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a ` b

�����
c

���\}�z�{G|H��~\���G}(�\}����E�Gy��-��}��m| XC� �\{��G}S~��G�*~
a3

b2 − bc + c2
+

b3

c2 − ca + a2
+

c3

a2 − ab + b2
≥ 3(ab + bc + ca)

a + b + c
X
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(a+b+c)2 ≥ 3(ab+bc+ca) `�(�N~��-}��Gy����@��~ ���@���6���-{G�G�����@�

a = b = c XJ� ��y�| ` ��~i|HyM�u��}�|i~+{AzM�\{��G}S~��M}o|r�G�6�\zE}���%��}��Gy����@��~ �
∑

� �\���   �
a3

b2 − bc + c2
≥ a + b + c ` � � �

�o���2�H�o�o}��+���-�\}w���\��~+}S�@�D~��M}(��{��@�%{6�(�%��¡S}��GyM� �����%}���~J��{G�+�A| _
∑

� �\���   �
a3(b + c)

b3 + c3
≥ a + b + c `

∑

� �\���   � a3(b + c)(c3 + a3)(a3 + b3) ≥ (a + b + c)
∏

� �\���   � (b3 + c3) X
¢�}o�G�"�G}
∑

� �\���   � a3(b + c)(c3 + a3)(a3 + b3) − (a + b + c)
∏

� �\���   � (b3 + c3)

=
∑

� �\���   � a7b(a2 − b2) +
∑

� �\���   � ab7(b2 − a2)

=
∑

� �\���   � (a7b − ab7)(a2 − b2) =
∑

� �\���   � ab(a6 − b6)(a2 − b2)

=
∑

� �\���   � ab(a2 − b2)2(a4 + a2b2 + b4) ≥ 0 `
�(�N~��A}��Gy����@��~ �D�@�������-{G�G� ���N�

a = b = c X)� ���@|��+{G�-zG�2}"~+}�|P~��M}�zM�\{M{�� X£G¤ ¥m¦§¥m¦+¤�¨�©�ªP«H¬9£9­�®H£9¯9°L£9±r² ³�´�µ+¶)·+¦�¥m©5³?¸�£G³E¹�´m£?º�»?¼*½M­G»?¼i¾k£9±k½E»?±k½p¹*³�´�¹?¿§°w³?½�¥5À0©5Ár¦+³¿§°w³o¹6´5£�ºCÂTÃ2¸*Ä)¼"±Å¾k£E²>£9Ã@±k±r¼H³�­?¦wÆr©m¶k³�ÇHÈ%µ+¶�É2© ºuÊ+£M´kÃ@±k¼Ë¸EÌÃ%­�²H½*£�·+¼�³o¹�¶rÍN¨+©mÈ%¥�ÍNÎ ¬&¦+Ï�Ðw¤�¦+ÍN©m¥mÎ Í ³­?¦�ÑPµ�¶rÍ µmº�·+½G´�Ò¼Ó±�¹�Ã�´i¯iÒÃ £�ÔrÕ�¾k£9­�­�¼w­G½?³�¹�¶rÍN¨+©mÈ%¥�ÍNÎ µkÎ�Ð*¦+¤ Í�ÎrÖ©�É@¶kÍ�É@µPªw©J¸kµrÎ µ\¤@Æ+¶"¬\µ+³M¾*µ+È>É�©5¤�¦�¶wµ\³�´m×*µ+Í ¶rº
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�i´kÉ
��¦k¦+¤�´�µ+È%µ���©+¨+¦+³�´�µ+È%µ���©+¨+¦+³?¾6¦�¥>¶kÍ µ§µ+¶�ªPÄ§©mÈ
�5©5Ár¦r¨mÍ ¶wµmº�Ð�¼�²H¼"­(°����P½�½?³?¾"ÍN¦+¤ µ�¹�¶rÍN¨+©mÈ%¥�ÍNÎ ¬+³6±�µÂSÍ È%µrªHµ+³§¸�£�³J¹6´5£�º§²HÃ>²*¹TÔrÊ*½M¿�£E­9¹�³p¸*¦�Ñ Òµ�¶*©��¥mÎ Í ³p­?¦�ÑPµ�¶rÍ µmºP°M¹?Çw¼wÃEÔHÄ�£�½6³9¥mÎ%Ækªw©m¶*Î ³p¯�¦�¶oÂSÍ ¤ ¤ ¥¸*¦+¤ ¤�©5Á+Í µkÎN©JÃ ¶w¥mÎ ÍNÎ%ÆkÎN©5³9²+¦�È>¦�¶�ÎN¦+³�½M¿Eº6µ+¶�ªÓ±kÃ6ÔHÄ§½p¹*³MÐ*¦+¤ 	�¸*¦�ÑPÑ�Æ�¶rÍNÎ ¬Ó¸*¦+¤ ¤�©5Ák©5³��pÍ ¶�ÎN©mÈ�Ä0µr¨�©m¶r³MÇw±\³¹6´5£�� Â(µ�¶w¬J¥m¦+¤�¨�©mÈ%¥)Æ+¥m©�ªi´rÉ���Æ�È�� ¥)¦�È�ÂDÆ\Í È��*©mµkª�� ¥)Ã ¶�©
�"Æ+µ+¤ ÍNÎ ¬��pÂT¦�¥mÎ?¥m¦+¤N¨+©mÈ%¥�×*È>¦r¨�©�ªÓÎ��*©p¥��wµ+È@×6©mÈÍ ¶*©
�"Æ�µ\¤ Í�Î�¬���� ���p¸ Ì! È Î@¦�µ���©��kµkª)×?Æk«�¤ Í ¥��*©�ªiÎ��rÍ ¥�Í ¶*©
�"Æ�µ\¤ Í�Î�¬)Í ¶�Î ��©§­?¦�ÑPµ�¶rÍ µ+¶���¦wÆ�È2¶kµ+¤�»�µ��5©�Î µJÂ(µkÎN©mÑ�ÕµkÎ ÍNÉNµ+³�"

