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02143658793:7,36;=<?>A@CB=DE7,@C1FBAGIH4@A;27EGJ@?G*K23:L=DI@2MC1436NO7PHQ;RG*KCHS7T38<CHFGIHQ@A;UM�>WVTX,Y[Z]\[^_2`8`�aAbdc
e @AL8>f@Cgihkj/lAmonphkj/lAq]r2j#sUhkjutvmin=hxw�y�z|{#}�~�HS1F1�M23RL=DI367,36;CGJ3�<�GI@@A;=3�L2DI38�JB=;AH��A36D�7)H�G�>?DI365�<23�D�~�K2@�7,36;=<27iHQ;?79@C1SBAGIHQ@A;27�M236g]@ADI3!G*K23�<=365�<C1SHS;=3 bT� K23<=3 e HQ7*H4@A;O@Cg=G*K23�3�<AH�GJ@AD�HQ7��=;25�1 b� 3o~�HS1F1�@A;A1 >�L=D�HQ;CGv79@C1SBAGIHQ@A;27vGI@�L2DI@2MA1Q3�N�7#N�58DJ�838<�~�HFG*K!58;�5�7*GI3�D�HQ79�T� ∗ � HFg~�3�DI3 e 36H �A3iG*K236N�g4DI@AN�7*GIBp<23�;CG�7�HQ;���D�5�<23 �8� @AD�B=;=<=36D��4@ADv38�CB2H��C561436;CG �*� @AD�HSg2~�3DI3 e 36H �A3P5�B=;AH4�CBp3�79@C1SBAGIHQ@A;�@ADv5��63�;=36D�5�1FHF�*5�GIH4@A; b

� B=D
HFGI3�N�7�G*KCHQ7�HQ7)7)Bp3 e @ANO3�g4DI@AN�G*K23��8�F� 5�;2;AB=5�1¢¡�£i¤¦¥u38�[HQ@A;25�1§ 56G*K236NO5�GIH e 7P¡¨@A;CGI3�7JG b�� ;A1 >�G*K23��=D�7*G �8©Oª Bp367*GIHQ@A;27PKA5[�A3OM23836;?HQ; e 1FBp<=3�<u«uG*K23DI3�7JG�~�HF1S1�58L2Lp3658DoHS;Rg]@AD¬G*K e @AN�HQ;=�O­8�8@C1FHQ58<27 b:� KA58;=�87��6@�GI@W¥ b 0A@AD�79�6> � ¡ b £ b ¤ b �£i3®~PLp@AD¬G�£i3®~P7 �8¯ cib°�±4²T³�´E´iµP¶�·�¸�¹dº¼»�½�¾v¿*À�´E¶�·�Ád¿*¾�Â�Ã�ÄÅÂEÀPÀi·�Æ�¶�Ç�ÂE½#È ¶�Ç¨¿*Ä�É¸�ÀE´�Ç/½�É�ÇÃv¶�Ç¨µPÊ�ËE¶�ÌÎÍ�½#Ä�½#ÈÐÏ�½#ÊdÑEÒ�Ó�ÔiÔ�Õ
Ö b � ∗ �u× g 64 HS7�<CH��CH4<238<oHQ;CGI@�G*KADI3�3�L=5�D�G�7/L=DI@AL=@AD�GIHQ@A;25�1�GI@ 2 � 4 � 58;=< 6 � G*K23�7)NO561S1Q3�7JGL=5�D�GÅHQ7�Ø

� c � 51
3

�¬Ù � 11
�4¡ � 102

3

��Ú � ;=@A;=3P@CgpG*K2367,3
Ó b � ∗�Û× g � HS;Ü58L2L21 >AHS;=�¢G*K23Ý�CB=5�<AD�56GIH e g]@ADIN�B21S5ÞGI@�5Ý�AB=58<2D�5�GIH e 38�CB=56GIHQ@A;
f(x) = ax2 + bx + c = 0 � H�G!KA5�L=L=3�;27!G*KA5�G c =

b2

4a
� G*K236;�G*K23R��D�5�LpKW@Cg

y = f(x)
~�HS1F1 e 3�D¬GI56HQ;A1 >¨Ø

� c � KA5��A3P5PN�5[ß�HQN�B=N ��Ù � KA5��A3�5�N�HQ;AHSN�B=N�]¡ � M=3iGI5�;=�63�;CG�GJ@TG*K23 x à 5[ß�HQ7 ��Ú � M=3EG�58;=�636;CGÅGI@TG*K23 y à 5®ß8HS7
Õ b � ∗��á 3[G {an} M=3�5��63�@AN:3[GJDIH e 7,3��ABp36; e 3 b × g a1 = 8

5�;=<
a7 = 5832 � G*K236; a5HQ7�Ø

� c � 648
�¬Ù � 832

�4¡ � 1168
��Ú � 1944

° b � ∗� � K23P5�DI3�5�3�; e 1Q@A7,3�<�M�> |x| + |y| = 1
HS76Ø

� c � 1
2

�¬Ù � 1
�4¡ � 2

��Ú � 4



��©��
� b � ∗��× gAG*K23E��D�5�LpK!@Cg f(x) =

∣

∣|x −2| −a
∣

∣−3
KA587v3)ß�5 e GI1�>�G*KADI383

xà HS;CGJ36D e 36LAG�7 �G*K23�;
a
3��AB=561Q7�Ø
� c � 3

�¬Ù � 4
�4¡ � 0

��Ú � −3

Ñ b � ∗�v× g m

n
=

4

3

5�;=< r

t
=

9

14
� G*K236;�G*K23o�C5�1FBp3�@Cg 3mr − nt

4nt − 7mr

HS76Ø
� c � −51

2

�¬Ù � −11
14

�4¡ � −2
3

��Ú � −11
4

� b � ∗� � KCH e K!gQB=; e GIHQ@A;27#795�GIHQ7*gF> f
(

x + y

2

)

=
1

2

(

f(x) + f(y)
) �

� c � ln x
�¬Ù � 1

x

�4¡ � 2x
��Ú � 2x

� b � ∗ ��á 3�G x � y > 0 � x > y � 5�;=< z 6= 0
b�� K23THS;=38�CB=5�1FHFG|>�~�KCH e K�HQ7�;=@�G�5�1 ~P5�>A7e @ADIDI3 e GÅHQ7�Ø

� c � x + z > y + z
��Ù � x − z > y − z�]¡ � xz > yz
��Ú � xz2 > yz2

� b � ∗�v× g ax = cq = b
58;=<

cy = az = d � G*K236;¨Ø� c � xy = qz
��Ù � x + y = q + z

�4¡ � x − y = q − z
�¬Ú � xy = qz

Ö Ô b � ∗ � � K23�5�DI3�5:@Cg�5�7,�CB=58DI3�HS;27 e D�H4M238<�HS;R5�7,36N�H e HQD e 1Q3!HQ7oGJ@:G*K23�5�DI3�5O@Cg�G*K237,�CB=58DI3�HS;27 e D�H4M238<!HQ;!G*K23P3�;CGIHSDI3 e HQD e 1Q3�587�Ø
� c � 1 : 2

�¬Ù � 2 : 3
�4¡ � 2 : 5

��Ú � 3 : 4

ÖiÖ b � ∗�v× g 0 < α � β < π
2

5�;=<
α > β � G*K236;¨Ø� c � sin(α − β) > sin α − sin β

�¬Ù � sin(α − β) < sin α − sin β�]¡ � sin(α − β) = sin α − sin β
�¬Ú � ;=@A;=3�@Cg=G*K23�793

Ö Ó b � ∗��á 3�G f(x) = 3x + 5
b�� K236;�G*K23P<=@AN�5�HS;O@Cg

f−1 HS76Ø
� c � (0, +∞)

�¬Ù � (5, +∞)
�4¡ � (8, +∞)

�¬Ú � (−∞, +∞)

Ö Õ b � ∗ � c NO5�; KA5�7�5OLp@ e �83[GogQB21F1�@Cg e KA58;=�63 � MCBAG e 58;R;=@�GoN�5��83 e KA5�;=�63�g]@ADo5<=@C1F1Q5�D b�� KA5�GÅHQ7vG*K23P��DI3�5�GJ367*G��C561SBp3P@Cg e @CHS;27#K23 e @CB214<�KA5��A3 �

� c � $0.99
�¬Ù � $1.09

�4¡ � $1.19
��Ú � $1.29
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4 �
¸�ÀE´PÄ�Àoµ�Ê=É¢³�´E´iµ�½�·�¸�¹dº¼»��½�¾v¿*À�´E¶�·TËP½ Æ�¶�Ç�Â��½#È ¶�Ç¨¿��iµ�½Ëoµ Ã�½�Ä�ÀE´PËE¶�¿JÊ�½Ãv¶#ÈÐ½�Ëi¿,Ò�·*½ ÑÐÍ��½�Ä�½�ÈÐÏ�Êp½ Ó�ÔiÔ�Õ

Ö b � ∗� ­6H 64 3�7JGv<CH��CHQ7��3�3�; 3
L258D¬GIH4367�L=DI@AL=@AD�GIHQ@A;2;=361F14367
	5

2 � 4 3�G 6 � 1Q5�L21FB=7�L=3�GIH�GJ3<=3 e 3�7�L258D¬GIH4367�367*G�Ø
� c � 51

3

�¬Ù � 11
�4¡ � 102

3

��Ú � 56B e B=;=3�<�� 361F14367
Ó b � ∗� ­6H � 36; 5�L=LA1SHQ�AB=5�;CG�1S5 g]@ADJN�B2143 �AB=58<2D�5�GIH4�CBp3
	5 1����3��AB=5�GIH4@A;
f(x) = ax2 +bx+c = 0 � @A;T@2M�GIH436;CG c =

b2

4a
� <2@A; e 143���D�58L=KCH4�CBp3E<23 y = f(x)�C5 e 3�D¬GI56HQ;=36N:36;CGiØ

� c � 5��A@CHSDÅB=;�N�5[ß�HQN�B=N ��Ù � 5��A@CHSD�B=;ON�HQ;AHSN�B=N�]¡ ���3�GJDI3iGI5�;=�63�;CGv5P1�� 5®ß83P<=367 x
��Ú ���3�GJDI3iGI5�;=�63�;CGv5P1�� 5®ß83�<23�7 y

Õ b � ∗� ­8@CH�G {an} B=;=3�7)B2H�GJ3����38@ANO3�GJD�H4�CBp3 b ­6H a1 = 8
3[G

a7 = 5832 � 5614@AD�7 a5�C5�BAGoØ
� c � 648

�¬Ù � 832
�4¡ � 1168

��Ú � 1944

° b � ∗) á � 5�HSDI3 e @ANOL2DIHS7,3P<A58;27 |x| + |y| = 1
367*GoØ

� c � 1
2

�¬Ù � 1
�4¡ � 2

��Ú � 4

� b � ∗ � ­6H�1Q3���D�58L=KCH4�CBp3�<=3 f(x) =
∣

∣|x − 2| − a
∣

∣ − 3
5

3
���36DI@A7T3*ß�5 e GI3�NO3�;CG �5�1Q@AD�7

a
�C56BAGiØ

� c � 3
�¬Ù � 4

�4¡ � 0
��Ú � −3

Ñ b � ∗� ­6H m

n
=

4

3

3�G r

t
=

9

14
� 5614@AD�7�1S5i�C5�1Q36B=Dv<=3 3mr − nt

4nt − 7mr

367*GoØ
� c � −51

2

�¬Ù � −11
14

�4¡ � −2
3

��Ú � −11
4

� b � ∗� ª Bp361F14367�g]@A; e GIH4@A;27�7)56GIHS7)g]@A;CG f
(

x + y

2

)

