL¿FlC%('Fº*c.li1$�*"j 

���C���o%38ofk �)�)[º�2.b�fi2j%H2¤'LbC"j/\%32!�$�LbCmn%3��)[1$�*"j i���! *bCm�,[_�`�2#���\%H8�l.�*ld �m�fk h�! Y¶C �)3bCl
��fg%32!2C%H2.1¸8L�Lmn���& �1Y,kp�bCmr�g"#bCm& g'LbC"#lC)H%3'L�$�L *�i¶\��mn%3�$�&%(bC2<b\p[·:%3"¤e�%H2kfk�\%3'F�h FÝ*��'&�&)W,
bC2. :"#b*¶C :'&��2i/! �/\)(b!'Fº� *�g�$�[ ���'F��8L�&��1� :b\p����! :1$��"# ._ À¢ �"#�*m�º*��/C) ,¢e-���!  fg%H2!2C%32.1
8��Lmn�$�L *1Y,<p�bCm+���! i"jbCm& i'�bC"Ñl!)�%('&���& ��k¶C *mn8�%(bC2<%H8a"Ñcd'F�<8F%H"#lC)( �m+���C��2<p�bCmobCm&�\%32!�*m�,
¬ ¹ b\cC�&bC2¢Ø 8&±o·�%H"Æ_

©*ld *'L%0&d'L��)H) ,¢e.fk < FÝ�l!)3bCm& <�h���Cm& * �¿�l!%�)( <1$��"# kfg%����#�Qfkb4lC)3�-,C *mn8-e¢�Ñ"#b*¶\%32.1
l!)H�$,C �m¸��2.�Ò�j/C)3b!'Fº�%H2.1ÑlC)3�-,C *mAe¢fk�!bC8Y Ñm&b\)3 *8g�*)W�L �mL2!�$�L #/. -�Qfk � �2Æ"#b*¶C �8*_h� 8g%H2
bCm&�C%H2!��m�, ·:%3"¤ea�Ò"#b*¶C Ò'�bC2!8�%38L�&8<b\pa���! Òm& �"jb�¶\�*):b\p��*2�,�2Cc."j/! *mhb\p�'Lb\c.2\�L �mn8
p(m&bC"�*2�,g8F%H2.1-)( alC%H)3 ._ ¹  $p�bCm& : *��'F��"jb�¶C Ce$%32.'L)�cd�C%H2.1 ���! &dmn8L��"#b*¶C \e$���! :/C)3b!'Fº�%H2.1
l!)H�$,C �m�"Ñc.8L�[ $)H%H"Ñ%H2!���& � �Ý*��'&�&) ,gbC2. �b\p*���! :"#b*¶\%32.1ol!)H�$,C �mYØ 8+l.bC8A8�%(/\)( o"jb�¶C *8�_ �CbCm
 FÝ*�*"#lC)( \e.%Hp¢���! 7"#b*¶\%32.1il!)H�$,C �mo%38�'�bC2Cp(m&bC2\�& ��<fg%����#lC%H)3 *8�b\p[8F%WÏF 

6
e
10
ed��2.�

10
e

���! #/\)(b!'Fº*%32.17l!)H�$,C �m�'�b\c!)3�4p�bCm�/\%(�j���! <m& �"jb�¶\�*)+b\p
7
'�b\c.2\�& *mn8¸p(m&bC" ���! &dmn8L��b\p

���! ��Qfkb
10
¿F'�b\c.2\�& *m lC%H)3 *8�_���p�bCm�/\%(�!�. �2#"#b*¶C �%38op�bCm&1�b��n�& *2Ñ��8a8Ab!bC2Ñ�*8 ���! i2. FÝ��

"jb�¶C g%H8a"#���. !_+¦��! ¸fg%32!2. �m�%H8 ���! g)H��8L� lC)3�-,C *m+�Lb<"Ñ��º� g��2Ñ��)H)3b�fk ��<"#b*¶C !_
7 %98:,�0;)+,6':<>=	?@4BA