( #%$&$(' ) ³?×)� '%* �)ÔH¨+¦�¶wµ+È5ÆPµ�¶*ª�Ã%¦�¶rÍNÎ � �µJÑC©m¶�Î ÍN¦�¶*©�ª�Î �wµrÎEÎ ��©J¦�È%Í Á\Í ¶kµ+¤�×*È>¦k«�¤N©mÑ ÀEµ�¥E×*È>¦\×6¦�¥m©�ª«H¬ÓÂSÍ ¤N¦�È%µrªC´rÎ@©5Ï µ+¶�¦r¨5ÍNÉMÏ È>¦�Ñ °"Æ+Ár¦�¥�¤ µr¨mÍ µ
(
«"ÆkÎ�¶�¦kÎ9Æ+¥m©�ª

)
µrÎEÎ��*©P¾*µ+¤ 	Hµ+¶OÂ(µrÎ��*©mÑPµkÎ ÍNÉNµ+¤�½6¤ ¬+ÑL×"Í µrª"%+
+ $ �9²,�*©m¬pÁ\ÍN¨+©�µpÈ>©5Ï@©mÈ>©m¶�É2©pÎ@¦P»�µ(�5©�Î µ§Â(µkÎN©mÑPµkÎ ÍNÉNµ+³�-

(
"&+&+,"

)
�.�J¦k¦0×*È>¦r¨�©�ªJÎ��*©9Ák©m¶*©mÈ%µ+¤ Í ��µrÎ Í�¦�¶

∑

� �\���   � ak(b + c)

bk + ck
≥ a + b + c

Ï@¦�ÈGµ+¤ ¤*È>©mµ\¤
k ≥ 1

�*· µ�¶*¦wÆ�¥�¥\Æm×w×"¤ Í�©�ª§µLÉ��kµ+Í ¶C¦+Ï*Ák©m¶*©mÈ%µ+¤ Í ��µrÎ Í�¦�¶w¥,�MÇ+Í È%¥mÎ��*©E×*È>¦r¨+©�ªPÎ �wµrÎ
∑

� �\���   � a3(b + c)

b3 + c3
≥ 2

∑

� �\���   � a3

b2 + c2
≥ a + b + c /

Ä§©JÎ ��©m¶�©�0wÎN©m¶�ªw©�ªÓÎ ��©p¥��wµ+È@×6©mÈ�Í ¶�©
�"Æ+µ+¤ ÍNÎ ¬ ∑� �\���   � a3

b2 + c2
≥ a + b + c

2

«H¬LÈ>© ×"¤ µkÉNÍ ¶rÁÓÎ ��©0¤N©5Ï@Î6¥�ÍNªw©
«H¬ ∑� �\���   � aλ+1

bλ + cλ

³�À���©mÈ>©
λ ≥ 0

�MÇ�Í ¶wµ\¤ ¤ ¬+³1��©�¥\Æ\Á+Ár©m¥mÎ@©�ª)µpÁk©m¶*©mÈ%µ+¤ Í ��µrÎ Í�¦�¶CÎN¦
n

¨mµ+È%Í µr«�¤N©m¥,�

243524687:9(;�<�<�=?>A@)BC;ADE@�B�F1GIH�J&K�LMK�N�O�PRQ�SUT�V�J(W�N1X�K�LYV.O1J�ZC[�\.J(]AP�^�O�SC_`\.J(W
N�X�KC^�_ba`cd7
e�fEgEgEhAikjml
nAo�l

ABC p i5oCqrjCsAf put o1l,j�v(o t l,v p oCqEw t jxoCqEy?l
nAo�l
P p i5oxg�h p q)l p ql
n�jzg t o�qEj5h){ 4ABC

7�| n�jzgEjCv�g�j�qEy p�} f t oCv`{�v�hA~
P

l,h
BC

~RjCj1l(i
AB

o�l
X

D l
n�jg�j�v,gEjCqEy p�} f t o�v`{�v�hA~
P

l,h
CA

~Uj�j�l�i
BC

o1l
Y

D o�qEy�l
n�jzgEjCv�g�j�qEy p�} f t oCv`{�v�hA~
Pl,h

AB
~Uj�j�l�i

CA
o1l

Z
7

@�78� {
P p i p qml
n�j p q)l�jCv p hAv�h){ 4ABC

D gEv�h��Ajzl
nAo1l
[XY Z] ≤ [ABC]

7
;�78� {

P t
p jCiRhAq�l
n�j },p v } fE~ },p v },t j�h){
ABC

D g�v�hC�Aj�l
nAo1l
X

D
Y

D oCqEy
Z

o�v�j
} h tut
p qEjCoCv 7

� 7��)KC^(�AX�W�K���Q�SR�CK�N%VAW�K��)O�W���W�S�]�_`c.]A�b]�Nk]C��W�_AZk]1LY]C��7
@E7�� j�l

D
D

E
D

F � j�l
n�jrgEh p q)l(iRh){
p q)l�jCv(i%j } l p hAq�h){

PX �5p l
n BC
D
PY �5p l
n

CA
D

PZ �5p l
n AB
D v�j�i%gEj } l p �Aj t � 7 e p q } j

XD ⊥ BC
o�qEy

∠ABC = 60◦
D � jnAo1�Aj

∠PXF = ∠DXB = 30◦
7�| n)fEi D

PF = PX sin 30◦ = 1

2
PX � l
nAo1l p i D

PX = 2PF
7 e p ~ put oCv t � D

PY = 2PDo�qEy
PZ = 2PE

7
e p q } j ∠DPZ = ∠XPF = 60◦

D
∠EPX = ∠Y PD = 60◦

D o�qEy
∠FPY = ∠ZPE = 60◦

D � j�nAo1�Aj
∠XPY = ∠FPD = 120◦

7�� j�q } j D
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[XPY ]

[FPD]
=

PX · PY

PF · PD
=

2PF · 2PD

PF · PD
= 4 X

� �M}��\}���{G�\} ` [XPY ] = 4[FPD] X x��@�A�N�%���\� � ` �o}A�G�*�G}
[Y PZ] = 4[DPE]

�6���
[ZPX] = 4[EPF ] X)� ��y�| `
[XY Z] = [XPY ] + [Y PZ] + [ZPX]