=
1

2

(

f(x) + f(y)
) �

� c � ln x
�¬Ù � 1

x

�4¡ � 2x
��Ú � 2x

� b � ∗ � ­8@CH�G x � y > 0 � x > y
3�G

z 6= 0
b á � HQ;��3���5�1FHFG��3��AB2Hv;�� 367*GPL2587PGI@CB��|@CB=D�7e @ADIDI3 e GI3�3�7JGoØ

� c � x + z > y + z
��Ù � x − z > y − z�]¡ � xz > yz
��Ú � xz2 > yz2



��©8�
� b � ∗� ­6H ax = cq = b

3�G
cy = az = d � 5614@AD�7EØ� c � xy = qz

��Ù � x + y = q + z
�4¡ � x − y = q − z

�¬Ú � xy = qz

Ö Ô b � ∗��á � 56HQDI3 < � B=; e 5�DJD��3?HQ;27 e DIH�G�<A58;27�B=;f<23�N�H4� e 36D e 143 367*G 	5R1 � 5�HSDI3 <AB e 5�DJD��3HQ;27 e DIH�G�<25�;27�1Q3 e 36D e 143P3�;�L=DI@AL=@AD�GIHQ@A;?Ø
� c � 1 : 2

�¬Ù � 2 : 3
�4¡ � 2 : 5

��Ú � 3 : 4

ÖiÖ b � ∗ � ­6H 0 < α � β < π
2

3[G
α > β � 5614@AD�7EØ� c � sin(α − β) > sin α − sin β

�¬Ù � sin(α − β) < sin α − sin β�]¡ � sin(α − β) = sin α − sin β
�¬Ú � 56B e B=;=3�<�� 361F14367

Ö Ó b � ∗ � ­8@CH�G f(x) = 3x + 5
b�c 1Q@AD�7�1Q3�<2@ANO56HQ;=3P<=3

f−1 367*GoØ� c � (0, +∞)
�¬Ù � (5, +∞)

�4¡ � (8, +∞)
�¬Ú � (−∞, +∞)

Ö Õ b � ∗� ¤#;�K2@ANONO3�5�B=;=3�L=@ e K23�L21Q36HS;=3?<=3 e KA5�;=�63 � N�5�HS7T;=3�Lp3�BAG�L=5�7Tg456HQDI3<=3 e KA58;=�63OL=@CB=DoB=; <=@C1F1Q5�D b ª Bp361F143O367*G�1Q5OLA1SB=7P��D�58;=<23!�C5�1Q36B=DoLp@A7)7)HQMA1Q3O<23O79@A;e KA58;=�63 �

� c � 0, 99$
�¬Ù � 1, 09$

�4¡ � 1, 19$
��Ú � 1, 29$

£i3*ß�G ~�3&�[H��A3¢G*K23�7,@C1FBAGIH4@A;27�GI@ G*K23 ����� � Ù�¡ ¡u@C1S1Q38�6367��iH4�6K�­ e K2@2@C1§ 56G*K236NO5�GIH e 7Å¡u@A;CGJ367*G ��� HQ;2561p¥u@CB=;=< à 0C5�D�GvÙ � g]@AD/M2@�G*K��*B=;AHQ@AD/5�;=<�­83�;AHQ@AD¨1Q3,�A361S7� ����� ��Ø ©	��
 à ©	����
 bÓ�ÔiÔ�°���¸Î¸�Ài·I·*½�¾�½#É
Á ¿*¾#ÂÐÃ�ÄÅÂEÀPÀi·OÆ�¶�Ç�Â�½�È ¶�Ç/¿*Ä�ÉÝ¸�ÀE´�Ç/½�É�Ç
������� ����� �������! � ���#"%$'&�� ��(*)

Ö b¨� K23�;AB=N:M23�D�7���DI3656GI3�DpG*KA5�;
1
5�DI3�5�DJD�5�;=�638<iHQ;E5�;E58DID�5�> � HS;�~�KCH e K�G*K23 e @C1FB=NO;2758DI3�;AB=N:M23�DI3�<

1
GI@

5
g4DI@AN�143�gSG�GI@�DIHQ�6K�G � 587�7,K2@8~P;¨Ø

(1) (2) (3) (4) (5)
2 3 4 5

9 8 7 6
10 11 12 13

17 16 15 14bbb bbb bbb bbb bbb
�45 ��× ;T~�KCH e K e @C1SB=N�;T~�HS1F1 2004 g4561S1 �

�4M ��× ;T~�KCH e K e @C1SB=N�;T~�HS1F1 1999 g4561S1 �

� e ��× ;T~�KCH e K e @C1SB=N�;=�47 � e @CB214< n2 + 1
g4561S1 � ~�K236DI3 n

HQ7�5PLp@A7*HFGIH �A3EHS;CGJ3��63�D �
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������������	������ ��!�"$#%�'&(&�)*���$#%�+�,�-�/.$�+"*)0	�#%�'12	3�(45����46�����
��7*�
!0�
�,���(�98;:=<

§ @2<AB21Q@
8 � ~�3R7,3�3�G*KA5�G!DI3�7*H4<CBp3 1

M2361Q@A;=��7!GJ@ e @C1FB=NO;
(1)
«oDI367)HQ<ABp367

058;=<
2
M2361Q@A;=��GJ@

(2)
«
3
5�;=<

7
M=3�14@A;=��GI@

(3)
«
4
58;=<

6
M2361Q@A;=��GJ@

(4)
«�58;=<

5M=3�14@A;=��7/GJ@
(5)
b £i@8~

2004 ≡ 4 (mod 8)
5�;=<

1999 ≡ 7 (mod 8)
b/� KCB=7 � 200458;=<

1999
~�HF1S1pg4561S1pHQ; e @C1FB=NO;27o�F� � 58;=<:� © �*� DI3�7)Lp3 e GIH��A3�1�> b £o@8~ n2 HS7 e @A;=��DIBp36;CGN:@2<CB214@

8
GI@:@A;=3!@Cg

0 � 1 � @AD 4
b ��3�; e 3 � n2 + 1

e @CB214<O58L2Lp3658D#@A;A1 >OHS; e @C1FB=NO;27
(1) � (2) � @AD (5) b
Ó b �P@8~ÞNO5�;�>O793�G�7�@Cg�G¬~�@O@ADvNO@ADI3 e @A;27,3 e BAGIH��A3PLp@A7*HFGIH �A3�HQ;CGI38�636D�7oKA5[�A3�5�7)B=N@Cg

105
�

89>?��	-"+�6)+�������
	��
�@<

× g/~�3�KA5[�A3�58;?@2<=<�;AB=N:M23�Do@Cg e @A;27,3 e BAGIH��A3!HS;CGJ3��63�D�7�~�H�G*K�5�7)B=N�@Cg
105 �7)B e K!5�7

34 + 35 + 36 = 105 � ~�3i7,3�3oG*KA56G�G*K23EN�HQ<=<C143iHS;CGJ3��63�D�HQ7�G*K236HSD�5��A36D�5��63AØ
34 + 35 + 36

3
=

105

3
= 35

b¨� KCHS7�NO3�5�;27¨G*KA56G�G*K23�7)B=NÞ�
105� <AH �AHQ<=3�<PM�>iG*K23#@2<2<;AB=N:M23�Dv�4@Cg e @A;2793 e BAGIH �A3iHQ;CGI38�636D�7 � N�B=7*GÅM=3E5�;!HS;CGJ3��63�D b ­6HQ; e 3 105 = 3 × 5 × 7 �G*K23T<AH �AHS7,@AD�7�@Cg

105
5�DI3

1 � 3 � 5 � 7 � 15 � 21 � 35 � 5�;=< 105
�4561S1u@Cgp~�KCH e K�58DI3�@2<=< � b� 3O3�1SHSN�HS;256GI3

1
M23 e 5�B=793T~�3�;=383�<?56G�1Q3�5�7*G�G¬~�@ e @A;2793 e BAGIH �A3�HS;CGJ3��63�D�7 b�� ;�G*K23@�G*K23�D�KA58;=< � HFg¨~�3�KA58< 15

e @A;2793 e BAGIH �A3!HS;CGJ3��63�D�7 � G*K23�; � 7*HQ; e 3 105

15
= 7 � G*K23 15e @A;2793 e BAGIH �A3PHS;CGJ3��63�D�7�~�@CB21Q<OKA5��A3�GI@OM23

0 � 1 � . . . � 14 b Ù=BAG�;=@�G�561S1u@Cg�G*K2367,3P58DI3Lp@A7*HFGIH �A3 b × ;�G*KCHS7p~P5�>�~�3�361FHQN�HQ;25�GJ3�G*K23 e 58793�7/@Cg 15 � 21 � 35 � 5�;=< 105
e @A;27,3 e BAGIH��A3HQ;CGI38�636D�7 � 14365��CHQ;=� 3 � 5 � 5�;=< 7

b
× gp~�3�KA5[�A3EG*K23P7)B=N @Cgu5�;:3,�A36;O;AB=N:M23�D�@Cg e @A;2793 e BAGIH �A3�HQ;CGI38�636D�7 � 7)B e K�5�7

52 + 53 = 105 � ~�3�7,3�3EG*KA56G�G*K23P5��A36D�5��63�HQ7�N�HQ<�~P5[>OM=3[G¬~�3836;�G*K23PN�H4<2<A1Q3�G¬~�@GJ36DJN�7 b × ;T@�G*K23�D�~�@ADI<27 � G*K23o5[�A3�D�58�63i@CgCG*K23�HS;CGJ3��63�D�7�N�B=7JG�M=3o5�;PHQ;CGI38�636D�L21FB=7 1
2

b¡¨@A;27938�CBp3�;CGI1 > � 105 <CH��CH4<238<OM�>:KA5�1Fg�G*K23�;AB=NOM=36D#@CgpGJ36DJN�7�N�B=7*G�M23�5�;�HQ;CGI38�636D b� 3�KA5[�A3EG*K23�795�N:3P<CH��CHQ79@AD�7�5�7#M=3�g]@ADI3 � ;25�N:3�1�> 1 � 3 � 5 � 7 � 15 � 21 � 35 � 5�;=< 105
b� KCB=7 � ~�3 e @CB21Q<�KA5[�A3 2 � 6 � 10 � 14 � 30 � 42 � 70 � @AD 210

e @A;2793 e BAGIH �A3:HQ;CGI38�636D�75�<2<AHS;=�EB=L�GJ@
105

b�� K23PDI38�CB2HQDI36N:36;CGÅG*KA56Gv561S12G*K23�HS;CGJ3��63�D�7#M=3�Lp@A7*HFGIH �A3E14365�<A7�B=7GJ@�3�1SHSN�HS;256GI3�58;�>�G*KCHQ;=����DI3�5�GJ36D�G*KA58;
14
b

� K236DI36g]@ADI3 � HQ;iGJ@�G�5�16G*K23�DI3#5�DI3#7,3,�A36;o~P5�>A7/GI@�~PDIH�GJ3 105
587�5�7*B=N @CgC56Gu1Q3�5�7*GG¬~�@ e @A;27,3 e BAGIH��A3 � Lp@A7*HFGIH �A3EHQ;CGI38�636D�76Ø

;AB=NOM=36D�5��A36D�5��63 7)B=N
2 52.5 52 + 53

3 35 34 + 35 + 36

5 21 19 + 20 + 21 + 22 + 23

6 17.5 15 + 16 + 17 + 18 + 19 + 20

7 15 12 + 13 + 14 + 15 + 16 + 17 + 18

10 10.5 6 + 7 + · · · + 10 + 11 + · · · + 14 + 15

14 7.5 1 + 2 + · · · + 6 + 7 + 8 + 9 + · · · + 13 + 14
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Õ bÅ� K23 e 36;CGJDI3�7�@Cgug]@CB=D e HQD e 1Q3�7�@CguD�5�<CHSB=7

