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P R O B L E M S - - P R O B L E M E S 

Vnoblem pA.opoia.li, ph.eien.ably aacompa.nA.td by a iolutlon, 
ikould be ient to the edlton, whoie addnea appeam on page. 41. 

Solutloni to the. pn.obte.mi appealing In thli liiue, Ifa 
available., will appean In EUREKA NO. 9 to be. publlihed anound 
November 75, 7 9 7 5. To facilitate tkelh conildenatlon, youn iolutloni, 
typewritten on. neatly handwritten on ilgned ie.pan.ate, iheeti, 
ikould be mailed to the editor no later than 7 October J 975. 

51. Vropoied by H.G. Vwonchak, Algonquin College. 

Solve the f o l l o w i n g e q u a t i o n fo r the p o s i t i v e 

i n t e g e r s x and y : 

(360 + 3 x ) 2 = 492,(/04 • 

52. Vnopoied by Vlkton Llnli, Unlvemlty o{, Ottawa. 

The sum of one hundred positive integers, each less than 

100, is 200. Show that one can select a partial sum equal to 100. 

53. Vropoit pan. Lio Sauvi, College Algonquin. 

Montrer que la somme de tous les entiers positifs 

inferieurs a lOw qui ne sont pas des multiples de 2 ou 5 est 20n2. 

54. Propoit pan. Lto Sauvt, College. Algonquin. 

Si a, fa, c>o et a < fa + c, montrer que 

«• < fa + _L_ 
7+a TT5" /+c " 

55. Vnopoied by Vlktom llnli, Unlvemlty otf Ottawa. 

What i s t h e l a s t d i g i t of 1+2+ . . . +n i f t h e l a s t 

d i g i t o f 13+ 23+ . . . +n 3 i s 1? 

56. Vnopoied by F.G.B. Maikell, Algonquin College. 

The area of a triangle in terms of i t s sides is 

/ • i l i - a ) [i-b] (i-c), where Zi = a + b + c . 

What i s t h e a r ea in terms of i t s medians mi, m2, m*? 

pA.opoia.li
ph.eien.ably
aacompa.nA.td
pn.obte.mi
ie.pan.ate
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57. Pnopoie. pan Jacqazi Manton, Unlvzn.i,Zt?. d'Ottawa... 
Soit G un groupe d 'ordre pM ou p e s t premier et 

p z n. Si H est un sous-groupe d 'o rd re p a lo rs H est normal dans G. 

58. Vnopa&e. pan. Jac.qu.e.4 Manton, Untvzmtte. d' Ottawa. 
Soit i: {z : Re.z = o} —>• R une fonction continue et 

bornee. Si l ' o n d e f i n i t y •• { z : Re.z > o } —»-R par 

+°° 
y(z) = u(x+-ty) = { j JLteHl dt, 

-°°x2+(</-.£) 2 

montrer que i[lc) = llm y(z) . 
z+ic 

59. Pnopo&td by John Thomai,. 

Find the shortest proof to the following proposition: 

every open subset of R is a countable disjoint union of open 

intervals. 

60. Vnopo&e. pan Jaequti Uanton, Untve.n&ttg. d'Ottawa. 
Soit <J une fonction analytique sur le disque ferme 

~B(o,R) telle que U(z]I<M, et U(o)| = a>o. Montrer que le nombre 
1 m 

de zeros de X dans B(o,R) est inferieur ou egal 3 log - • 
I log2 a 

* * * 

Une Note Concernant Le Probl6me 10. 

par J. Marion 

On demontre de facon plus generale que la fonction 

e A z - p(z), oD p(z) est un polynSme, possSde une infinite de zeros. 

Demonstration; Posons j$ (z) = e. - p(z). Cette fonction est entiBre. 

D'Apres le theorSme de factorization d'Hadamard on peut ecrire 

(J(z) = zm exp (g(z)) P(z), oQ g(z] est un polynSme de degre inferieur 

ou Sgal 3 1'ordre exponentiel de |j(z) et P(z) = n E (z/a 1 est le 

produit canonique de Weierstrass correspondent aux zeros a x, <z2, . . . de ^(z). 
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(Voir J.B. Conway, "Functions of One Complex Variable", Springer 

Verlag, 1973, p. 164-165, p. 285-291). En particulier si fj[zl 

ne possSde qu'un nombre fini de zeros, P[z] devient alors un 

polynome. De plus 1'ordre exponential de (j(z)est egal 3 1 (puisque 

1'ordre d'un polynSme est 0 ) . Done on peut ecrire &[z) = 

(exp(cx)) P (z), ou P (z] est le polynBme z m P(_z) et c une constante. 