= 4
(

[FPD] + [DPE] + [EPF ]
)

= 4[DEF ] X
�O{6� �2}"~

PD = x ` PE = y ` �6���
PF = z `�6���A�2}"~

k
��}(~��M}o����~\�N~\yE�M}T{�� 4ABC X�� |C�@|i�o}��N��?��{6��� ` �o}��G�*�G}

x + y + z = k X x��%���+}
∠FPD = ∠DPE = ∠EPF = 120◦ `

�o}o�G�"�G}
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A

B CD

E
F

P

x
y

z

k

[DEF ] = [DPE] + [EPF ] + [FPD]

= 1

2
xy sin 120◦ + 1

2
yz sin 120◦ + 1

2
zx sin 120◦

=
√

3

4
(xy + yz + zx) X

x��%���+}
(x + y + z)2 − 3(xy + yz + zx) = x2 + y2 + z2 − (xy + yz + zx) ≥ 0 `
�o}�|r}6}O~��G�*~

xy + yz + zx ≤ 1

3
k2 X)� ��y�| `

[DEF ] ≤
√

3

4
· 1

3
k2 =

√
3

12
k · k =

√
3

12
k ·

√
3

2
BC = 1

4
[ABC] X

� �M}��\}���{G�\} ` [XY Z] ≤ [ABC] X
[�X ¢&�N~��M{�yG~��%{G|r|({��P¡�}���}��m���@��~ � `�o}S�A�*�T��|r|�y��u}�~��G�*~

P
�%|J�SzE{��@��~J{G�~��M}i���%��{G�E���\�

BC X x��%���+}
XD⊥BC `�o}D�G�*�G}

∠PXB = ∠DXB = 30◦ Xx��%���@�@�6�m��� ` ∠PY B = ∠EY C = 30◦�6���
∠PZC = ∠FZA = 30◦ X x��%���+}

∠PXB = ∠PY B ` �o}-|r}6}D~��G��~
B `

P ` Y ` X
���\}o�+{G���5�G�+�N�2� X)� ��y�| `

∠PY X = ∠PBF X � � �
x��%���+}

∠PY B = ∠PZC ` �o}i|k}�}P~��G�*~
P ` Z ` C ` Y

�6�\}���{G��� �G�+�@�%� X)� ��y�| `
∠PY Z = ∠PCZ X � [ �
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A ` B ` P ` C
�6�\}(��{G��� �G�+�@�%� ` �o}(�G�*�G}

∠PBF = ∠PCA X�� }�����} ` �2�\{G� � � � `
∠PY X = ∠PCA X�� |H�@��¡(� [ � ` �o}o¡�}"~

∠PY X + ∠PY Z = ∠PCA + ∠PCZ = 180◦ X
� �M}��\}���{G�\} ` X ` Y ` Z

���\}o�+{��@�N�%��}��6� X
��� X fG���5KM/%#>�?.��61��*#	��<9�EK�l b ���%g&�9�?!-!ËK6.�#5/21-�9���N� �wRG�wl�
S#%.0/>�*��tS,�'��*.Gl
����l�npf"h X� X �

|H|Hy��-}&~��G��~ 4ABC
�G�6|�|��2�M}��+�2}���¡w~��

2 ` �2}"~
G

��}&~��M}Ë��}���~+�\{��2� {��
4ABC ` �6���D�%}*~

Ω
�M}O~��M}����%|r�T�+}���~+�\}��A�*~

G
�(��~��D�m�?���@y�|

2
√

2

3
X ¢�}��(�@�N��z��\{��G}

~��M}�|�~+�\{G��¡�}��P�\}�|HyM��~L~��G��~
[XY Z] ≤ [ABC]

�N���6���-{G�G� �D�@�
P ∈ Ω X� ����}�}6� ` |r}*~§y�zD~��M}(�+{M{G�\�G�@�M��~\}S|m�M|+~+}���|k{�~��G�*~

A = (0,
√

3) ` B = (1, 0) `�6���
C = (−1, 0) X x�y�zMzE{G|r}�~��G��~

P = (u, v) X)� �M}��D��~§�@|i�\{�yG~\�@��}�~+{D�M}��m���G}�~��G�*~
X =

(

u,
√

3(1 − u)
) ` Y = (u +

√
3v, 0) `

Z =
(

−1

2
(u −

√
3v + 3), −

√
3

2
(u −

√
3v + 1)