¹  �p�bCm& g�! Y¶C �)3bCl!%H2.1����! �8��Lmn�$�L *1Y,7p�bCm�b\c.m�1$��"# Ce�)( -�rc.8om& Y¶\%( ?f=���! g8L�Lmn���& �1Y,
p�bCmÛlC)3�-,C%H2.1 ¹ b\cC�&bC2¢Ø 8a·�%H"Æ_[¦��! ¸1� *2. �mn�*)\%3�. ���8r��'&�&c.�*)�)W,i��l!l!) ,g�&bi�*)�)�CA)3�*8��ÛlC)3�-,C *m
fg%32!8ED�'�bC"#/C%H2!���&bCm&%H�*)d1$�*"j �8*_Û¦��! �%3�. ��g%H8��Lbhl!��mQ�&%��&%3bC27���! g8A $� P b\p��*)�).ldbC8F8F%3/C)3 
ldbC8�%��&%3bC2!8�%32\�&b#�Qfkbj8Fcd/C8Y -�&8 S �*2.� U e.fk�! �m& 7���! <l.bC8F%W�&%(bC2!8�%32 S �*m& FCY8F�*p� GD��&b
"jb�¶C ��&b<��2.�h���! gldbC8�%��&%3bC2!8o%H2 U �*m& 9CAc.2!8F�*p� GD��&b<"#b*¶C ¸�Lb�_

¯� 78A�-,Ñ���C���:�hl.bC8F%W�&%(bC2
v
%H8¸ãE� �Là-õFõFâ;+*å{àgp(m&bC" �hldbC8�%��&%3bC2

u
ed��2.�<fk gfim&%W�L 

u 7−→ v
e*%�p\���! �m& �%H8r�¸"#b*¶C :p(m&bC"

u
�&b

v
_+©�c.l!ldbC8A :���! *m& ���m& a�Qfkbi8�cd/!8A $�n8 S �*2.�

U fk�\%3'F�<l!��mQ�&%��&%3bC2 P ¬����C���r%38-e S ∪ U = P ��2.� S ∩ U = φ
±+�*2.�kfk�\%('F�<l.bC8A8A *8F8

���! gp�b\)H)3b�fg%32.1����Cm& * il.m&bCl. *mQ�&%( �8 �
¬��?± �\m&bC"  ���'F��ldbC8�%��&%3bC2

v
%H2

S
ea Y¶C *m�,�ldbC8�%��&%3bC2���'L'� �8A8�%(/\)( 4p(m&bC"

v
/. $)(bC2.1$8

�Lb U _
¬�Õ?± �\m&bC"0 ���'F�jl.bC8F%W�&%(bC2

u
%32 U e.���! �m& 7%H8����o)( ���8L�:bC2. hl.bC8F%W�&%(bC2 v

%H2 S fk�\%3'F�%38a��'�'L *8F8F%3/C)3 �p(m&bC"
u
_

¬��?±7��)H)C�L �mL"<%32!��)�l.bC8F%W�&%(bC2!8a/. $)(bC2.1��Lb S _
¦¢�! Ñ8A $�n8 S �*2.� U �! *8A'�m&%3/. <�7fg%32!2C%H2.1<8L�Lmn���& �1Y,�_i�="#b*¶\%32.1hl!)H�$,C �m�p(��'� *�jfg%W���
�jl.bC8F%W�&%(bC2¤%H2 U 8F%H"#lC)W,�"#b*¶C �8¸�&b��#ldbC8�%��&%3bC2¤%32 S _<¦¢�C�$�¸l!)H�$,C �m¸'L�*2Æ'�bC2\�&%H2Ccd 
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§*¶C *m�,<"jb�¶C 

©�bC"j g"jb�¶C 

-

-

�

`�2¤���Cm& � Ñl!%�)( 4·�%H"�e¢���! Ñ"# *"#/. �mn8kb\pÛ���! Ñ8Y -� S 'L�*2Æ/. #�! *8A'�m&%3/. *�Ò�*8�p�b\)3¿
)(b�fi8�_��«ldbC8�%��&%3bC2�%32Æfk�\%('F�����! �l!%�)( �8<�*m& Òb\p�8�%�ÏF �8

a
e

b
��2.�

c
%H8Ñ�! *2.b��& ���/*,

(a, b, c)
_�� 8A8Ab!'L%3�$�L ¸fg%W���j *��'F�#8�cd'F�#ldbC8�%��&%3bC2<���! h/\%32!�*m�,jm& �l.m& �8Y �2\�&�$�&%(bC24b\p¢���! 