Par derivee 1ogarithmique on obtient 

Ae. Az 

Az 

Az 

p(z) 
c, 

ce qui implique que e est une fonction rationnelle. Cette 

contradiction prouve 1'existence d'une infinite de zeros de <i[z) 

* * * 

C L A S S R O O M N O T E S 

Convergence of "P" Series with Missing Terms 

by J. THOMAS 

Let k and q be integers with q»2 and o<k<q-1 . For any subset 

D, consisting of fe elements of the set of q-adic digits {o,J,. . .,q-1 } 

let E, denote the set of numbers whose q-adic representations do not 

involve any of the digits of D,. 

THEOREM. The Exponent of Convergence, 

Equals £ * | f T f e l 

In. q 

of the Series £ 

The proof of this theorem will involve properties of 

growth of the counting functions E(x) =11 

n<x. 
neE 

Before proceeding we will simplify our notation as follows: 

if E is an infinite set of positive integers and x. and p real numbers 

with x%1 we write 
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EU)= Z XAn) and LAp,x) = t X (re) , 

n<x n<x p~ 
n' 

where X is the characteristic function of E, that is, the 

arithmetical function defined by X̂ lre) = 1 if neE and XAn) = o 

otherwise. 

If p<o, lim Lf[p,x] = + => so we shall restrict our attention to 

positive values of p and write Lim L^[p,x) = L(p,E) . 

If (J, g and h are positive real-valued function then by 

writing 

&[x,z) < g U ) < n(x,e) 
e e 

we shall mean that given e > o, there exists positive constants 

n and p such that 

n Hx.,e) < 9 (x) S u re(x,e) 
EI c. 

for all x %- 7. 

LEMMA If E is an infinite set of positive integers and a a positive 

real constant such that 

(1) x a " e < E(x)< x a + E 

e e 

then a is the exponent of convergence of the series 

Up,E) = 2 1 
meE m' 

PROOF From the definition of the Rtemann-Stfe11jes integral we can 

write 
x -p 

LAp,x\ = / t dEU) • 
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Upon integrating by parts we therefore obtain 

(2) LE{p,x) = ^ (X.-p-l + p j t~p~' E U ) dt 

Now let E>ei >o and set p = a+e. 

From Relation (1) we have 

and 

EU) < vi for all x > 1, 

X , X -(d+Ej+E-Ejl-J 

/ t p ' E[t)dt = J t 'E U)d\£ 
J J 

x -(E-EI1-1 
4- u \ t dt 

°° - (E-E! ) -J 
< u f t dt 

E 1 I 

U 1 < + oo. 
El 

E-Ei 

Thus both terms on the R.H.S. of Relation (2) are bounded. 

Therefore L. 

follows that 
Therefore L (p,x) is bounded and since it increases with x it 

(3] l-im L [p,x) <+° 
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Now set p = a-E . Again from Relation (1) 

x -(a-e)- 7 
J t E[t)dt > n In x , x*1 
7 E 

and therefore (in view of Relation (2)), 

(4) IXm U(p,x) = +o= . 
x->-°° 

From Relations (3) and (4) we deduce the lemma. 

PROOF OF THE THEOREM We shall establish inequalities of the form (1) 

for the function E, (x). 

Observe that for each n the number of q-adic representations 

a. qn+a ,q +... + a,o + a , a . e{0, 7, . . . , q- 7 }^V, , 
n n-1K iH o j ' ^ k 

i s [q-k] n . T h e r e f o r e wi th x=qu where ueR, 

E f e (x ] = E fe(q ) < E(j(Q ) « U~ f e) 

and 

Efe(x) = E fe(q") * E f c(<jM) I Iq-k)"'1 

s e t t i n g a = In[q-k] in t h e i d e n t i t y 
In q 

In(q-k) 
(q-k)"- = ( Q R ) In q , 

we can write the preceding inequalities in the form 

(5) (q-k)'1 x a < Efe(x) i [q-k)xa, x >, 7. 

Applying the lemma to the set of inequalities (5) we conclude that 

a is the exponent of convergence of the series L(p,E,). Q_.E.V. 

REMARK If we apply the set of inequalities (5) to Relation (2) 

we obtain another set of inequalities, namely, 
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iq-k)~ [1+alnx.) $ LP (ct,x) <: [q-k] [1+alnx] , x>A, 

from which we can conclude that 

Z } _ 
neE, a 