) X
� ��y�| `

[XY Z] = 1

2

∣

∣

∣

∣

∣

∣

∣

det







u
√

3(1 − u) 1

u +
√

3v 0 1

−1

2
(u −

√
3v + 3) −

√
3

2
(u −

√
3v + 1) 1







∣

∣

∣

∣

∣

∣

∣

= 3
√

3

4

∣

∣

∣

∣

u2 +
(

v − 1√
3

)2

− 4

3

∣

∣

∣

∣

X
x��%���+}

∂Ω
�N~��M}D�M{�y����M���>�Å{��

Ω
�J�G�6|Ó~��M}D}6��y���~\�%{G�

x2 +
(

y − 1√
3

)2

= 8

3
`�o}O|r}6}C~��G��~

[XY Z] ≤
√

3 = [ABC]
�@�������T�6���D{G�G� �o�@�

P ∈ Ω X � �@|k{ ` }��Gy����@��~ ��M{��2�G|Ó�N���6���A{G�G���D�@�
P = G

{G�
P ∈ Ω X

[�X
� �

P
�N�2}�|�{G�D~��M}T�+�@�\�+y��u�+�@�\�+�2}o{�� 4ABC ` ~��M}��

u2 +
(

v − 1√
3

)2

= 4

3
X

� }�����} ` [XY Z] = 0 � ~��G�*~J�%| ` X ` Y ` Z
���\}o�+{��@�N�%��}��6� X£G¤ ¥m¦Ó¥m¦+¤N¨+©�ªO«H¬�ÂTÃ%¸*Ä§¼w±�¾k£E²>£9Ã@±k±r¼H³9­?¦wÆr©m¶k³�ÇHÈ%µ+¶�É2© º)¸*Ä)Ã%ÐT¸�¹�­�²HÃN´\³EÂSÍ ¥>¥m¦wÆ+È%ÍM´r¦wÆkÎ ��©mÈ2¶´kÎ µkÎN©p¸*¦+¤ ¤N©5Ár©5³H·+¦\×"¤ Í ¶r³�ÂD½6³M¹�´m£?º)�9£9±r²rÄ)¼"­L·�£�¿§½p¹�´+³G¹�È2¥\Æ+¤ Í ¶*©m¶kÁ�¬�ÑP¶kµ�¥�ÍNÆ�ÑJ³�Ã ¶w¶k¥m«HÈ5ÆkÉ
	H³r£9Æ�¥mÎ È%Í µmº¯��G®�Ã@Ð�Ð�·+½�Äp¿0´w½G¿9³9¾6©mµr¨�©mÈ ÎN¦�¶k³0½M­�³§¹�´m£?º9Ð�¼�²r¼w­-°��E�P½�½?³9¾"Í�¦+¤ µ�¹�¶rÍN¨+©mÈ%¥�ÍNÎ ¬+³9±+µ�ÂSÍ È%µrªHµ+³0¸�£�³¹6´5£�ºG²rÃ�²�¹CÔrÊ*½M¿�£E­9¹�³�¸*¦�Ñ Òµ+¶�©k�¥mÎ Í ³6­?¦�ÑPµ�¶rÍ µmº�µ+¶�ªPÎ ��©E×*È>¦\×6¦�¥m©mÈ(�

243524387 9�;C<�<1=I>z@�B�;)DU@�B�F1G H�J&K�LMK�N�O�P Q�S�ZC��]C���&\�K�N��,K���K���O�J&K����]CJ��.�)O��
_a��)W! CO�J(N
W�P)])PRPEO#"A]�^u^�])PEKC^
W�P�_�"A]�^u^�])PEKC^
W�P�_���LY]�W���7
e�fEgEgEhAikjxl
nAo�l 4ABC

nAoCi
∠A = 90◦ o�qEy

∠B > ∠C
7 � j1l

H � jUl
n�j{�h�h�l5h){`l
n�jUg�j�v,gEjCqEy p�} f t o�v:{�v�hA~
A

l�h
BC

7R| n�jUg�h p q)l B′ tup j�i�hAq
BC

o�qEy p il
n�j?~ p v�v�hAv p ~Uo�w�j?h){
B p q�l
n�j tup qEj

AH
7 e�fEg�g�hAi%jxl
nAo�l

D p izl
n�jU{�h�h�l5h){dl
n�jg�j�v,gEjCqEy p�} f t o�v�{�v�hA~
B′ l,h

AC
D l
nAo1l

E p iMl
n�j4{�h�h�lMh){)l
n�j4g�j�v,gEjCqEy p�} f t o�v�{�v�hA~
Dl,h

BC
D l
nAo�l

F p i`l
n�j:{�h�h�ldh){�l
n�jzg�j�v,gEjCqEy p�} f t o�v`{�v�hA~
B

l�h
AB′

D oCqEy l
nAo1l
G p il
n�jz{�h�h�l�h){�l
n�j5gEjCv�g�j�qEy p�} f t oCvd{�v�hA~

F
l�h

BC
7%$ v�hC�Aj l
nAo�l

AH = DE + FG
7
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fG���5KM/%#>�?.T�?1��EK�I5�k# ��<�,��6l?$�/\K�7��*.�/2l9���?.��c#@�N�%$P�9���@�>�"R*#2,G/ ���>.G$�/%# /\KM/>�"l0:��?�H�?.�/ �6l	�i� Xx��%���+}S��{G�\�\}�|HzE{G�����%��¡�|H�%��}�|J�6�\}�z����m���N�2}*� ` �o}O¡�}*~ 4DB′C ∼ 4ABC � �����|H�@����}
∠BB′A = ∠B′BA ` �o}C���%|r{��G�"�G} 4FB′B ∼ 4ABC X x��@����}