���Cm& � �%H2\�L *1� *mn8
a
e
b
e
c
e��*2.�k��)H%31$2g���! *8A �m& �l.m& �8Y �2\�&�$�&%(bC2!8[¶C *mQ�&%('&�*)�)W,i�*8Û���!b\cd1���fk 

fk *m& i���!�C%H2.1����! �"Æ_a`�p����! k2Cc."#/. �mab\p
1
Ø 8:%H2j ���'F�#'Lb\)Hc."Ñ2Ñ%38� Y¶C �2¢e\fk i8F�$,h���C�$�

���! g/\%32!�*m�,h'�bC2 &d1-c.mn���&%3bC27%38 /!��)3�*2.'� *�¢e���2.�i���! �'LbCmLm& �8Al.bC2.�C%H2.1�ldbC8�%��&%3bC2h/. $)(bC2.1$8
�Lb S _a`�2jb����! �m+fkbCm&�!8-e�fk ��n��º� ����! i8�c." %32# *��'F�#'�b\)�c."#2Ñ"jb!�\c!)(b 2

_:·�b��L ����C�$�
S ��2.�h%��n8:'�bC"Ñl!)3 *"# *2\� P − S 8F���&%H8Fp�,7���! ¸���Cm& � gl.m&bCl. *mQ�&%( �8:��/.b�¶C ._®�bC2!8�%(�! *m+���! k1$�*"j 

(13, 15, 17)
_

13 = 1 1 0 1
15 = 1 1 1 1

17 =
�

0 0
� �

��b!�
2
©�c."

= 1 0 0 1 1

·¸b��&%3'� k���C�$�a���! &.mn8��Yedp�b\c.mQ����e¢��2.��&.pH���4'�b\)�c."#2!8��C�-¶C 
1
Ø 8¸%H2j���! </!b��n�LbC"

m&b�f<e�%H2.�C%3'L�$�&%32.1 ���C�$�����! *8A �'�b\)�c."#2!8r�C�-¶C :��2ib!�.�g2Cc."j/! *m[b\p
1
Ø 8�_¢��)H8Yb¸2.b��L o���C�$�

���! :���Cm& * ¸ �2\�Lm&%3 *8+%32����! �m&b�f�fg%����¸���! 
17
���C�$�Û��m& �/.b-Ý� *�k2. * ����Lbi/. �'F�C��2.1� *�k8Yb

���C���.���! a'Lb\)Hc."Ñ2!8¢���! Y,¸b!'�'Lc.l�,�/! �'LbC"j o/!��)3�*2.'� *�[_�¦��\%38['L�*2�/. o�.bC2. a/*,�m& *lC)3��'L%32.1
���! hlC%H)3 hb\p

17
'Lb\c.2\�L �mn8:fg%W���jbC2. h�C�$¶\%32.1

2
'Lb\c.2\�L �mn8*_�¦��! <bC2C) ,<fg%H2!2C%32.1k"#b*¶C 

%38
(13, 15, 17) 7−→ (13, 15, 2)

_�¦¢�! 7m& *�*8YbC2Ñ���\%38�"jb�¶C k%38:c.2C%(Ú\cd 7%38a���C��� ���! 
1%32<���! g)( $pH�L"jbC8L�a'Lb\)Hc."Ñ2j'L�*2j/. k �)�%3"<%32!�$�L *�#bC2C)W,#/*,#�k"#b*¶C gp(m&bC" ���! il!%�)( ¸fg%W���

17
'Lb\c.2\�L �mn8*_Û¦¢�! im& �8Fc!)W�o'L�*2#/. i�. �l!%3'&�L *�Ñ��8 �

13 = 1 1 0 1
15 = 1 1 1 1
2 = 1 0

��b!�
2
©�c."