12
g]@ADIN 5�79�AB=5�DI3 b

�A5 e K e HSD e 143iHS7ÅG�58;=�636;CG�GJ@PG*K23oG¬~�@ e HQD e 1Q3�7�~�K2@A7,3 e 36;CGJDI3�7�5�DI3G*K23Å�A3�D¬GIH e 3�7�@Cg6G*K23�79�AB=5�DI3vG*KA56Gu5�DI3�58< �]5 e 36;CG�GI@�G*K23 e 36;CGJDI3#@CgG*K23 e HSD e 143 buc 7)NO561S1Q3�D e HSD e 143 � ~�HFG*K e 3�;CGJDI3o56G/G*K23�HQ;CGI3�D�793 e GIHQ@A;@Cg�G*K23:<CHQ58�6@A;25�1S7P@Cg�G*K23�7,�CB=58DI3 � HQ7iG�58;=�636;CG�GJ@R365 e KR@Cg�G*K23g]@CB=DÅ1Q5�DI�63�D e HQD e 1Q3�7 b � HQ;=<!G*K23�D�5�<CHSB=7#@CgpG*K23P7)NO561S1Q3�D e HSD e 143 b
���������
	��
���
������������	������ ��!�"$#%�'&(&�)*���$#%�+�,�-�/.$�+"*)0	�#%�'12	3�(45����46�����
��7*�
!0�
�,���(�98;:=<

¡�1Q3�5�DI1 > � G*K23�NO56HQ;:<AHS5��6@A;2561¨@CguG*K23�7,�CB=58DI3Pg]@ADJNO38<:M�>G*K23 e 36;CGJDI3�7 @Cg�G*K23Wg]@CB=D e HQD e 1Q3�7R@Cg�D�5�<CHSB=7
12

KA587?1Q3�;=�®G*K
24

√
2
b Ù=BAGiH�GoHQ7�5�1S7,@:G¬~�H e 3�G*K23OD�58<AHFB=7�@Cg�G*K23�79N�5�1F1 e HSD e 143L21FB=7#G¬~�H e 3�G*K23�D�5�<CHSB=7o@Cg/5�1Q5�DI�63 e HSD e 143 � M23 e 5�B=793PG*K23�Lp@CHS;CGI7@Cg�G�58;=�636; e > @Cg�G*K23 e HSD e 14367PN�B=7*G�M23:@A;?G*K23ONO56HQ; <CHQ58�6@A;25�1�]M�>�7�>ANONO3�GJD|> � b�� KCB=7 � r = 12(

√
2 − 1)

HQN�N:3�<AHS56GI361 > b
° b/� K23 � H4M2@A;25 eJe HA­838�CBp3�; e 3iM=3��[HQ;27�Ø 1 � 1 � 2 � 3 � 5 � 8 � 13 � 21 � . . .

b ���A5 e KP;AB=N:M23�DM=3,>A@A;=<?G*K23O7,3 e @A;=<R;AB=NOM=36DiHQ7iG*K23:7*B=N @Cg�G*K23OL=DI3,�CH4@CB=7EG¬~�@?;AB=N:M23�D�7 b � � K23;=@�GI5�GIH4@A;
fn
NO3�5�;27�G*K23

n
�F� ;AB=N:M23�D9«Cg]@ADv3*ß�58N�L21Q3 � f4 = 3

5�;=<
f7 = 13

b
�45 � � KCH e K!@Cg=G*K23ig]@C1F14@8~�HS;=�#GI3�DINO7vHS;�G*K23 � HQM=@A;25 e*e H=­838�CBp3�; e 3�58DI3�@2<2< � ��ß8L21S5�HS;>A@CB=D e @A; e 1FB=7)HQ@A;27 b

f38 � f51 � f150 � f200 � f300

�4M � � KCH e K�@Cg8G*K23�g]@C1S1Q@8~�HQ;=��GJ36DJN�7�HS;EG*K23 � HQM=@A;25 e*e H�­838�CBp3�; e 3�58DI3#<AH �AHS7)HQMA1Q3#M�> 3
�

�6ß�LA1Q56HQ;�>A@CB=D e @A; e 1SB=7*H4@A;27 b
f48 � f75 � f196 � f379 � f1000

���������
	��
���
������������	������ ��!�"$#%�'&(&�)*���$#%�+�,�-�/.$�+"*)0	�#%�'12	3�(45����46�����
��7*�
!0�
�,���(�98;:=<

�45 � § @2<CB214@ 2 � G*K23 � H4M2@A;2;25 e H�­838�CBp3�; e 3�HQ7 1 � 1 � 0 � 1 � 1 � 0 � 1 � 1 � 0 � . . .
b¡�1Q3�5�DI1 > � G*KCHQ7ÅL=5�G�GJ36DJ;!�6@2367�@A;�g]@ADI3,�A36D � 7)HS; e 3i3�5 e K�DI3�7*H4<CBp3oHQ7v<23�GI3�DIN�HS;=38<!M�>PG*K23G¬~�@�DI367)HQ<ABp367#M=3�g]@ADI3�H�G b �P36; e 3 � 3,�A3�D|> 3 �

� GI3�DIN�HS7#3,�A36; � ;25�N:3�1�> f51 � f150 � 5�;=<
f300

�Q58;=<!G*K23�DI3�7JGv5�DI3�@2<=< � f38
5�;=<

f200 � b�]M � § @2<AB21Q@ 3 � G*K23E7938�CBp3�; e 3iHQ7 1 � 1 � 2 � 0 � 2 � 2 � 1 � 0 � . . .
b�� KCB=7 � 3,�A3�D|> 4

�F�GJ36DJN�HS7#<AH �AHS7)HQMA1Q3PM�>
3 � ;258NO361 > f48 � f196 � f1000

b

� bo� K23!<AHS5���D�5�N 79K2@8~P7#G*KADI383T7,�CB=58DI367 b
� HS;=<!G*K23PNO3�5�7)B=DI3P@CgpG*K23P5�;=�[143 α + β

b
α β
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q b��*	-!�)*��)+�������
	��
�'�
�9�������=��	������
��!�"$#%� &(& )+����#%��� �-�%.$�+"*)0	�#%� 12	3�(4��$��4,�����3� 7*�
!0�
�,���(�
8;:=<

� 3�KA5[�A3
tan α = 1/3

5�;=<
tan β = 1/2

b�� KCB=7 �
tan(α + β) =

tan α + tan β

1 − tan α tan β
=

1/3 + 1/2

1 − 1/6
=

5/6

5/6
= 1

b
­6HQ; e 3

α
58;=<

β
M2361Q@A;=�#GI@

[0, π/2] � 5�;=<T7*HQ; e 3 tan
HQ7Å5i7)HS;=�[143��I�C561SBp3�<PgQB=; e GIH4@A;!@A;G*K23�HQ;CGI3�D|�C561

[0, π]
�43)ß e 1FBp<AHS;=�

π/2 � @Cg e @CB=D�7,3 �*� H�GÅg]@C1S1Q@8~P7ÅG*KA56G α + β
HQ7

π/4
b

q¬q b ����� �
�6# )+�������
	��
� �
� ����� � ��	�� � � �(! "�#%� &
& )*���$#%�+�,�-�=.$��"�) 	�#%� 12	3�(4 �$��4,�����3�
7��
! �
� ���(��8;:=<

á 3�G O = (0, 0) � A = (2, 1) � 58;=< B = (3, −1)
b ��� #�� ­8383EG*K23�<CHQ58��D�58N�HQ;G*K23!@�� e HS5�1u7,@C1FBAGIH4@A;:M=3�14@8~ b 
 � ;=3 e 58;:7,3�3PG*KA5�G

AO = AB � M23 e 5�B=793!M=@�G*KO58DI3<AHS5��6@A;2561Q7v@Cg25
2×1

DI3 e GI5�;=�[143 b¨c DI@�GI5�GIH4@A;T@Cg
90◦ e 14@ e ��~�HQ793 e 3�;CGJDI3�<T5�G A

NO5�L=7
B
GJ@

O
b�� KCB=7 � ∠OAB = 90◦ b £i@8~ � ∠AOB

N�B=7*GoM23
45◦ �Q7)HS; e 3 4AOB

HS7HQ79@ e 3�14367 � «�G*KA56GÅHS7 � α + β = 45◦ b
q¬q�q b@89>?��	
"*�6)���� ���
	��
� <

× g�~�3	�=HSLUG*K23?79�AB=5�DI3�7�5�7!7,K2@8~P;HQ;�G*K23T<AHS5���D�5�N � ~�3T�63[G�5PGJD�HQ5�;=�[143i~�HFG*K
α + β = ∠AOB

b � 3 e 58;ÐB=793G*K23�0C>CG*KA58�6@ADI3�5�; � K238@ADI36N
GJ@ e 561 e B21S56GI3
OA = AB =

√
5
58;=<

OB =
√

10
b� K236;

OB2 = OA2 + AB2 � HSNOLA1�>CHQ;=�G*KA56G 4AOB
HQ7�5WDIHQ�6K�GOGJD�HQ5�;=�[143 ~�HFG*K

∠OAB = 90◦ b ­6HS; e 3�G*K23�GJD�HQ5�;=�[143�HQ75�1S7,@THQ79@A7 e 361Q3�7 � ~�3�7,3�3iG*KA56G
∠AOB = α + β = 45◦ b

α
β

A

B

O

Ó�ÔiÔ�°���¸Î¸�Ài·I·*½�¾�½#É
Á ¿*¾#ÂÐÃ�ÄÅÂEÀPÀi·OÆ�¶�Ç�Â�½�È ¶�Ç/¿*Ä�ÉÝ¸�ÀE´�Ç/½�É�Ç

�� ��� ����� �������! � ���#"%$ &�� ��( )

Ö b � HS;=< G*K23f;AB=NOM=36D?@CgT<AH
�/36DI3�;CG 7à <CH4�[H�G�;AB=NOM=36D�7?G*KA56G e 5�;&M23fN�5�<23fM�>DI3�5�DJD�5�;=�[HQ;=�iG*K23P<AHQ�[HFG�7�HS;!G*K23P;AB=NOM=36D
3053345

b
89>?��	-"+�6)+�������
	��
�@<

­6B=L=L=@A7,3UG*KA56G�~�3Û�[H �A3�G*K23UG*KADI3�3
3
7?5�;=< G¬~�@

5
7R<AH
�/36DI3�;CG e @C1Q@CB=D�7?7,@G*KA56G#~�3 e 5�; <CHQ7JGIHQ;=�[B2HS7,K�G*K23�N b ­6HQ; e 3:5!�C5�1FH4<R;AB=NOM=36D e 58;2;=@�GE7JGI5�D�G#~�H�G*KR5

0 �G*K23�DI3i58DI3
6(6!)

~P5�>A7�GJ@�5�DJD�5�;=�63oG*K23i7,3,�A36;�<AHQ�[HFG�7ÅHS;CGJ@�5��C5�1FH4<T;AB=NOM=36D b × ;�3�5 e K@CgAG*K2367,3 � G*K23�DI3o5�DI3 3!
~P5�>A7�GI@P58DID�58;=�63#G*K23#G*KADI3�3

3
7Å5�;=<

2!
~P5[>27�GJ@P5�DJD�5�;=�63�G*K23G¬~�@

5
7 b ­6HS; e 3�G*K23

3
7P58;=<

5
7P5�DI3OHS;=<AHS7*GIHS;=�[B2HQ79KA5�MC143!~�H�G*K2@CBAGoG*K23 e @C1Q@CB=D�7 � G*K23;AB=N:M23�D�@Cg

7 à <AHQ�[HFGv;AB=NOM=36D�7�G*KA56G e 58;OM=3�NO58<=3EHQ7 6(6!)