AH ` DE `
FG

���\}���{G�\�\}�|HzE{G�����%��¡C���N~\��~\yE��}�|J{�� 4ABC ` 4DB′C ` 4FB′B ` �\}�|HzE}��\~\���G}*��� `�o}o�G�"�G}
DE

AH
+

FG

AH
=

B′C

BC
+

B′B

BC
= 1 `�6���D~��M}(�\}�|�yM�N~J��{��N�2{6��| X£G¤ ¥m¦�¥m¦+¤N¨+©�ª�«H¬OÂTÃ%»E¹�¼w±Ó£�ÂT¼w¿§»E¹w£9±(¸�½�Ê+£M´+³p¸kµ+¤ µ(Ç�Í ÁwÆr©mÈ%µ+³pÂ(µ+¤ ¤N¦�È>ÉNµ+³p´m×*µ+Í ¶rº�
´k¼wÇw®?¼�²£9­6´r±m£�¿�£�»?ÃkÒ¸k³�¹�¶kÍ�¨�©mÈ%¥�Í�Î�¬J¦+Ï?´�µ+È%µ���©+¨+¦+³?´�µ+È%µ���©+¨+¦+³G¾6¦�¥>¶kÍ µLµ+¶�ªÓÄ)©mÈ
�5©5Ák¦r¨5Í ¶kµ\º�ÂTÃ2¸*Ä)¼"±i¾k£E²>£9Ã@±k±r¼H³­?¦wÆk©m¶r³)Ç�È%µ�¶*É�© ºL¸*Ä)­�ÃN´"²H½�Ð�Ä)¼"­(·
��¾6­"£E¯�±k¼"°w³�¾*È%Í ¥mÎN¦+¤ ³J¹?®*º0¸*Ä)Ã%Ð�¸�¹?­�²rÃ�´+³9ÂSÍ ¥>¥m¦wÆ+È%Í�´r¦wÆkÎ ��©mÈ2¶´kÎ µkÎN©S¸*¦+¤ ¤N©5Ár©5³E·\¦\×"¤ Í ¶k³)ÂD½?³P¹6´5£�ºp­�Ã%¸*ÄE£E­�¯4Ã��9Ä§¼r´H´\³p­�µ�¶*É��*¦oÐkµ\¤N¦�¥�Ê*©mÈ>ªw©m¥�³L¸�£�³i¹�´m£?ºM·+½�Äp¿»A��Ä§¼6¹GÊ�¼"­�³G»�È%µ+¶�ªw©§Ð"È%µ\Í È%Í�©5³w£9¾wº?¯���®�Ã@Ð�ÐJ·+½�Äp¿0´w½G¿9³�¾6©mµr¨�©mÈ ÎN¦�¶k³�½�­�³9¹�´m£?º�¯0½0¹G»�¿)¼C�§Â�£E¿9³±�µ+¶�ÉNµ�¥mÎN©mÈ%³Ó¸�£G³C¹�´m£?ºE·+½�¼w±�´k¸*Ä§±k½G´r¾6¼"­G»*³§¾*µH¬+¥�ÍNªw©5³J¿§°w³C¹6´5£�ºP²H½G´rÄ§Ã%½Ë´r¼"ÃNÂTÃ2°\£�³L®�µHÀEµ�¥>µ,	HÍ ³·5µm×*µ�¶Hº)¾?½M¾�´k¼w­�®�¼"°w³9±r©�¦�¶kÍ µ+³9¿M· ³)¹6´5£�º9¯�� ·
�?´rÂT¼w¼w¿)®*³GÔ\µ\¤NÎ@«w¦�ÑPÑC©5¤ ³�Î��*©i¿)©�Î��*©mÈ%¤ µ+¶�ªH¥2º�·�£M´r¿�£Ê6Ã@±kÃ Ò¸r³6´r©�É�¦�¶*ªiÄ9Í Á,�i´kÉ
��¦k¦+¤�´�µ+È%µ���©+¨+¦+³�´�µ+È%µ���©+¨+¦+³�¾6¦�¥>¶rÍ µ)µ+¶�ªiÄ)©mÈ
�5©5Ák¦r¨5Í ¶kµ\º?Ð�¼�²H¼"­�°����J½E½6³�¾"Í�¦+¤ µ¹�¶rÍN¨+©mÈ%¥�ÍNÎ ¬+³G±�µPÂSÍ È%µrªHµ+³�¸�£G³�¹6´5£�ºG±rÃ?ÔHÄ§½p¹*³MÐ*¦+¤ 	�¸*¦�ÑPÑ�Æ+¶kÍ�Î�¬Ó¸*¦+¤ ¤�©5Ák©5³.�0Í ¶*Î@©mÈ�Ä0µr¨�©m¶r³�Çk±+³�¹6´5£�º²rÃ�²�¹CÔrÊ*½M¿�£E­9¹�³�¸*¦�Ñ Òµ+¶�©k�¥mÎ Í ³6­?¦�ÑPµ�¶rÍ µmº�µ+¶�ªPÎ ��©E×*È>¦\×6¦�¥m©mÈ(�

243���
87�9�;C<�<��?>E@)B��ADY@)BCF�G H�J
K�LMK�N1OCP Q�S5Z1K�N �O�����W
N�� �� ] � �%\.]CJ,J&O�J&K�_:a��)W! CO�J(N
W X�]�XH�KC^
W�X��O����)W!� ]xPEO T�]�X�]�^ ���ES�]C_`\.]CJ��,O�^�K��E]�_��1LY]1W���7
e�fEgEgEhAikjzl
nAo1l

a
D
b
D oCqEy

c
oCv�j8gEhAi p l p �Aj5v�j�o t qAfE~ � j�v(i 7 $ v�h��Ajzl
nAo1l

1

a2
+

1

b2
+

1

c2
− 27

(

ab

c
+

bc

a
+

ca

b

)−2

≥ 1

3

[

(

1

a
− 1

b

)2

+

(

1

b
− 1

c

)2

+

(

1

c
− 1

a

)2
] 7

�AKC^ ��X�W�K�� Q�S������ OkW���VE])K�_�N�X��)PEO1�YX�_��:K�� � W
^u^�N�T.KC^
^�O��1W�]AX�O�����N1X�W X��AX�O�_��CK�J
K���X�K�_��! [
"�# gEoCqEy p qEwzl
n�j�v p w�n�l i p yEj�oCqEyUi p ~Ug t
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sin A − cos A =

√
2 sin
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A − π
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AU2 = c2 + a2 − 2ac cos
(

B +
π

2

)

= c2 + a2 + 2ac sin B

= c2 + a2 + 2bc sin A

= c2 + (b2 + c2 − 2bc cos A) + 2bc sin A

= 2c2 + b2 + 2bc(sin A − cos A)

=
(

b +
√

2c
)2

+ 2
√

2bc
(

sin
(

A − π

4

)

− 1
) X

� ��y�| ` AU2 =
(

b +
√

2c
)2

+ m ` �o�M}��\}
m = 2

√
2bc

(

sin
(

A − π

4

)

− 1
) Xx��%���@�@�6�m��� ` AV 2 =

(

c +
√

2b
)2

+ m X x��@����}=~��M}4�M{G�u{?~��M}"~ �F�%�AzM�N�2}�|-~��G�*~
AM

AN
=

AU

AV
` ~��M}o¡"���G}��-��{G�����N~\�%{G���%|C}��GyM� �����%}���~L~\{
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(

b +
√

2c
)2

(

c +
√

2b
)2 =

(

b +
√

2c
)2

+ m
(

c +
√

2b
)2

+ m
X

� ���@|�|H�@�-zG�@���9}�|O~+{
m(b2 − c2) = 0 ` �o���2�H�Å�%|O~+�\yE}A�@�J�����c{G�G� ���@�

b2 = c2
{G�

sin
(

A − π
4

)