= 0 0 0 0

� %98��5,/1��;4B'�� ?@4BA
·¸b�f fk Ò'LbC2!8F%3�. �m7�Æ1$�*"j 4fk�! �m& ÆbC2. �"jb�¶C �%H8Ñ/C)3b!'Fº� ������7 *��'F��8��n��1� !_

À¢ *"Ñ��mLº*��/\)W,�e����\%38g��l!l.�*m& *2\�&) ,Ò"#bCm& j'LbC"#lC)H%3'L�$�L *�Æ1$�*"j 7,C%3 �)3�!8g�#8��Lmn�$�L *1Y,¤���C�$�
�.b! �8 2.b��Ûm& �Ú\c!%3m& �/\%32!�*m�,7��mn%����C"# $�&%3'$_¢��8Ab\)HcC�&%3bC2i%38��¸l.�*mn�&%W�&%(bC2

(S, U)
b\pC���! �8Y -�

P b\p�ldbC8�%��&%3bC2!8�fg%����k���! gp�b\)�)(b�fg%H2.1�l!m&bCld �mn�&%3 *8 �



�\í*Õ

¬3�$±j§�¶C �m�,h�& *m&"Ñ%H2!�*)dldbC8�%��&%3bC2#/! �)3bC2.1$8 �Lb S _
¬�/�± �CbCm4 ���'F�=l.bC8F%W�&%(bC2

u
%32 U e¸���! *m& ��*m& ����j)3 *�*8��Ñ�Qfkb "jb�¶C *8¤p(m&bC" u

�&b
ldbC8�%��&%3bC2!8o%H2 S _

¬�'n± �CbCma *��'F�jldbC8�%��&%3bC2
v
%32 S e!���! *m& k%38����a"jbC8L��bC2. 7l.bC8F%W�&%(bC24b\p S ��'�'L *8F8F%3/C)3 

p(m&bC"
v
_

¦¢�! 5&d1-c.m& �/. $)(b�f 8A�!b�fi8r�!b�f����! ofg%H2!2C%32.1a8��Lmn�$�L *1Y,gp�bCm¢���! �/C)3b!'Fº�%H2.1�1$�*"j 
�C%�»[ �mn8ap(m&bC" ���C���ob\pd���! ibCm&�C%H2!��m�,#1$�*"j !_

.

..

.

..

.

..

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
...
...
...
...
...
....
....
.........

.......................................................................
..
...
..
...
..
.
..
..
.
..
..
.
.
..
..
.
..
.
..
..
..
..
...
..
.................................................................................

....
....
....
..
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
.
.
..
..
.
..
..
.
. .

..

.

..

.

..

..

.

..

.

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
...
...
...
...
...
....
....
.........

.......................................................................
..
...
..
...
..
.
..
..
.
..
..
.
.
..
..
.
..
.
..
..
..
..
...
..
.................................................................................

....
....
....
..
...
..
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
..
..
.
.
..
..
.
..
..
.
.

.............................
...................

..........
..........
..........
.........
......
......
......
......
......
......
......
.....
.....
.....
....
....
.....
....
....
....

.............................
...................

..........
..........

..........
.........

......
......
......
......
......
......
......
.....
.....
.....
....
....
.....
....
....
....

.........................................................................................................................................................................

......................................................................................................................................................................................................................
...
..
..
..
..
..
.
..
..
...
...
............................................ .........

....
...
...
...
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
..
..
..
.
..
..
..
..
..
.
..
..
..
..
..
..
..
..
..
..
..
..
..
...
...
....
.........

S U

��)�)d"jb�¶C *8: FÝ�'L *l\�obC2. 

�r��)3 *�*8��+�Qfkb<"#b*¶C �8

-

-

-

�

¯��! *2 �! *2.b��&%H2.1
��l.bC8F%W�&%(bC2/*,
(a, b, c)

e�fk fg%�)H)�1� �2. *mn��)H) ,m& *ÚCc!%Hm& 
a ≤ b ≤ c

_ `�2 ���! �l.m&b!b\pQei�!b�fk Y¶C �mYe�fk ��.b 2.b��j��)Wfi�-,!8¤���.�! �m& ��Lb����\%38
'�bC2�¶C �2\�&%(bC2¤/! �'&�*c.8A i���! 7��mn%����C"# $�&%3'�"Ñ��º� �8�%��:�\%Hêj'Lc!)��o�&bj'�bC"Ñl.�*m& k���! 78�%�ÏF �8�b\p
���! 4l!%�)( �87bC2.'� j�4"jb�¶C ¤�C�*8h/! � �2�"#���. !_�µ:8�%32.1h���\%38k2.b��&�$�&%(bC2¢e[���! *m& 4�*m& #�Qfkb
�L �mL"<%32!��)rl.bC8F%W�&%(bC2!8 �

(0, 0, 0)
��2.�

(0, 0, 1)
_Ñ¦��! #l.bC8F%W�&%(bC2

(0, 0, 1)
%38��L �mL"<%32!��)

/. *'L��c.8Y ����! g"jb�¶C 
(0, 0, 1) 7−→ (0, 0, 0)

"Ñc.8L�o/. i/C)3b!'Fº� ���_
� @CB*K�NFB$D
¡_ ´* $� S �! *2.b��& :���! �8A $�Ûb\p!�*)�)\ldbC8�%��&%3bC2!8�b\p\���! :p�bCmL" (a, a, a)

e$fk�! �m& 
a ≥ 0

e\�&b!1� $���! �mrfg%W���h���! il.bC8F%W�&%(bC2!8
(a, b, c)

8Fcd'F�h���C�$�
a + b + 1 = c

e!�*2.�Ñ)3 $�
U = P − S _r¦��! *2<���! il.�*mn�&%W�&%(bC2 (S, U)

b\p P 8F���&%H8�&d *8:'LbC2.�C%W�&%(bC2!8:¬(�-±�e.¬�/�±�e!�*2.�
¬�'n±+��/.b�¶C ._
� NFKCK�P � ¯� i'&��27fim&%W�L S ��8 ���! gc.2C%3bC2#b\pd���Cm& � i8A $�n8 �

S = {(a, a, a)| a ∈ N} ∪ {(a, a, c)| 2a + 1 = c}
∪ {(a, b, c)| a < b

��2.�
a + b + 1 = c} _

¯� k'&��27fimn%��& U ��8 �

U = {(a, b, c)| a = b < c
�*2.�

c 6= 2a + 1}
∪ {(a, b, c)| a < b ≤ c

��2.�
a + b + 1 6= c} _

¦.b<8A � i'�bC2.�\%��&%3bC2#¬(�-±�eC2.b��& ����C�$�
(0, 0, 0)

�*2.�
(0, 0, 1)

/.b����Ñ/! �)3bC2.1��Lb S _´* $��c.8r8A�!b�f 2. FÝ������C�$�Ûl!m&bCld �mn��,k¬�/�±��!b\)3�!8�_+©�c.l!ldbC8A :���C�$�
(a, b, c)

/. $)(bC2.1$8
�Lb U _4`�p a = b < c

�*2.�
c 6= 2a + 1

e¢���! *24fk #�C�-¶C <�Qfkb�'&��8A *8¸�&b�'�bC2!8�%(�! *m��
 �%W���! *m�¬H%W±

2a + 1 > c
bCm�¬H%H% ±

2a + 1 < c
_�`�2�'L�*8Y #¬3% ±�e����! �m& #��m& <�Qfkb¤"jb�¶C *8

�Lb
(c − a − 1, a, c)

eÛfk�\%('F�Æ%387��"# *"#/. �mkb\p S _�¦��C���g%H8$e  �%W���! *mib\p ���! ¤l!%�)( �8fg%����
a
'�b\c.2\�& *mn8¸'&��24/. km& ��\cd'� *�#�&b

c − a − 1
'�b\c.2\�& *mn8afk�! �m& 

c − a − 1 ≥ 08F%H2.'� 
a < c

_ `�2�'&��8A �¬3%�%W±Ler���! *m& ¤��m& j�Qfkb�"jb�¶C *8k�&b�ldbC8�%��&%3bC2!87%H2 S e 2!�*"j $)W,
(a, a, c) 7−→ (a, a, 2a + 1)

��2.�
(a, a, c) 7−→ (a, a, a)