3!2!
= 6 · 5 · 4 · 3 = 360

b
��� ���������
������������� ���! �"#��$&%�'(�#�)��*�+,��-(".�)���/- $1032 45�76 � ��8/��� �9�7%�6 �.-
�,���:�<;/�.=>�#- 69���)�?��@9�.��- 69-A"#->�7$

0��CB.�#D��?$�0�4�EGF�B/��'C�,D����H���:�36 �:=A��'A'C��=C-:�����
".- 6
���I�?"#��JK6
->->���/E
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Ó b�� K23P;AB=NOM=36D

2004
KA587#@A;A1�>

12
HQ;CGI38�636DÅg45 e GI@AD�7 � HQ; e 1FBp<AHS;=� 1

58;=<
2004

b
�45 � ��@8~ÞN�58;�>�<AHS7*GIHS; e GÅg45 e GI@AD�7#<=@2367 20044 KA5��A3 �

�4M ��× gCG*K23oL=DI@2<CB e G�@CgAG*K23�g45 e GJ@AD�7�HS;TL258D¬G��Q5 � HQ7/~PDIH�G�GJ36;T5�7 2004N � �=;=<�G*K23#�C561SBp3@Cg
N

�

���������
	��
� �����,"�! � �45 � �(� ����� � ��	�� � ���(! "�#%� &(& )+����#%��� �-� .$�+"*)0	�#%� 12	
��4 �$��4,�����3�
7��
! �
� ���(��8;:=<

­6HQ; e 3
2004 = 167 · 3 · 22 � ~�3�79383TG*KA5�G 20044 = 1674 · 34 · 28 bT� KCB=7 �

20044 KA587 (4 + 1)(4 + 1)(8 + 1) = 225
<AHS7*GIHS; e GÅg45 e GJ@AD�7 b

89>?��	-"+�6)+�������
	��
�?�����,"(! � �4M � <� K23¢L=DI@2<CB e G�@Cg�G*K23
225

g45 e GJ@AD�7�g4DI@AN¼L258D¬G��Q5 � ~�HS1F1�M=3�@Cg�G*K23dg]@ADJN
2α × 3β × 167γ � g]@ADE79@AN:3�Lp@A7*HFGIH �A3�HQ;CGI38�636D�7 α � β � 58;=< γ

b:� 3O;=383�<?GI@?�=;=<G*K23�793�HS;CGJ3��63�D�7 b
�A5 e K
g45 e GJ@AD�@Cg

20044 ~�HF1S1�HS; e 1SBp<23Þ3)ß�5 e GI1�>�@A;=3Þ@Cg 20 � 21 � . . . � 28 b§ B21FGIHSL21 >AHS;=�ÛG*K23�793fGI@2�63�G*K236D �[H �A3�7
2(0+1+2+···+8) = 236

b �A5 e K @CgTG*K2367,3Lp@A7)7)HQMA1Q3�g45 e GI@AD�7Å@ eJe B=D�7Å@A; e 3�g]@AD�365 e K�Lp@A7)7)HQMA1Q3 e @ANOMAHS;256GIHQ@A;�@Cg�G*K23�L=@8~�3�D�7�@A;
358;=<

167
b ­6HS; e 3iG*K23�DI3�58DI3

5
Lp@A7)7)HQMA1Q3�L=@8~�3�D�7�g]@ADvM2@�G*K

5
58;=<

167 � G*KCHQ7#�[H �A3�7 25e @ANOMAHS;256GIHQ@A;27 b!� KCB=7 � G*K23�L=DI@2<CB e GE@Cg�G*K23�g45 e GI@AD�7P@Cg 20044 e @A;CGI56HQ;27 2(36×25) «G*KA56GÅHS7 � α = 36 × 25 = 900
b­6HQN�HS1S58D�1�> � N�B21FGIHSL21 >AHS;=�vG*K23�L=@A797*H4MC143�Lp@8~�36D�7Å@Cg 3 �[H �A3�7 3(0+1+···+4) = 31058;=< � ~�H�G*KOG*K23 9

Lp@A7)7)HQMA1Q3!Lp@8~�36D�7ig]@AD
2
5�;=<:G*K23

5
Lp@A7)7)HQMA1Q3Tg]@AD

167 � G*K236DI3�58DI3
45
L=@A797*H4MC143 e @AN:MCHQ;25�GIH4@A;27��[H��CHQ;=�#G*KCHS7vg45 e GJ@AD b ��3�; e 3 � 20044

e @A;CG�5�HS;27
3(10×45) «G*KA56G�HS7 � β = 10 × 45 = 450

b�� K23�7)58NO3E58DI�[B=NO3�;CGÅ7,K2@8~P7ÅG*KA5�G
γ = 450

b�� KCB=7 �G*K23PL=DI@2<CB e G�@Cg�5�1F1�@CgpG*K23�g45 e GJ@AD�7#@Cg
20044 HQ7 2900 × 345 × 167450 = 2004450 b

��� ���������
������������� ���! �"#��$&%�'(�#�)��*�+,��-(".�)���/- $1032 45�76 � ��8/��� �9�7%�6 �.-
�,���:�<;/�.=>�#- 69���)�?��@9�.��- 69-A"#->�7$
0��CB.�#D��?$50�4�E��.��' -�� �
	5D���� �?� ���������
�����!���K���9����
,69= �7$1%�'(�#�)��*�*I��-(".�)���/- $��.����� 6
�)���H6 %�B��.=>B:�.��� $
F���'C���/->��$�0�4�E

Õ b�� @CBE5�DI3��[H �A3�;�G¬~�@oL=5�D�5�1F143�1�L258;=367�@Cg��[1Q5�797 b
�A5 e KdL=5�;=3 ~�HS1F1iGJD�5�;279N�HFG

70 �/� DI3/��3 e G 20 �¨�58;=<:5�MA7,@ADJM
10 � @CguG*K23�1FH4�6K�GvG*KA5�G�g4561S1S7o@A;OHFG b

� @AD�3)ß�5�NOLA143 � g]@ADoG*K23�Lp@AD¬GIH4@A;U@Cg�5�M=3658N @Cg1SHQ�6K�G�HS; e H4<23�;CG�@A;RG*K23�L258;=3�@A; G*K23:1Q36gSGiG*KA5�Gg]@C1S1Q@8~P7OG*K23�L256G*KfHQ; � HQ�[B=DI3 � � G*K23Ug4D�5 e GIH4@A;GJD�58;27)N�H�G�GJ3�<fHS7
0.7 × 0.7 = 0.49 � MCBAG�g]@ADG*K23TLp@AD¬GIH4@A;�@CguG*K23TM=3658N g]@C1F14@8~�HS;=�iG*K23TL=5�G*K7,K2@8~P;OHS; � H4�[B=DI3 � � G*K23Pg4D�5 e GIHQ@A;�GJD�5�;279N�HFG�GI38<HQ7

0.7 × 0.2 × 0.2 × 0.7 = 0.0196
b × go51SHQ�6K�G�79@CB=D e 3�HQ7ÅL21S5 e 38<T@A;�@A;=3o7)HQ<=3i@CgAG*K23�G¬~�@L=5�;=3�7 � �p;=<�G*K23?GI@�GI561#g4D�5 e GIH4@A;f@Cgo1FH4�6K�G�G*KA5�GL=5�79793�7vG*KADI@CBp�6K!GI@TG*K23P@�G*K23�DÅ7)HQ<=3 b

� HQ�[B=DI3 � � HQ�[B=DI3 �
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89>?��	-"+�6)+�������
	��
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× g¨1FH4�6K�GvHS7#7,3�3�;�G*KADI@CBp�6K�G*K23�G¬~�@�L=5�;=3�7o@Cg/�[1S587)7 � HFG�~�HF1S1uKA5[�A3TM=3�3�;:36H�G*K23�DB=;2DI3:�p3 e GI38< � @AD�DI3/��3 e GJ3�<�G¬~�H e 3 � g]@CB=D�GIHQNO3�7 � 7)H ß�GIHSN:367 � 3�G e�b ­6HQ; e 3 70%
@Cg�G*K231SHQ�6K�G¨HQ7/GJD�58;27)N�H�G�GJ3�<EG*KADI@CBp�6K�365 e K�L258;=3�5�;=<

20%
HS7�DI3/��3 e GJ3�< � G*K23�GI@�GI5618g4D�5 e GIHQ@A;@Cg�1SHQ�6K�G�G*KA56GvL2587)7,367vG*KADI@CBp�6K!GI@TG*K23�@�G*K236Dv7*H4<23EHQ7

0.7 × 0.7 + 0.7 × 0.22 × 0.7 + 0.7 × 0.24 × 0.7 + · · ·

= 0.72 × (1 + 0.22 + 0.24 + · · · ) = 0.49 × 1

1 − 0.04
=

49

96

b
F�B/��'C�,D����H���:�36 �:=A��'A'C��=C-:�����>"#- 69���I�?"#��JK6
->->���/E

° b á 3�G f
M23P5�gQB=; e GIH4@A;T~�K2@A7,3P<2@ANO56HQ;�HS7�5�1F1pDI3�561�;AB=NOM=36D�7 b × g

f(x) + 2f
(

x + 2001

x − 1

)

= 4013 − xg]@ADv561S1
x
;=@�G�38�CB=5�12GJ@

1 � �p;=<!G*K23o�C5�1FBp3�@Cg f(2003)
b

���������
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���
������������	������ ��!�"$#%�'&(&�)*���$#%�+�,�-�/.$�+"*)0	�#%�'12	3�(45����46�����
��7*�
!0�
�,���(�98;:=<
¡¨@A;27*H4<23�D

x = 2
5�;=<

x = 2003
HQ;!G*K23P�[H��A36;O38�CB=56GIHQ@A; b�� 3�;=@8~ KA5[�A3

f(2) + 2f(2003) = 4011 �
f(2003) + 2f(2) = 2010

b
­8@C1��CHQ;=�oG*KCHS7#7�>A7*GI3�NÝ>CH43�14<A7

f(2) = 3
5�;=<

f(2003) = 2004
b
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1
@A;!G*K23�N b

�Q5 �:× g N HS7�5EG*KADI383��9<CH4�[H�Gv;AB=N:M23�D � <=3[GJ36DJN�HQ;=3P561S1pL=@A797*H4MC143��C5�1FBp3�7#@Cg N b
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N
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�45 � � 3OM=3��[HQ; M�> e @CB=;CGIHQ;=�!G*K23O;AB=NOM=36D�7P1Q3�7)7iG*KA58; 100

G*KA56G e @A;CGI56HQ;?G*K23<AHQ�[HFG
1
b�c NO@A;=��G*K23�;AHQ;=3�7*HQ;=�[1Q38�)<AHQ�[HFGu;AB=NOM=36D�7 � @A;A1 >�@A;=3 e @A;CGI56HQ;27 1 «�58NO@A;=�ÅG*K23G¬~�@2�9<CH4�[H�G�;AB=N:M23�D�7 � G*K2@A793Pg4DI@AN 10

GI@
19
3�5 e K e @A;CG�5�HS;

1
HS;�G*K23�GI3�;27�L=@A7)H�GIH4@A; �~�KCHS1Q3�G*K23�DI3:5�DI3�@A;A1 >

8
gQB=D�G*K236DiG¬~�@2�)<AHQ�[HFGE;AB=NOM=36D�7�~�KCH e K e @A;CGI56HQ;

1 � ;25�N:3�1�>
21 � 31 � . . . � 91 b�� KCB=7 � G*K23�DI3P5�DI3 19

;AB=NOM=36D�7#1Q3�7)7vG*KA5�;
100

G*KA5�G e @A;CG�5�HS;
1
b

� DI@AN 100
GI@

199 � 3,�A3�D|>R;AB=N:M23�D e @A;CG�5�HS;27 1
HS;?G*K23:KCB=;=<ADI38<A7�L=@A7)H�GIH4@A; b� KCB=7 � g4DI@AN 100

GJ@
199 � G*K236DI3�5�DI3 100

;AB=N:M23�D�7 e @A;CG�5�HS;AHQ;=�
1
b � DI@AN 200

GI@
299 � ~�3�KA5��A3P5TDI36Lp3[GIHFGIHQ@A;:@Cg�G*K23�7 e 36;258D�H4@!g4DI@AN 1

GI@
99
«CG*KA5�GvHQ7 � 3)ß�5 e GI1�> 19

@CgG*K23�;AB=N:M23�D�7 e @A;CG�5�HS;
1
b ­6HQN�HS1S58D�1�> � HQ;?365 e K�@Cg/G*K23�D�58;=�6367 300 à 399 � 400 à 499 �

. . . � 900à 999 � 3)ß�5 e GI1�> 19
;AB=NOM=36D�7 e @A;CG�5�HS;

1
b

á 3�G N
M=3OG*K23�;AB=N:M23�D�@CgvGIH e �83[GI7 � 58;=< 1Q3�G T

M23:G*K23�;AB=NOM=36DT@CgÅGIH e �83[GI7~�KCH e K e @A;CGI56HQ;�G*K23�<CH4�[H�G
1
b�� 3T~P58;CGoGI@��p;=<

N
58;=<

T
7)B e K�G*KA56G

T = N/2 �@AD � 38�CB2H��C561436;CGI1�> � T/N = 1
2

b � DI@AN�58M=@6�A3 � G*K23OD�56GIHQ@ T/N
HQ7P5�L=L2DI@[ß8HSNO5�GJ3�1�>

0.192
~�K236;

N = 99
«�HFGEHS7�58L2L=DI@[ß�HQN�56GI361 >

0.598
~�K236;

N = 199
«Å58;=<RHFGEHS758L2L=DI@[ß�HQN�56GI361 >

0.462
~�K23�;

N = 299
b ­6HS; e 3�G*K23?��DI@8~EG*KUD�56GI3R@Cg

T
HS7�@A;A1�>��DI3�5�GJ36DiG*KA5�; 1

2

HS;RG*K23O�=D�7*G
20
;AB=N:M23�D�7T@Cg�3�5 e K 793�G�@Cg

100 � ~�3 e 58; DIB21Q3�@CBAG58;�>�KCHQ�6K23�DÅ�C561SBp367i@Cg
N
M�>:7)HSNOLA1�> e @A;27*H4<23�D�HQ;=�

N = 319
b � @AD N = 319 � G*K23;AB=N:M23�D�@CgpGIH e �83�G�7 e @A;CGI56HQ;AHS;=�oG*K23�<AHQ�[HFG

1
HQ7

19 + 100 + 19 + 11 = 149
b�� K23�;

T/N = 149/319 < 1
2

b�� KCB=7 � HSg T/N = 1
2
� G*K236; 100 ≤ N ≤ 299

b� K23�;
100 ≤ N ≤ 199 � ~�3o;=@�GI3#G*KA5�G T

HQ7�HQ; e DI36587938<TM�>
1
365 e KEGIHQNO3

N
HS7HQ; e DI36587938<:M�>

1
�47*HQ; e 3�561S1=G*K23�;AB=N:M23�D�7#HQ;�G*KCHQ7#D�58;=�63TKA5[�A3T5

1
HQ;�G*K23TKCB=;=<2DI3�<27Lp@A7*HFGIHQ@A; � b�� K23�DI3�g]@ADI3 � ~�3�58DI3�7,3�38��HQ;=�E5�;�HS;CGJ3��63�D n

7)B e KTG*KA56G
T

N
=

20 + n

100 + n
=

1

2

b



� � �

­8@C1��CHQ;=� � ~�3?�p;=<�G*KA5�G n = 60 � ~�KCH e K >AHQ361Q<27 N = 100 + 60 = 160
5�;=<

T = 20 + 60 = 80
b �P36; e 3 � 160 HS7#@A;=3�@Cgu@CB=Dv58;27I~�3�D�7 b× g 200 ≤ N ≤ 300 � G*K236;iHQ; e DI3658793�7uHQ; T

58DI3�;=@�G�L2DI@ALp@AD¬GIH4@A;2561�GI@�HQ; e DI3658793�7HQ;
N
b á 3�G�B=7i�pD�7JG e @A;27)HQ<=36D#G*K23�D�58;=�63 200 ≤ N ≤ 209

b!� K23�;
T = 119

g]@AD
N = 200 � 58;=< T = 120

g]@AD
201 ≤ N ≤ 209

b � @AD�5�1F1¨7)B e K��C561SBp367i@Cg N � ~�3KA5��A3
T/N > 1

2

b £i3*ß�G e @A;27*H4<23�D#G*K23�D�5�;=�63
210 ≤ N ≤ 219

b × ;�G*KCHQ7�D�5�;=�63 �G*K23�D�56GIHQ@
T/N

HQ; e DI3658793�7 � 7)HS; e 3 T
HQ; e DI3658793�7�M�>TG*K23E795�N:3E58NO@CB=;CGÅ587

N � ~�KCH e KN:3658;27vG*KA56G�~�3�7*GIHF1S1pKA5��A3
T/N > 1

2

b
� @AD N ≥ 219

~�3!KA5[�A3
T ≥ 130 � ~�KCH e KON:3658;27�G*KA56GÅ~�3�;=3�38< N ≥ 260HQ;:@ADI<23�D�GI@O�63[G

T/N = 1
2

b ��@8~�3,�A3�D � ~�K23�; N = 260 � ~�3��=;=<�G*KA5�G T = 134
b� KCB=7 � ~�3T;=3�38< N ≥ 268 � 5�GÅ~�KCH e K:L=@CHQ;CG T = 135 � gQB=D�G*K236D#DI3��p;AHS;=� N

GJ@:M=356G�1Q3�5�7*G
270

b × ;=<2383�< � N = 270
HQ7Å5E79@C1SBAGIHQ@A; b ­6HS; e 3

N
N�B=7JG�M=3E3,�A36; � G*K23i;=3)ß6GLp@A7)7)HQMAHF1SH�G�>�HS7

N = 272 � HQ;!~�KCH e K e 5�7,3 T = 136 � ~�KCH e K�N:3658;27�G*KA5�G N = 272HQ7P5�1S7,@R5�79@C1SBAGIHQ@A; b £i@8~ � G*K23:;=3*ß�GE;AB=N:M23�DiGI@ e @A;CGI56HQ;?G*K23�<AHQ�[HFG 1
HQ7

281 � 5�G~�KCH e K�Lp@CHS;CG
T = 137 � ~�KCH e KOKA5�7 T/N < 0.488

b ­6HQ; e 3EG*K23i�C561SBp3P@Cg
T/N

~�HS1F1e @A;CGIHS;ABp3�GJ@T<23 e 1FHQ;=3�g4DI@AN G*KCHS7ÅLp@CHS;CG�@A; � ~�3oN�B=7JG�KA5��A3�g]@CB=;=<T5�1F1�G*K23i7,@C1FBAGIH4@A;27 b× ;O7*B=NON�58D|> � G*K23P7,@C1FBAGIH4@A;�793�GÅg]@AD N
HQ7 {160 � 270 � 272} b�]M � ÙA>R�=D�7*Gi�p;=<CHQ;=��G*K23��C5�1FBp3�7T@Cg T
g]@AD�<CH>�¨3�DI36;CG�D�58;=�6367!@Cg

N
�Q7,3�3OG*K23GI58MA1Q3EM=3�14@8~ � 58;=<PG*K23�;�B=7)HS;=�#G*K23i58M=@6�A3iN:3[G*K2@2<=@C1Q@2�,> � @A;=3 e 5�;�<23�GI3�DIN�HS;=3oG*KA5�G

N ∈ {1458 � 3398 � 13120 � 44686} b
� DI@AN � @ �!~�H�G*K��

1
7�� ¡pB=N�B21S56GIH �A3 � @�G�5�1

1 9 1 1
10 19 10 11
20 99 8 19

100 199 100 119
200 999 152 [= 8(19)] 271

1 000 1 999 1 000 1 271
2 000 9 999 2 168 [= 8(271)] 3 439

10 000 19 999 10 000 13 439
20 000 99 999 27 512 [= 8(3439)] 40 593

� �����>"#- 69��� D�B/��'C�
T
���#� � = �)"��:-
��� �:"�J<�)��'(��D 69-9B �����#=C- � � ���/�<��6 %?6
-

1
D���� �?"#��JK6
->->���!���

� �.�)��' -�� 6 � 6 �)�	��6 $�0 ".- 'C��J<���:- $�
 8&E
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" Á�b
� K23EGJD�HQ5�;=�[B21Q5�Dv5�DJD�5[>O@Cgu;AB=NOM=36D�7#7,K2@8~P;OKA5�7�G*K23Eg]@C1S1Q@8~�HQ;=�iL=DI@AL=3�D¬GIH43676Ø

� bo� K23:M=@�G�GI@AN DI@8~ e @A;CG�5�HS;27T365 e K @Cg�G*K23O;AB=N:�M=36D�7
1 � 2 � . . . � 8 3*ß�5 e GI1 >�@A; e 3 b� b �A5 e KÞ;AB=NOM=36DRHQ;Þ5dDI@8~ 5�M2@��A3fG*K23dM=@�G�GI@ANDI@8~ HQ7WG*K23Þ7*B=Nx@Cg:G*K23�G¬~�@�;=36HQ�6K2M=@CB=D�HQ;=�;AB=N:M23�D�7�HS;WG*K23RDI@8~�HQN�N:3�<AHS56GI361 >fM2361Q@8~ � HSgG*KCHQ7U7*B=N HQ7 1Q3�7)7 G*KA5�;

10
«R@�G*K236D¬~�HS7,3 � 9

HQ77)BpM�GJD�5 e GI38<�g4DI@AN
G*KCHQ7�7*B=N b

6
7 8

3 4 4
8 4 9 4

7 1 3 6 7
4 3 7 5 1 6

5 8 4 3 2 8 7
2 3 5 8 4 7 1 6

× 7�HFG¨L=@A797*H4MC143vGI@ e DI3656GI3#5�GJD�HQ5�;=�[B21Q5�D¨58DID�5�>o~�H�G*KoG*K23#5�M2@��A3#L2DI@ALp36D�GIHQ3�7�B=7*HQ;=��3�5 e K;AB=N:M23�DÅg4DI@AN
1
GJ@

9
3)ß�5 e GI1�>!g]@CB=D�GIHSN:367 �
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9
4 5

4 9 5
3 1 8 6

2 1 9 8 7
8 3 7 2 6 1

3 5 7 9 2 4 6
1 2 3 4 5 6 7 8

9
8 1

8 9 1
6 2 7 3

4 2 9 7 5
7 6 5 4 3 2

6 1 5 9 4 8 3
2 4 6 8 1 3 5 7

ÙA>�DI3 e @2��;AHF�JHS;=�vG*KA56GuG*K23#5�DIH�G*KAN:3[GIH e HQ7�L=3�D�g]@ADJNO38<�N:@2<CB214@
9
5�;=<�M�>�;=@�GIHQ;=�e 36D�G�5�HS;ODI3�1Q5�GIH4@A;27vG*KA5�G�K2@C14<�@A;!G*K23�MA58793�DI@8~ @Cgu;AB=NOM=36D�7 � 7*B e K�587

a1 + a8 = a2 + a7 = a3 + a6 = a4 + a5 = 9 �
a3 � a5 ∈ {3 � 6} �

a2 + a3 + a4 = a5 + a6 + a7 = 9 �
a1 + a2 = a3

5�;=<
a7 + a8 = a6 �@A;=3 e 58; e DI3�5�GJ3P@�G*K23�DÅ7)B e KTGJD�HQ5�;=�[B21Q5�Dv58DID�5�>A76Ø