= 1 � ~��G�*~J�%| ` b = c
{G�

A = 3π
4

X£G¤ ¥m¦-¥m¦+¤�¨�©�ªÅ«H¬&¸*Ä§­�Ã�´*²H½MÐ�Ä§¼w­Ë·
�P¾6­"£9¯�±r¼*°w³�¾*È%Í ¥mÎ@¦+¤ ³�¹�®"º�¸*Ä)Ã%Ð4¸�¹?­�²rÃ�´+³CÂSÍ ¥>¥m¦wÆ�È%Í´k¦wÆrÎ��*©mÈ2¶Z´rÎ µrÎ@©Å¸*¦+¤ ¤�©5Ák©5³�·+¦\×"¤ Í ¶r³DÂD½?³D¹6´5£�ºS¯�� ·
�Ó´rÂT¼w¼w¿)®*³�Ô\µ\¤NÎ@«w¦�ÑPÑC©5¤ ³DÎ��*©&¿)©�Î��*©mÈ%¤ µ+¶�ªH¥
( # ¥m¦+¤NÆkÎ ÍN¦�¶k¥

)
º*µ�¶*ªiÎ ��©�×*È>¦\×6¦�¥m©mÈ(�9²���©mÈ>©0À0©mÈ>©�µ\¤ ¥m¦JÎNÀ0¦pÍ ¶*É�¦�ÑL×"¤�©�Î@©9¥m¦+¤@ÆrÎ Í�¦�¶w¥,�

243��%�z7:9(;�<�<�=?>A@)B��ADE@�B���GIH�J&K�LMK�N�O�PRQ�S?��W X����  CK��E]CJ��C_�\�� ��VE]CJ&O�N�X�_���K��U]C�AW�]E7
$ v�hC�Aj D �5p l
n�h)fAl`l
n�jzfEikj8h){Yo } o t�} f t o�l�hAv D l
nAo�l

sin(40◦) <
√

3

7

7
� 7��)KC^(�AX�W�K���Q�S4Z1K�N �O �m[	 4W�O�X�K�_ba��)W! CO�J(N
W�P)])PUPEO�^X���1^
W�]C_ � ]�J(] � ]�W�Q�K�_ "�O1�.O��1�)O�^�]E[

e p q } j
sin(40◦) = 2 sin(20◦) cos(20◦) < 2 sin(20◦)

= 2 sin(60◦ − 40◦) =
√

3 cos(40◦) − sin(40◦)
D

� j�nAo��Aj
2 sin(40◦) <

√
3 cos(40◦)

7� j�q } j D
4 sin2(40◦) < 3 cos2(40◦) = 3(1 − sin2(40◦))

D
hAv

7 sin2(40◦) < 3
D {�v�hA~ � n p�} n sin(40◦) <

√

3

7

{�h t
t h � i p ~U~Uj�y p o1l,j t�� 7
� � 7��AKC^ ��X�W�K��xQ�S���PE�b]�J
PU�C[ �m[ �8]��.�C_��zWu^`��J(W�P��C]E�CJ(W�O�J a��)W! CO�J(N
W X�SC_��8]�X�O1J(^�K�K�_m�! [

� j8g�v�hC�Aj:l
n�j8i t
p w�n�l t�� i
l,v�hAqEw�j�v p qEj�s)fEo tup l � sin(40◦) <
√

5

12

7
	:h�l�j�
�v(i,l�l
nAo1l

sin(40◦) <
√

5

12
p i jCsAf p �)o t jCq)l�l�h 1

2

(

1 − cos(80◦)
)

< 5

12

D
hAv

cos(80◦) > 1

6

D � n p�} n p i�l
n�j4i%oC~Rjbo�i
sin(10◦) > 1

6

7�� j1l
c = sin(10◦)

7�| n�jCq
0 < c < 1

7
� v�hA~ 1

2
= sin(30◦) = 3 sin(10◦) − 4 sin3(10◦) = 3c − 4c3

D � jh � l(o p q 8c3 − 6c +1 = 0
7 e p q } j 8c3 > 0

D � j:~xfEi,ldnAo1�Aj −6c +1 < 0
7�� jCq } j D

c > 1

6

D oCqEy � j5o�v�j8yEhAqEj 7
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1 + 1 = 2
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K�LMK�N1OCP�Q�S �5[ ZC[:����OCO1����_r��]�^�X(Q�K��U��O�^
_?X�V.O
 8O�X�V.O1J(^�]��.P�NC7

� q 4ABC �5p l
n },p v } fE~Uv(o�y p fEi
R

D t j�l AD
D
BE

oCqEy
CF � j4l
n�j:o t l p l�f�yEj�i 7� j1l

P � jxo�q ��p q)l,j�v p hAv:gEh p q)l:h){�l
n�jml,v p oCqEw t j 7x| n�j tup qEjml
nAv�h)f�w�n
P

gEoCv(o tut j t l�h
EF p q)l,j�v(ikj } l�i:l
n�j tup qEj

AC
o�l

E1

o�qEy?l
n�j tup qEj
AB

o1l
F1

7m| n�j tup qEj l
nAv�h)f�w�n
P

gEoCv(o tut j t l,h
FD p q)l�jCv(i%j } l(ibl
n�j t
p qEj

AB
o�l

F2

o�qEyxl
n�j t
p qEj
BC

o�l
D2

74| n�j
t
p qEj l
nAv�h)f�w�n

P
g�o�v(o t
t j t l�h DE p q)l,j�v(ikj } l�idl
n�j t
p qEj

BC
o1l

D3

oCqEy l
n�j t
p qEj
ACo�l

E3

7
e�n�h � l
nAo�l

E1F1 cot A + F2D2 cot B + D3E3 cot C = 2R
7

�AKC^ ��X�W�K�� Q�S �1WX�CV.K��C_�H�KC^��?T.K��U�����)W X�SUT.KC^u^�OV�AO�_��zW���X�O1J��z]  CO1�A_ �X��_ba����:7
� j1l

L
D
M

D oCqEy
N � j4l
n�j4{�jCj1l�h){Al
n�j g�j�v,gEjCqEy p�} f t o�v(id{�v�hA~

P
l�h

BC
D
CA

D
o�qEy

AB
D v�j�i%gEj } l p �Aj t � 7 	 h�l,j:l
nAo�l

∠PF1F2 = ∠EFA = ∠C = ∠DFB = ∠PF2F1 �l
n)fEi D
PF1 = PF2

7 � p ��j �5p ikj D PD2 = PD3

oCqEy
PE3 = PE1

7�� j�q } j D
E1F1 cot A + F2D2 cot B + D3E3 cot C

= (PF1 + PE1) cot A + (PF2 + PD2) cot B + (PE3 + PD3) cot C

= (PF1 + PE3) cot A + (PF1 + PD2) cot B + (PE3 + PD2) cot C

= PF1(cot A + cot B) + PD2(cot B + cot C) + PE3(cot C + cot A)