_



�\í*�

½a2<���! kb����! *mo�C�*2.�¢eC%�p
a < b ≤ c

�*2.�
c 6= a + b + 1

e�fk i��1$�*%H2j'LbC2!8F%3�. �m
�Qfkb7'L�*8Y �8 �¢¬3% ±

a+ b +1 > c
��2.�h¬H%H% ±

a+ b +1 < c
_ `�p

c > a+ b +1
e*���! �m& ��*m& 

�Qfkbh"j �"j/! *mn8:b\p S fk g'�b\c!)3�<"jb�¶C ¸�Lb�e (a, b, a + b + 1)
��2.�

(a, b − a − 1, b)
_

¦¢�! #)3�$�n�L �m�ldbC8�%��&%3bC2Ò%38i�$¶\��%H)H��/\)( j/. *'L��c.8Y 
b − a ≥ 1

_�`�2�'&��8A 4¬H%H% ±�e[���! 4"#b*¶C 
(a, b, c) 7−→ (c−a−1, a, c) ∈ S %H8[��)Wfi�-,!8�ldbC8F8F%3/C)3 a/! �'&�*c.8A 0 ≤ c−a−1 < b

_
��)38Ab�e¢���! #"jb�¶C 

(a, b, c) 7−→ (c − b − 1, b, c) ∈ S %H8gldbC8F8F%3/C)3 7fk�! *2
b < c/. *'L��c.8Y 

0 ≤ c − b − 1 < a
_�¯��! *2

b = c
e+���! *m& ¤�*m& ¤�*) fi�$,C8i�Qfkb�"#b*¶C �8

(a, b, b) 7−→ (a, b − a −1, b) ∈ S e�8F%H2.'� a < b
e��*2.�gfk �'&��27m& ��\cd'� � �%W���! *mÛl!%�)( 

fg%����
b
'Lb\c.2\�L �mn8o�Lb

b − a − 1
_

¦.b�l.m&b�¶C #l.m&bCl. *mQ�{,
(c)
eÛ)3 $�

(a, b, c)
/! �)3bC2.1h�&b S _�`�p a = b = c

e����! *m& 
%38¸2.bj"jb�¶C k�Lbj��2.b����! �m:"j �"j/! *m�b\p S _k`�p[���! <l.bC8F%W�&%(bC2#%38�b\p����! 7p�bCmL" (a, a, b)fg%����

2a + 1 = b
ed���! *m& h%H8gbC2C) ,�bC2. h"jb�¶C 7�&b4��2.b����! �m�ldbC8�%��&%3bC2�b\p S e¢2!�*"j $)W,

(a, a, a)
e*/. *'L��c.8Y a��2�,gm& *�Ccd'&�&%3bC2�%32g�:l!%�)( :b\p\8�%�ÏF 

a
m& �8Fc!)W�&8[%32g�:ldbC8�%��&%3bC2

(e, a, b)���C�����!b! *8¸2.b��:8A�$�&%38�p�,
e + a + 1 = b

_�� 2.� &.2!�*)�)W,�e�%�p
(a, b, c)

8A�$�&%38 &� �8
a < b��2.�

a + b + 1 = c
e����! �2h���! *m& �%H8a2.bh"#b*¶C ¸�&bh�il.bC8F%W�&%(bC2<b\p.���! �p�bCmL"

(a, a, a)
_

¦¢�! �m& <%38¸����"jbC8L�¸bC2. <"#b*¶C 7�&b¤�Ñl.bC8F%W�&%(bC24p�bCmofk�\%3'F�j���! Ñ8�c."b\pÛ���! &dmn8L�:�Qfkb
8A"Ñ�*)�)( �m�lC%H)3 Ñ8�%�ÏF �8¸%38i�<)3 *8F8����C��2¤���! h���\%Hm&�[_j`(�afkb\c!)(�¤%H2�¶Cb\)W¶C 7�&��º�%H2.1Ñ'Lb\c.2\�L �mn8
p(m&bC"
���! g)H��m&1� �8�� b\pd���! ����Cm& * il!%�)( �8*_
� %�������'�� 0	��=3) 45,6'6=

