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On a “Problem of the Month”

Murray S. Klamkin

In the problem of the month [1999 : 106], one was to prove that

Va+b—c+\Vb+c—a++Je+a—b < Vva++Vb++/c,
where a, b, c are sides of a triangle.

It is to be noted that this inequality will follow immediately from the

Majorization Inequality [1]. Here, if A and B are vectors (a,az,... ,ay),
(b1, ba,... ,by) Where a; > az > -+ > an, by > by > --- > by, and
ay >bj,a1+az >by+bz,...,a1+az+-+ap_1 > by +ba+---+by_1,

a; +az+---+a, = by + by +---+ b,, we say that A majorizes B and
write it as A > B. Then, if F is a convex function,

F(ai1) + F(az2) + -+ F(an) 2 F(b1) + F(b2) +---+ F(by) .
If F is concave, the inequality is reversed.

For the triangle inequality, we can assume without loss of generality
thata > b > c. Thena+b—-c>a,(a+b—¢c)+(a+c—>b) > a+b,
and (ea+b—¢)+ (a+c—>b)+ (b+c—a) =a+ b+ c. Therefore, if F is
concave,

Fla+b—c¢)+ F(b+c—a)+ F(c+a—b) < F(a)+ F(b)+ F(c)
(for the given inequality, F = /x is concave).

As to the substitutiona = y + 2, b = 2z + x, ¢ = = + y which was
used in the referred to solution and was called the Ravi Substitution, this
transformation was known and used before he was born. Geometrically, =,
y, z are the lengths which the sides are divided into by the points of tangency
of the incircle. Thus, we have the following implications for any triangle
inequality or identity:

F(a,b,c) > 0 — F(y+z,z+z,z+y) > 0,
F(w,y,z) >0 — F(('S_a)a(s—b)a(s_c)) >0

(here s is the semiperimeter). This transformation eliminates the trouble-
some triangle constraints and lets one use all the machinery for a set of three
non-negative numbers.
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Another big plus for the Majorization Inequality is that we can obtain
both upper and lower bounds subject to other kinds of constraints. Here are
two examples:

(1) Consider the bounds on sina; + sinas + --- + sina, where n > 4,
3 2 a; >0and } a; =8 < 2m. Since

T T T T
(5757575,0,07"'a0) >~ (a17a27'-',an) - (;7_7'-',_
we have

4 < sina; +sinaz +--- +sina, < nsin(g) .

(2) Consider the bounds on a? + a2 + -+ + a2 where Y a; = S ( > n) and
the a;'s are positive integers. Since

(S—n+1,1,1,--+,1) > (ai,a2,-+-,an) > (E,_"",_

we have

2
S—n+1)>24+n—-1 > af—l—a%—i—---—i—ai > n(§> .

For many other applications, see [1].
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