=
PF1 · AB

CF
+

PD2 · BC

AD
+

PE3 · CA

BE

= 2R

(

PF1 · sin C

CF
+

PD2 · sin A

AD
+

PE3 · sin B

BE

)

= 2R

(

PN

CF
+

PL

AD
+

PM

BE

)

= 2R

(

[APB]

[ABC]
+

[BPC]

[ABC]
+

[CPA]

[ABC]

)

= 2R
7
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x�y�z�z�{G|k} ~��G��~

a ` b ` �6���
c

���\}�zE{G|��N~\� �G}��\}������Gy��u�M}��m|c�o���%�H��|r�*~\�%|��N�
a2 + b2 + c2 = 1 ` �6���D~��G�*~

n > 1
�%|Ó��zE{G|��N~\� �G}S�%��~\}6¡�}�� XÓ� �\{��G}O~��G��~

a

1 − an
+

b

1 − bn
+

c

1 − cn
≥ (n + 1)1+

1
n

n
X

fG���5KM/%#>�?.��61Ohi�+g6,G7G1OhJ� /2l0f6,�.��*�6$"�"lL�6hPlCnpf"hO8
� {G�

0 < x < 1
�o}��G�*�G} ` ���D~��M}

�����
	��
� ��}��Gy����@��~ � `

(

x(1 − xn)
)n

=
nxn(1 − xn)n

n
≤ 1

n

(

nxn + n(1 − xn)

n + 1

)n+1

=
nn

(n + 1)n+1
`

�2�\{G�;�o���2�H�o�o}(|r}6}O~��G��~
x(1 − xn) ≤ n

(n + 1)1+
1
n

X � }�����} `
∑

� �\���   �
a

1 − an
=

∑

� �\���   �
a2

a(1 − an)
≥

∑

� �\���   �
a2(n + 1)1+

1
n

n

=
(n + 1)1+

1
n

n
(a2 + b2 + c2) =

(n + 1)1+
1
n

n
X

� ��y����N�N~>�-�M{��%�M|J�o�M}��
n = 2

�6���
a = b = c = 1/

√
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	k¬¹�¶rÍN¨+©mÈ%¥�ÍNÎ ¬+³9Ä9Í Á,�k¤ µ�¶*ªOÄ§©5Í Á
�*Î ¥�³�®�°w³)¹6´5£�ºE¾k£E¾6ÃN´Ó´"²r¼w­G»?Ã2½0¹�³9¸k�wµ\¤ 	�ÍNªHµ\³p»�È>©�©�É2© º�±kÃGÔHÄL½0¹�³EÐ*¦+¤ 	¸*¦�ÑPÑ�Æ�¶rÍNÎ ¬P¸*¦+¤ ¤�©5Ák©5³A�pÍ ¶�ÎN©mÈEÄ�µk¨+©m¶k³?Çk±+³�¹6´5£�º*µ�¶*ªPÎ��*©E×*È>¦\×6¦�¥m©mÈ(�¾6¦kÎ��OÄ§¦rÀEµ+È>ªiµ+¶�ª�Î ��©0×*È>¦\×6¦�¥m©mÈEÈ>©mÑPµ�È�	k©�ªCÎ��kµkÎ�Î��rÍ ¥E×*È>¦k«�¤�©mÑZÍ ¥�µJÁr©m¶�©mÈ%µ\¤ Í ��µkÎ ÍN¦�¶O¦+Ï�¸kÈ5Æ 0

#�
(*�������������� ��� ��������������� �!�#" ��Ä§©HÆr¨�©mÈ�È>©mÑPµ�È�	k©�ª�Î �wµrÎ0¸kÈ5Æ�0:" '&' - � ��$���$ � � � � � ��$�$ ����� ��% " «H¬Î��*©0¤ µkÎN©§ÂDÆ+È2È%µH¬P®*¤ µ+Ñ�	HÍ ¶iµ�¶*ª)£M¶*ªr¬i±\Í@ÆPªw©mµ\¤NÎ�À�Í�Î��iµ§ÑC¦�È>©�Ák©m¶*©mÈ%µ+¤ Í �5©�ªi¨+©mÈ%¥�ÍN¦�¶�¦+Ï�Î��rÍ ¥M×*È>¦k«�¤N©mÑ �·5µ+¶�¦wÆ+¥�³�¶�¦kÎ ÍNÉNÍ ¶rÁÓÎ��kµkÎ�Î ��©p¤�¦rÀ0©mÈ0«w¦wÆ+¶�ªJÍ ¥�¶*¦kÎ�¥��wµ+È@×"³�¦�&?©mÈ>©�ªÓÎ��kÈ>©�©JÉ2¦�¶,��©�É�Î2Æ+È>©m¥�³�¦�¶*©P¦+ÏGÀ��rÍNÉ
�ÓÍ ¥µ�¥�Ï@¦+¤ ¤N¦rÀE¥ ')(�* +
x1 , x2 , . . . , xn - */.�02143 +53 62*87�*#9�:<;�=!> - *#751?1@9#+53 14A B23 ;�C

x2
1 + x2

2 + · · · + x2
n = 1 /

D<E *�; , A 027�9�: : p > 0 ,�F * E 9#62* n
∑

j=1

xj

1 − xp
j

≥ n(p+1)/2

np/2 − 1
/²,�*¦wÆ+Á,�OµPÏ@©+Àu¥m¦+¤�¨�©mÈ%¥0¥mÎ µrÎ@©�ª�Î �wµrÎ9©
�"Æ�µ\¤ Í�Î�¬���¦+¤�ªH¥0Í ¶SÎ��*©LÁ\ÍN¨+©m¶�Í ¶�©
�"Æ+µ+¤ ÍNÎ ¬�¦�¶r¤ ¬PÍ Ï