9
4 5

4 9 5
6 7 2 3

8 7 9 2 1
2 6 1 8 3 7

6 5 1 9 8 4 3
7 8 6 4 5 3 1 2

9
8 1

8 9 1
3 5 4 6

7 5 9 4 2
4 3 2 7 6 5

3 1 2 9 7 8 6
5 7 3 8 1 6 2 4

9
2 7

2 9 7
6 5 4 3

1 5 9 4 8
4 6 8 1 2 3

6 7 8 9 1 2 3
5 1 6 2 7 3 8 4

9
2 7

2 9 7
3 8 1 6

4 8 9 1 5
1 3 5 4 6 8

3 7 5 9 4 2 6
8 4 3 2 7 6 5 1
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AC
58;=<

BD
b á 3[G

a = AE = EC
5�;=<�1Q3�G

b = BE = ED
b/� K23 á 5[~�@Cg=­6HQ;=367v5�L=LA1SHQ38<�GJ@ 4ABE�[H��A367�B=7

b

a
=

sin 60◦

sin 45◦ =

√
3√
2

=

√
6

2

b
c L=LA1�>CHQ;=�oG*K23 á 5[~ @Cg¨­6HS;=3�7vGJ@ 4BCE

>CH43�14<A7
b

a
=

sin 45◦

sin 30◦ =
√

2
b

­6HQ; e 3 √
2 6= 1
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√
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BD � 5�;=<R143[G a = BE = EC
58;=<

b = BE = ED
b × g~�3T793�G

α = ∠BAC
5�;=<

β = ∠BCA � G*K23�; � M�>:58L2L21 >AHS;=��G*K23 á 5[~
@Cg�­6HQ;=367#GI@
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58;=< 4CBE � ~�3PKA5[�A3
sin 45◦

sin α
=

a

b
=

sin 30◦

sin β

b
� KCB=7 �

sin α

sin β
=

sin 45◦

sin 30◦ =

√
2/2

1/2
=

√
2
b

× ; 4ABC � ~�3?KA5��A3 α + β + 75◦ = 180◦ b �P36; e 3 � α = 105◦ − β � 5�;=<
sin α = sin(105◦ − β) = sin 105◦ cos β − cos 106◦ sin β

b�� K236;
√

2 =
sin 105◦ cos β − cos 106◦ sin β

sin β

= sin 105◦ cot β − cos 105◦

=

√
6 +

√
2

4
cot β −

√
2 −

√
6

4
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sin 105◦ 5�;=< cos 105◦ M�>!;=@�GIHQ;=��G*KA5�G 105◦ = 60◦ + 45◦ �58;=<�5�L=LA1�>CHQ;=�oG*K23P58<=<CHFGIHQ@A;�g]@ADJN�B21Q5�7 b � ­8@C1��CHQ;=�oG*K23�5�M2@��A3Eg]@AD cot β
>CH43�14<A7

cot β =

4
√

2 +
√

2 −
√

6

4√
6 +

√
2

4

=
5
√

2 −
√

6√
6 +

√
2

=
(5

√
2 −

√
6)(

√
6 −

√
2)

4
=

12
√

3 − 16

4
= 3

√
3 − 4

b
� K236DI36g]@ADI3 � β = cot−1(3

√
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M23�;AB=NOM=36D�@Cg¨L=38@ALA143�QHS; e 1SBp<CHQ;=� � HQN � ~�K2@O7*GIHF1S1u58��DI383�<�GJ@:�6@O56gSGJ36DvG*K23�HS;AHFGIHS5�1uL2DIH e 3�~P5�7�58;2;=@CB=; e 38< b� KCHS7vN:3658;27�G*KA56G
N +4

L=38@ALA143oHS;AHFGIHS5�1F1�>�7)5�HQ<PG*K23,>�~�@CB21Q<!�6@T@A;�G*K23�GJD�HQL � ~�K236DI3
N + 4

HS7�5�G�1436587JG
22
�FG*KA56G�HQ7 � N HS7�5�G�1436587JG

18 �J� 58;=<TG*KA5�G N − 2
Lp3�@AL21Q3E�=;25�1F1�>~�3�;CG�@A;!G*K23iGJDIHSL b� K23�;�G*K23�DI3E~�3�DI3

N
Lp3�@AL21Q3T�6@CHQ;=�P@A;�G*K23�GJD�HQL � G*K23PHQ;=<CH��CH4<CB=5�1uL2DIH e 3E~P5�7

T/N
b:c gSGI3�D�G*K23O1S587JGoG¬~�@?Lp3�@AL21Q3�<ADI@AL=L=38< @CBAG � G*K23�HQ;=<CH��CH4<CB=5�1�L=D�H e 3�M23 e 58NO3

T/(N − 2)
b

� DI@AN
G*K23��[H �A3�;�HQ;Ag]@ADINO5�GIH4@A; � ~�3�KA5[�A3 T

N
+ 3 =

T

N − 2

«8G*KA5�GÅHQ7 �
T (N − 2) + 3N(N − 2) = TN �

3N2 − 6N = 2T
b

­6HQ; e 3
T
N�B=7*GPM23�5O~�K2@C1Q3:;AB=N:M23�DP�SG*K23:HS;AHFGIHS5�1 e @A7*G�L=3�DELp36D�7,@A;?~P587�5�~�K2@C143;AB=N:M23�Dv@Cgu<=@C1F1Q5�D�7 �J� G*K23�DIHQ�6K�GÅ7)HQ<=3iHQ7�3,�A36; b ��3�; e 3 � G*K23E143�gSGÅ7)HQ<=3iHS7#3,�A36; b ­6HQ; e 3

6N
HQ7#3,�A36; � ~�3�7,3�3iG*KA56G 3N2 N�B=7*Gv561Q79@�M=3P3,�A3�; � HQN�L21 >AHS;=�oG*KA56G N

HQ7#3,�A36; b� 3�7,3[G
N = 2n

~�K23�DI3
n
HS7T5�; HQ;CGI38�636D��Q58;=<

n
HS7T56GE1Q3�5�7*G

9 � 7)HS; e 3 NHQ7P5�Gi1436587JG
18 �J� 5�;=<�~�3O7,3�3�G*KA56G 2T = 3(2n)2 − 6(2n) = 12n2 − 12n � @AD

T = 6n2 − 6n
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T

N + 4
=

6n2 − 6n

2n + 4
=

3n2 − 3n

n + 2

HQ7�5i~�K2@C143�;AB=NOM=36D b�§ 5[>=M23EG*KCHQ7Å~�HF1S1�K23�1QL �
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n + 2
= 3n − 9 +

18

n + 2

b
� K23�DI3P<2@P~�3P�6@Tg4DI@ANÜK236DI3 � ­6HS; e 3 3n2 − 3n

n + 2

HQ7�5i~�K2@C1Q3E;AB=N:M23�D � ~�3E79383G*KA56G
3n − 9 +

18

n + 2

HS7o5�~�K2@C143�;AB=NOM=36D b#� 3T561QDI365�<8>��8;=@8~ÞG*KA56G
3n − 9

HQ7�5
~�K2@C143o;AB=NOM=36D,«6G*KCB=7 � 18

n + 2

HS7Å5#~�K2@C143o;AB=NOM=36D b�� K23�;
n+2

N�B=7*G�M=3o5�<CH��CHQ79@AD
@Cg

18
b Ù=BAG

n
HQ7�5�Go1Q3�5�7*G

9
b ��3�; e 3 � n + 2

HS7�56G�1436587JG
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b�� KCB=7 � n + 2

N�B=7JGM=3
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b ��3�; e 3 � N = 3258;=<
T = 6n2 − 6n = 1440
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=

1440
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= 48
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5�;=<

µn = 1
b £o@8~

λµ = det(A) = 1
b ­6HQ; e 3OM2@�G*K

λ
58;=<

µ
5�DI3

n
�F�PDI@2@�G�7�@Cg�B=;AHFG|> � µ = λ

b�� 35�1S7,@�KA5��A3
λ + µ = tr A � ~�KCH e K!HS7�D�56GIHQ@A;25�1 bá 3�G λ = cos θ + i sin θ � ~�K236DI3 θ = 2tπ/n

g]@AD�79@AN:3�HS;CGJ3��63�D
t
7*B e K!G*KA56G

0 ≤ t < n
b £i@�GI3!G*KA5�G#~�3�KA5��A3

cos θ = 1
2

(

λ + λ
)

= 1
2
(λ + µ) = 1

2
tr A

b� KCHS7�HQ7�D�5�GIH4@A;2561 � 5�7�HQ7 θ/π = 2t/n
b ÙA> á 3�N�NO5 © � cos(2tπ/n) ∈ {0 � ±1 � ±1

2
} b�P36; e 3 � G*K23P@A;A1�>�Lp@A7)7)HQMA1Q3P@2<2<T�C5�1FBp3�7�g]@AD n

58DI3
1
@AD

3
bÙA> á 3�N�NO5 � 5�;=<TG*K23EDI367)B21�Gv@A;�@2<=<P�C5�1FBp3�7Åg]@AD n � G*K23P@A;A1 >!L=@A797*H4MC143E3,�A3�;�C5�1FBp3�7#g]@AD

n
N�B=7JG#KA5��A3�G*K23�g]@ADIN

2u @AD 2u3
~�H�G*K

u ≥ 1
b ÙA> á 3�N�NO5 � 58��5�HS; �G*K23:361FHQN�HQ;25�GIH4@A;R@Cg

8
5�;=<

12
3�1SHSN�HS;256GI3�7�561S1�MCBAG

2 � 4 � 58;=< 6
5�7�Lp@A7)7)HQMA1Q3O3,�A3�;�C5�1FBp3�7�g]@AD

n
b�� KCHQ7 e @AN�L21Q3�GI3�7vG*K23PL2DI@2@Cg¨@CgpG*K23iG*K238@ADI36N b

jp���%"2y���zv� '3+ ���R��" ��� � K23!56BAG*K2@AD�G*KA58;=�87TÚ�D b × b � b á 38@A;25�DI<�@Cg�¡u5�;25�<A5!g]@AD#7,@ANO3K2361SL2gQB21pHS;Ag]@ADJN�56GIHQ@A;O@A;�1SHS;=3�5�DÅ5�1Q�638MAD�5 b
S B=;=�)¡¨KCHQ38K � 5�;=�¡uK23�;=�6� S Bp@��iH4�6K�­ e K2@2@C1� 56HQL=36H�Cc × �Oc £

wkc751204@yahoo.com.tw
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� KCHS7�;AB=N:M23�D�7*G�58D¬GI7/~�H�G*KEG*K23�L=DI@2MC1436NO7Å@Cg�G*K23���� ¡¨@C1Q@AN:MCHQ5�; § 5�G*K23�N�56G*�H e 5�1 � 1 >2N�L2HS5�< � �iH4�6K236D á 3,�A3�1 � �*B=;=3 � à � � �8�8�C� b�§ >:G*KA5�;=��7E�6@OGI@�¡uKADIHS7E­�NO561S1 �¡u5�;25�<CHQ5�; � 3�5�N á 3�58<=36D�GI@TG*K23i� ��� � × §�� � g]@AD e @C1S1Q3 e GIHS;=�oG*K236N�g]@ADv@CB=DÅB=793 b��� ¸������fÆ ���,³k¹ Æ�³���Á! !Æ�³"�#�6¸�³$�%����&ÛÆ 
��9³dÍ
' �)(+* � ��, �.-5� �
�N��"��0/214365 �8797 �

Ö b � � L=@CHQ;CG�7 
 á 3�G ABC
M23:58;RHQ79@A7 e 361Q3�7iGJDIHS58;=�[1Q3�~�H�G*K

AB = AC
b á 3�G MM=3�G*K23PN�HQ<=�*Lp@CHS;CG�@Cg¨7)HQ<=3

BC
bÅ� K23 e HQD e 1Q3i~�HFG*KO<CHQ5�N:3[GJ36D

AB
e BAGI7#7)HQ<=3

AC
5�GLp@CHS;CG

P
b�� K23�L258D�561S1Q361Q@2��D�58N

MPDC
HQ7 e @A;27*GJD�B e GJ3�<O79@!G*KA5�G

PD = MC
5�;=<

PD ‖ MC
b 0=DI@��A3iG*KA56G�GJD�HQ5�;=�[14367

APD
58;=<

APM
58DI3 e @A;=��D�Bp3�;CG b

Ó b � � Lp@CHS;CGI7 
 � HS;=<�5�1F1pLp@A7*HFGIH �A3EHS;CGJ3��63�D�7 z
g]@AD�~�KCH e KTG*K23�3��AB=5�GIH4@A;

x(x + z) = y2

KA587�;=@�7,@C1FBAGIH4@A;27
x � y G*KA5�G�5�DI3PL=@A7)H�GIH��A3iHQ;CGI38�636D�7 bÕ b � � Lp@CHS;CGI7 
 á 3[G n ≥ 4

M23�5!�Cß83�<�HS;CGJ3��63�D b á 3[G S = {P1 � P2 � . . . � Pn} M=35�793�G�@Cg
n
L=@CHQ;CG�7PHS;?G*K23:LA1Q5�;=3 � ;=@�G*KADI3�3�@Cg�~�KCH e KR5�DI3 e @C1S1FHQ;=3658Di58;=<R;=@?g]@CB=De @A; e > e 1SH e�b á 3[G at � 1 ≤ t ≤ n � M23�G*K23T;AB=N:M23�D�@Cg e HQD e 1Q3�7 PiPjPk

G*KA56G e @A;CG�5�HS;
Pt
HS;!G*K23�HS;CGJ36DIHQ@AD � 5�;=<�143[G

m(S) = a1 + a2 + · · · + an
b

0=DI@��A3�G*KA5�G�G*K23�DI3:3)ß�HQ7JGI7�5OLp@A7*HFGIH �A3�HQ;CGI38�636D
f(n) � <23�L=3�;=<CHQ;=�O@A;A1�>R@A; n � 7)B e KG*KA56GOG*K23ÛL=@CHQ;CG�7 @Cg

S
58DI3UG*K23U�A3�D¬GIH e 3�7R@Cg�5 e @A;��A3)ßkL=@C1�>A�6@A;dHFg�58;=<�@A;A1 >dHFg

m(S) = f(n)
b

° b � � Lp@CHS;CGI7 
 á 3�G x
58;=<

y
M23P5�;�>!G¬~�@!DI3�561�;AB=NOM=36D�7 b 0=DI@6�A3EG*KA5�G

3(x + y + 1)2 + 1 ≥ 3xy
b

¤#;=<=36D�~�KA56G e @A;=<AH�GIH4@A;27#<=@2367#38�CB=5�1FHFG|>OK2@C1Q< �

� b � � L=@CHQ;CG�7 
 á 3[G b
M23�58;O@2<2<�Lp@A7*HFGIH �A3EHS;CGJ3��63�D � 5�;=<�1Q3�G a =

b2 − 1

4

b � @ADv3�5 e KLp@A7*HFGIH �A3:HQ;CGI38�636D
n >

√
a � <=3��p;=3OG*K23�7938�CBp3�; e 3 n0 � n1 � . . . � nk � . . .

HQ; G*K23g]@C1S1Q@8~�HQ;=�#~P5�>uØ
n0 = n � 58;=< ni = n2

i−1 − a
g]@AD

i ≥ 1
bÚ�3�GI3�DIN�HS;=3#561S1[�C5�1FBp3�7�@Cg

n
g]@AD=~�KCH e K�G*K23�DI3#3)ß�HQ7JGI7/5#Lp@A7*HFGIH �A3�HS;CGJ3��63�D

k
7)B e KG*KA56G

nk = n
b
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Ñ b�§ D b á 3�@A;258DI<2@:HQ;��CHFGI38<�5O��DI@CB=LR@Cg e KCHF14<ADI3�;:GJ@��6@:g]@AD�5�D�H4<23�5�DI@CB=;=<�5�1S5��83@A;:KCHS7�M2@A56G � HQ;�7,3,�A36D�5�12GIB=DJ;27 b �P3E1Q5�GJ36DvDI3�561SH��)38<TG*KA56G�G*K23�g]@C1S1Q@8~�HQ;=��G*KCHQ;=��7�KA58<KA58L2Lp36;=38<uØ

• × ;O3�5 e KTGIB=DJ; � G*K23�DI3�KA58<OM=3�3�;O3*ß�5 e GI1 >!G*KADI3�3 e KCHF14<ADI3�;O@A;!G*K23�M2@A56G b
•

�A5 e K�L25�HSD�@Cg e KCHF14<ADI3�;!KA58<!M23836;PGI@2�63�G*K236D�@A;�G*K23iM=@A5�G�HS;!3*ß�5 e GI1 >T@A;=3#GIB=DJ; b
�45 � � � Lp@CHS;CGI7 
 0=DI@6�A3oG*KA5�G�HFg § D b á 3�@A;258DI<2@�HQ;��CHFGI38< n

e KCHF14<ADI3�; � G*K23�; n
N�B=7JGÅM=35E;AB=NOM=36Dv@Cg2G*K23og]@ADJN

6t + 1
@AD

6t +3 � ~�K23�DI3 t
HS7v5�;=@A;=�*;=38��5�GIH��A3oHQ;CGI38�636D b

�4M � � 
 L=@CHQ;CG�7 
 0=DI@6�A3�G*KA56G � g]@AD�5�;�>O;=@A;=�*;=38��5�GIH��A3PHS;CGJ3��63�D t � § D b á 38@A;25�DI<=@ e 58;HS;��AH�GJ3
6t + 3

e KCHF14<ADI3�;�B=;=<23�D�G*K23P58M=@6�A3 e @A;=<AH�GIH4@A;27 b

c 7/5�7,3 e @A;=<iL2DI@2MA1Q3�N�793�GA~�3��[H �A3ÅG*K23 
�© �F��0A@C1SHS7,K § 5�G*K23�N�56GIH e 561 � 1 >2N�L2HS5�<�8�8�C� à ��� � � HS;25�1�¥u@CB=;=< � c L=D�HS1 �8�8�C� b&� KA5�;=��7:�6@UGI@dÙ=HS1F1�­�58;=<A7 � ¡¨KA56HQD�@Cg#G*K23× §�� ¡u@ANON�HFG�GI383�@Cg�G*K23O¡�58;258<AHS58; § 56G*K236NO5�GIH e 5�1�­8@ e H43[G�> � g]@AD#g]@AD¬~P5�DI<AHS;=�TG*K23e @C1F143 e GIH4@A;!g]@AD�@CB=D�B=7,3 b
� Õ�±4² 

���#�6ÃoÁ�Æ�³"��Á  �Æ�³��#��¸�³$� ����&fÆ 
 �,³dÍ Ó�ÔiÔ Ö � Ô�Ó� ���#� �� � ���#"j � !#� zu}���� 5 �4747 �
Ö b Ú�3�GI3�DIN�HS;=3�561S16GJDIHSL21Q3�7�@CgCLp@A7*HFGIH �A3�HS;CGJ3��63�D�7

a � b � c 7)B e KiG*KA5�G a2+1
58;=<

b2+158DI3�L=D�HQNO3P;AB=N:M23�D�7#7)56GIHS7)gF>CHQ;=�
(a2 + 1)(b2 + 1) = c2 + 1

b
Ó b�� ;o7)HQ<=367

AC
58;=<

BC
@Cg�58;o5 e BAGI38�*58;=�[1Q38<#GJDIHS58;=�[1Q3

ABC � DI3 e G�58;=�[1Q3�7 ACPQ58;=<
BKCL

5�DI3 36DI3 e GI38<f@CBAG¬~P5�DI<A1 > bdc 7)7)B=N�HQ;=��G*KA5�G�G*K23�793 DI3 e GI5�;=�[14367:KA5[�A338�CB=5�1p5�DI3�5�7 � 7,K2@8~¢G*KA5�G�G*K23o�A36D�GI3)ß C � G*K23 e HSD e B=N e 3�;CGJDI3�@Cg=GJD�HQ5�;=�[143 ABC � 5�;=<G*K23PN�HQ<=�*Lp@CHS;CG�@Cgu7938��NO3�;CG
PL

5�DI3 e @C1S1FHQ;=3658D b
Õ b�� KADI3�3�;=@A;=�*;=38��5�GIH��A3�HS;CGJ3��63�D�7#5�DI3i~PD�HFG�GI3�;O@A;O5�M=@A5�DI< b�� ~�@�@CgpG*K23�N � k 5�;=<
m � 5�DI3 e K2@A793�; b�� K23�793TG¬~�@:58DI3�3�D�5�7,3�<�5�;=<�DI3�LA1Q5 e 3�<?M�> k + m

58;=< |k − m| �~�KCHS1Q3PG*K23PG*KCHSDI<:;AB=N:M23�D�DI3�N�5�HS;27�B=; e KA58;=�63�< b�� K23T795�N:3�L=DI@ e 38<CB=DI3THS7o5�L=LA1SHQ38<GJ@iG*K23�DI3�7*B21FGIHS;=�vGJDIHSL21Q3o@CgA;AB=N:M23�D�7 � 58;=<P79@P@A; b Ú�3[GJ36DJN�HQ;=3�~�K23[G*K23�D¨H�G¨HQ7�5�1 ~P5�>A7Lp@A7)7)HQMA1Q3 � �[H��A36;�5�;�>:HQ;AH�GIHQ561�GJDIHSL21Q3�@Cg�;=@A;=�*;=38��5�GIH��A3THS;CGJ3��63�D�7 � GI@�@2MCG�5�HS;�5TGJD�HQLA143~�HFG*K�5�GÅ1436587JG�G¬~�@T�)36DI@A7 b
° b 0=DI@��A3RG*KA5�G � g]@AD�3,�A3�D|>fHS;CGJ3��63�D n ≥ 3

5�;=< 3,�A36D|>k7,3��ABp36; e 3�@CgiLp@A7*HFGIH �A3;AB=N:M23�D�7
x1 � x2 � . . . � xn � 56GE1436587JG�@A;=3�@CgvG*K23�g]@C1F14@8~�HS;=��G¬~�@RHQ;=3��AB=561SH�GIH4367THS7795�GIHQ7*��3�<¨Ø

n
∑

i=1

xi

xi+1 + xi+2

≥ n

2
� n

∑

i=1

xi

xi−1 + xi−2

≥ n

2

b
�¬£o@�GJ3AØ���3�DI3

xn+1 = x1 � xn+2 = x2 � x0 = xn � 58;=< x−1 = xn−1
b �



��
8�
� b × ;?7)L=5 e 3�~�3�58DI3��[H �A3�;?5!GJD�HQ5�;=�[143 ABC

5�;=<?5�7)LpK236DI3
s
<CHQ7 �|@CHQ;CG#g4DI@AN G*K23L21S58;=3

ABC
b á 3[G K � L � M � 58;=< P

M23!Lp@CHS;CGI7i@A;
s
7*B e KOG*KA5�G

AK � BL � CM58DI3iGI5�;=�63�;CGÅGI@
s � 5�;=<

AK

AP
=

BL

BP
=

CM

CP

b
0=DI@��A3iG*KA56G�G*K23 e HSD e B=NO7)LpK236DI3�@CgpG*K23EGI3�GJD�58K238<ADI@A;