¯� ¤�!b�2.b��iº�2.b�f0�!b�f��Lb� �Ý*�& *2.�Ò���\%38km& *8�c!)��¸�&b�1$��"# *8�fg%����Æ"jbCm& Ñ���C��2
���Cm& � ¸lC%H)3 *8 bCm��Lbk1$��"# *8r%32gfk�\%3'F�g���! �/\)(b!'Fº*%32.1�lC)3�-,C *m+'L�*2</\)(b!'Fº�"#bCm& ����C�*2<bC2. 
"jb�¶C ._�¦¢�! �m& 7%38��*2.b����! *m ¶C �mn8F%3bC2j%32Ñfk�\%3'F�#%32!8L�L ����4b\p+/C)3b!'Fº�%H2.1k�<8�%32.1-)3 h"#b*¶C \e
���! </\)(b!'Fº*%32.1il!)H�$,C �mo%38��*)�)(b�fk *�Ñ�&b4/\)(b!'Fºh�h8F%H2.1-)( 7l.bC8F%W�&%(bC2[_:¦��\c.8$e.p�bCm: FÝ*�*"#lC)( 
���! ¤"#b*¶C jp(m&bC"

(2, 2, 2)
�Lb

(1, 2, 2)
'�b\c!)3��/! ¤l!m&b!�\%(/\%��& ���_�¯� ¤'&��2�8Ab\)W¶C #���! 

���Cm& � *¿FlC%H)3 k1$�*"j k/\cC�+fk k'&��2!2.b��o �Ý*�& *2.�h���\%H8am& *8�c!)��-_

 %��������*���'/1���=
� ��� ¹  *mn)( *º*��"Ñl�e�®¢bC2�fi�$,�e$��2.��ªÛc\,¢e ��â � �\â.���*�iã�ý�õ$eY�o'L���. �"Ñ%3'r¼.m& *8F8$e�·¸ ?f�ÔÛbCmLº.e
��5�6\Õ!_
� Õ��hÀ�%('F�C�*m&�4Öo_.ªÛc\,¢e���ã$â(ß���ã�á¤à*edÕ�2.�[_r ���_(e!®�½¸�Ò��¼.ed·¸ ?f ÔÛbCm�º!e.�*5�6�5d_
� �����¸_�Óib\)H8Y�!b\c.8A *mAe�ÓÑ_+À¢ $%��& *mAe���2.�Ñ³�_ÛÀ¢cd��ÏL%32!8Aº�%�e�� �*ã�õH� üëô\ä*à�� �:ý��!ã�á<â � 1��¢à��
ó!âHå�à ��â(á¤e��Lb<�*l.l. *�*m-_
� ×��g�¸_ÛÓib\)H8Y�!b\c.8A *mAeÛÓÑ_rÀ¢ $%��& *mAe��*2.�j³�_rÀ�cd�\ÏL%H2!8Yº*%{e �:ý��!ã�á<â �'1��¢à��Aó!â�å{à ��â(á¤ed�&b
��l!ld ���m�%H2<¦¢�! ��%3/.bC2!��'�'L%��oc.��mQ�L �m&) ,[_
� ì��Û�¸_�Óib\)H8Y�!b\c.8A *md�*2.�iÓÑ_�À¢ $%��& *mAe ��ý��.ã*á<â;�%1���à��Fó!âHå�à5-.å{ô��A/�â ��� ��â3á¤e?�&b��*l.l. *�*m-_

� mn���\c.m:Ógb\)38A�!b\c.8Y �m Óg�*m&b\)(�¤À¢ �%W�L �m
�����	� ¹ c!)H)H��m&�Ñ©$�Lm& � -� ¾a �l.�*mn�L"# *2\�ob\p+���$���! *"Ñ���&%3'L8
®��C�*m&)3b��n�L \e�·¸®ÒÕ*6\Õ ��6 µ:2C% ¶C *mn8�%���,#b\p+·�bCmn���Ñ®���m&b\)�%32!�k®��C�*m&)3b��n�L 
µ�©-� ®¢�C��mn)(b��n�& Ce�·�®ÒÕ*6\Õ�Õ��

µ�©-�
hbreiter@email.uncc.edu