n = 2µ�¶*ª
a = b = c = 1/

√
3
³?¶�¦Ó¦�¶*©)µkÉ�Î2Æ+µ+¤ ¤ ¬§Á�µr¨�©)µiªw©�Î µ\Í ¤�©�ª§×*È>¦k¦+Ï

(
Î��*¦wÆ+Á,�OÎ��rÍ ¥EÍ ¥9¶�¦kÎMª�Í G�É>Æ+¤�Î

)
�Ã�¶*ªw©�©�ª�³*Ï È>¦�ÑcÎ��*©E×*È>¦k¦+Ï*Á+Í�¨�©m¶LÍ ¶CÎ ��©9¥m¦+¤@ÆrÎ Í�¦�¶Pµk«w¦r¨+©pÀ0©�¥m©�©pÎ �wµrÎ�Í Ï6©
�"Æ�µ\¤ Í�Î�¬��*¦+¤NªH¥�³6Î��*©m¶ÓÀ0©9Ñ�Æ�¥mÎ

�wµr¨�©
nxn = 1 − xn

³?¦�È
x =

1
n
√

n + 1

À��rÍNÉ
�JÍ ÑL×"¤ ÍN©m¥9Î �wµrÎ
a = b = c =

1

(n + 1)1/n

�MÇ�È>¦�Ñ
a2 + b2 + c2 = 1

³�À0©0Î ��©m¶)Ák©�Î 3

(n + 1)2/n
= 1

¦�È
(n +1)2 = 3n ³�À��kÍ�É��iÉN¤N©mµ+È%¤ ¬Y��¦+¤�ªH¥�À���©m¶

n = 2
�M¾?ÆkÎ?«H¬pµ)¥�Í ÑL×"¤N©EÍ ¶�ª"ÆrÉ>Î ÍN¦�¶r³?¦�¶�©)ÉNµ�¶Ó©mµ�¥�Í ¤ ¬p¥��*¦rÀAÎ��kµkÎ

3n > (n + 1)2
Ï@¦�ÈGµ\¤ ¤

n ≥ 3
³�µ+¶�ªÎ��*©)É�¦�¶*É@¤NÆ�¥�Í�¦�¶JÏ@¦+¤ ¤�¦rÀE¥,�
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∠ABC = 2∠ACB
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BD
=
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BC
X
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∠ACB = x X)� �M}��

∠ABC = 2x ` ∠DAC = 3x ` ∠BAC = π − 3x `
∠BCD = π

2
+ x ` �6���

∠BDC = π
2

− 3x X � |H�@��¡�~��M}�x��%��} 
 �"� {G�-~+�\�@�6��¡"�%}�|
ABC

�6���
BCD ` �o}o{M�?~\���%�

BC

AB
− BC

BD
=

sin ∠BAC

sin ∠ACB
− sin ∠BDC

sin ∠BCD
=

sin(π − 3x)

sin x
−

sin(π
2

− 3x)

sin(π
2

+ x)

=
sin 3x

sin x
− cos 3x

cos x
=

sin 3x cos x − cos 3x sin x

sin x cos x

=
sin(3x − x)

1

2
sin 2x

= 2 `
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AD X x��%���+}

∠ACD = 90◦ `~��M}��+�%�\�+y��-��}���~+�\}Ë{�� 4ACD
�@|T��~

O X x�y�z�z�{G|k}u~��M}��+�@�\�+y��u�+�@�\�+�2}�{�� 4ACD�%��~\}��m|r}6�\~m|
BC

�*~
E X � �M}��

∠AOE = 2∠ACE = ∠ABE X � }����+} `
BE = OE = 1

2
AD X)� �M}��\}���{G�\} `

1

2
AD · BC = BE · BC = BA · BD `
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|k{o~��G��~

2AB

BC
=

AD

BD
=

BD − AB

BD
= 1 − AB

BD
`�o���2�H�A¡"���G}�|

1

AB
− 1

BD
=

2

BC
`�6|C��}�|H�@�\}6� X£G¤ ¥m¦o¥m¦+¤N¨+©�ªA«H¬ 
´r¼"Çk®�¼�²�£9­6´r±m£�¿�£�»?ÃrÒ¸k³(¹�¶kÍ�¨�©mÈ%¥�Í�Î�¬T¦+ÏL´+µ�È%µ���©+¨�¦+³i´+µ�È%µ���©+¨�¦+³Ó¾6¦�¥>¶kÍ µoµ+¶�ªÄ§©mÈ
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243����z7 9�;C<�<1=�>�@)B�=.DY@�B���G H�J&K�LMK�N�O�P�Q�S ��K�PEK�J � W X�O  1_:a��AW  CO1J N&W�X�SxK*����K���N%N�O�_
��K���N%N�O�_�\���^j��]CJ(W�]�7

e�fEgEgEhAikj l
nAo1l
x1

D
. . .

D
xn � n ≥ 2

� oCv�jzgEhAi p l p �Aj:v�j�o t qAfE~ � jCv(i 7 $ v�h��Aj l
nAo1l
(

x2
1
+ · · · + x2

n

)

(

1

x2
1 + x1x2

+ · · · +
1

x2
n + xnx1

)

≥ n2

2

7

� 7dT.K��mLMK�N&W�X�OxK*��O�N&N1O���X�W�]�^u^�S�X�V.O�Nk]C��O�N1KC^ ��X�W�K���Q�S � J,��]APAS �d^�X�_��C]���Z1K�N1O�_4T���_aM���
	���AOV���AO�X � J(N
^�]C�E]���W���(_ a��AW  CO1J N&W�X�S K*� �C]�J(]��
O  CK�_I�C]�J(]��
O  CK�_ \�K�N%�AW�] ]��.P
��O1J���OV�AK  �W��E] 	�Z1K�V����d[ ��O)�  CO1J�_���J�]C�YPEO H�J�]1W�J(W�O�_ � \�	�]��.P(����� OkW��CV�]AK�_�N1X��APEO���X�_
�:K�� ��Wu^
^
N5T.KC^
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√
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√
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