ABCP
HS7vGI5�;=�63�;CG�GJ@

s
b

Ñ b á 3�G k
M23i5i��ß838<�Lp@A7*HFGIH �A3�HQ;CGI38�636D b/� K23oHS;A�p;AH�GJ3i7938�CBp3�; e 3 {an} HQ7v<=3��p;=3�<!M�>G*K23�g]@ADIN�B21S5�3

a1 = k + 1
58;=<

an+1 = a2
n − kan + k

g]@AD
n ≥ 1

b ­8K2@8~�G*KA5�GÅHFg
m 6= n � G*K236;!G*K23P;AB=N:M23�D�7 am

5�;=<
an
58DI3�DI361S56GIH �A361 >�L2DIHSN:3 b

c 7�5�G*KCHSDI<�7,3[GÅg]@AD�>A@CB=DvL2BA�I�J1FHQ;=�ELA1436587*B=DI3 � ~�3P�[H��A3iG*K23 ��� � ¡p�)3 e �C�[0A@C1SHS7,K2�­614@6�C5�� § 5�G*K23�N�56GIH e 561A¡¨@AN�Lp3[GIHFGIHQ@A; � �*B=;=3 ��� à �	� � �8�8�C� b�� KA58;=�87�5���56HQ;��6@EGI@�Ù=HS1F1­�58;=<A7�g]@AD�@2M�GI56HQ;AHS;=�oG*K23�793PL2DI@2MA1Q3�N�7 b
Ó����:¸��  T¸�Á � 
 ��� ��Ã�Á � Ã������O³	� Æ�³"��Á  �Æ�³��#��¸�³$�¸��fÆ 
  �#�2�#�8�f¹


��*� � " ��
��� & � ��� �#"
�N��"�� � / 1��9365 �4747 �

Ö b á 3�G a
5�;=<

b
M23E<CHQ7JGIHQ; e G�DI3�561A;AB=N:M23�D�7 � 58;=<P143[G k

58;=<
m
M23iL=@A7)H�GIH��A3#HQ;CGI38�636D�7~�HFG*K

k + m = n ≥ 3 � k ≤ 2m � m ≤ 2k
b�� 3 e @A;27)HQ<=36Dv7938�CBp3�; e 3�7

x1 � . . . � xn~�HFG*KTG*K23Eg]@C1S1Q@8~�HQ;=�iL=DI@AL=3�D¬GIH43676Ø
• k

GI3�DINO7
xi
5�DI3�3��AB=561=GJ@

a
«�HS;�L=5�D�GIH e B21Q5�D � x1 = a

«
• m

GI3�DINO7
xi
5�DI3�38�CB=5�12GJ@

b
«�HQ;�L258D¬GIH e B21S58D � xn = b

«
•

;=@TG*KADI3�3 e @A;2793 e BAGIH �A3EGI3�DINO7�58DI3P38�CB=5�1 b
Ú�3�GI3�DIN�HS;=3P5�1F1pLp@A7)7)HQMA1Q3o�C561SBp367�@CgpG*K23�7)B=N

xnx1x2 + x1x2x3 + · · · + xn−1xnx1
b

Ó b¨c �[H �A3�;�GJDIHS58;=�[1Q3
ABC

KA5�7�5�DI3�5
S
5�;=<!7)HQ<=3�1436;=�®G*KA7

BC = a � CA = b � 5�;=<
AB = c � ~�K236DI3 a ≤ b ≤ c

b Ú�3�GI3�DIN�HS;=3�G*K23���DI3�5�GJ367*G�;AB=NOM=36D
u
5�;=<�G*K23P1Q3�5�7*G;AB=N:M23�D

v
7*B e KOG*KA5�G � g]@AD�3,�A3�D|>�Lp@CHS;CG P

HS;27)HQ<=3PGJDIHS58;=�[1Q3
ABC � G*K23THQ;=3��AB=561SH�G�>

u ≤ PD+PE+PF ≤ v
K2@C14<A7 � ~�K23�DI3 D � E � F 5�DI3�G*K23��QDI3�7)Lp3 e GIH��A3 � Lp@CHS;CGI7�@CgHQ;CGI3�D�793 e GIHQ@A;T@CgCG*K23oD�5[>27

AP � BP � CP
~�H�G*KEG*K23i@AL2Lp@A7*HFGI3�7)HQ<=367Å@CgCG*K23#GJD�HQ5�;=�[143 b� � K23�DI3��AB2HSDI38<O�C5�1FBp3�7E@Cg

u
58;=<

v
KA5[�A3TGJ@�M23�3)ß8L=DI36797938<�HS;:GJ36DJN�7�@Cg/G*K23��[H �A3�;<25�GI5

a � b � c � S b �Õ b á 3�G n
M=3�5T�[H��A36;OL=@A7)H�GIH��A3EHS;CGJ3��63�D � 5�;=<�1Q3�G S = {1 � 2 � . . . � n} b �P@8~&NO5�;�>gQB=; e GIH4@A;27
f : S → S

5�DI3PG*K23�DI3T7)B e K�G*KA5�G
x + f4(x) = n + 1

g]@AD�561S1
x ∈ S

�£i@�GI32Ø � K23P7�>2NOM=@C1
f4 <23�;=@�GI3�7vG*K23�g]@CB=D¬G*K�H�GJ36D�56GI32Ø f4(x) = f

(

f
(

f(f(x))
)) b



��
8©
° b:c ; HS;CGJ3��63�D

n > 1
58;=< 5�L2DIHSN:3

p
5�DI3:7*B e K?G*KA56G

n
<AH �AHQ<=367

p − 1 � 5�;=< p<AH �AHQ<=367
n3 − 1

b ­8K2@8~�G*KA56G
4p − 3

HS7vG*K23P79�AB=5�DI3�@Cgu5�;�HQ;CGI38�636D b
� b × ;�58;�5 e BAGJ3��)5�;=�[143�<:GJD�HQ5�;=�[143 ABC

~�HFG*K e HQD e B=N e 36;CGJDI3
O � L=@CHQ;CG�7 P

58;=<
Q1�>CHQ;=�EDI3679L=3 e GIH �A361 >O@A;�7*H4<23�7

AC
58;=<

BC
58DI3�7)B e KTG*KA5�G

AP

PQ
=

BC

AB

5�;=< BQ

PQ
=

AC

AB

b
­8K2@8~�G*KA56G�G*K23PL=@CHQ;CG�7

O � P � Q � 5�;=< C
58DI3 e @A; e > e 1SH e�b

Ñ b á 3�G n ≥ 2
M23P5��Cß83�<O3,�A36;�HQ;CGI38�636D b�� 3 e @A;27)HQ<=36DvL=@C1�>A;=@AN�HS5�1S7#@CgpG*K23Eg]@ADJN

P (x) = xn + an−1xn−1 + · · · + a1x + 1

~�HFG*KWDI3�561 e @23/� e HQ3�;CG�7 � KA5��CHQ;=�R5�GT1436587JG�@A;=3 DI3�561�DI@2@�G b Ú�3�GI3�DIN�HS;=3RG*K23R1Q3�5�7*GLp@A7)7)HQMA1Q3o�C5�1FBp3�@CgpG*K23�7)B=N
a2

1 + · · · + a2
n−1

b

£i3*ß�G�~�3PKA5��A3�5 e @ADJDI3 e GIH4@A; b
ÓiÕ b � ������� Ø �8��� à �8��© « �8�8� �UØ ©���� 
 ����<p´ �(����! )+� �(!��Qµ6�
� ����)+�
)5&��������
&��	��
pb�� K23L21S58;=3�HS7P<CH��CH4<238<�HS;CGJ@�DI3��[H4@A;27�M�>

n
1FHQ;=367EHS; �636;=3�D�561�Lp@A7*HFGIHQ@A;27 b 0=DI@6�A3!G*KA56Go5�G1436587JG

n − 2
@CgpG*K23PDI3��[H4@A;27�58DI3iGJDIHS58;=�[1Q3�7 b

µ6�
!�!0��� �
	��
���
�R´�	��+!�! ��»@�
!���)#¼���� 	
����¹ "+	
)��
��) � .�"*> � ��� ���(!�"��,���$<
§ >�79@C1SBAGIHQ@A;:L2BpMC1SHS7,K23�<:HS; � �8�8� �RØ ©���� 
 HS7#GI@�GI561S1 >�36DJDI@A;=3�@CB=7 b�� K23�� ;=@A;=�<=367*GJDI@6>AHS;=��GJD�HQ5�;=�[143��,58DI�[B=NO3�;CG¨<=@2367/;=@�G2~�@ADJ�#5�G�5�1F1 bpc ;E3)ß e 361F1436;CGu7*B=D|�A3,>E@Cg6G*KCHQ7L=DI@2MC1436N � H�GI7�7,@C1FBAGIH4@A; � 5�;=<�@�G*K236D#36DJDI@A;=3�@CB=7o56G�GI3�N�LAG�7o5�L=L=3�5�DI38<OHQ; � ��"(�,���%¶ �§ 58D e K�
 c L=D�HS1 ������� � L=L b �8� à � � b

£i@8~Ü~�3�14@2@2�R5�G�79@C1SBAGIHQ@A;27Tg4DI@AN G*K23�DI3�58<=36D�7TGI@UL2DI@2MA1Q3�N�7�@CgvG*K23 �����8�Ù=B214��5�DIHS58; § 5�G*K23�N�56GIH e 561 � 1 >2N�L2HS5�<��[H��A36; � �8�8�C© Ø ��© à � � 
 bÓ b á 3�G ABC
M=3�58;�5 e BAGJ3EGJD�HQ5�;=�[143 b

�45 � 0=DI@6�A3TG*KA5�G#G*K236DI3O3*ß8HS7*G�B=;AH4�CBp3�Lp@CHS;CGI7 A′ � B′ � 5�;=< C′ � @A; BC � CA �58;=<
AB � DI3679L=3 e GIH �A361 > � 7)B e K�G*KA56G A′ HQ7�G*K23!N�H4<2�)L=@CHQ;CG#@Cg¨G*K23!@AD�G*K2@2�6@A;2561¨L=DI@2�

�|3 e GIHQ@A;T@Cg
B′C′ @A;CGI@ BC � B′ HQ7�G*K23�N�H4<2�)L=@CHQ;CG�@Cg�G*K23i@AD¬G*K2@2�6@A;25�1CL2DI@��|3 e GIHQ@A;T@Cg

C′A′ @A;CGJ@ CA � 5�;=< C′ HS7�G*K23iN�HQ<=�*Lp@CHS;CG�@Cg2G*K23E@AD¬G*K2@2�6@A;25�1AL=DI@��|3 e GIH4@A;!@Cg A′B′@A;CGJ@
AB

b
�]M � 0=DI@��A3oG*KA5�G A′B′C′ HQ7�7*HQN�HS1S58D/GJ@PG*K23oGJDIHS58;=�[1Q3Eg]@ADIN:3�<�M�>TG*K23EN:3�<AHS58;27@Cg
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� K23:Lp@CHS;CGI7
A′ � B′ � C′ 58DI3�G*K23�L2DI@��|3 e GIHQ@A;27!@A;CGI@ BC � CA � AB

@CgÅG*K23
á 3�NO@CHQ;=3�0A@CHQ;CGv�]@ADv7�>ANONO38<CHQ5�;�Lp@CHS;CG � L

@Cg 4ABC
b�� 3P<=36;=@�GJ3

λ =
LA′

a
=

LB′

b
=

LC′

c

b
�45 ��á 3[G M

M23�G*K23?Lp@CHS;CG!@Cg�HS;CGJ36D�7,3 e GIH4@A;W@Cg
A′L

58;=<
B′C′ b ¥u3 e G�58;=�[1Q3

BA′LC′ HS7 e > e 1SH e � ~�KCH e K�HQN�L21FH4367EG*KA5�G ∠C′LM = β
b ¥u3 e GI5�;=�[143

CA′LB′ HS7e > e 1FH e � HSNOLA1�>CHQ;=�oG*KA5�G ∠B′LM = γ
bÙA>!G*K23P­6HQ;=3 á 5�~ � �=D�7*G�HQ; 4B′C′L

58;=<TG*K23�;�HQ; 4ABC � ~�3�KA5[�A3
sin ∠LC′B′

sin ∠LB′C′ =
LB′

LC′ =
λb

λc
=

sin β

sin γ
=

sin ∠C′LM

sin ∠B′LM

b � � �
�2�CB=56GIHQ@A;!� � � HQ7�5i;=3 e 3�7)795�D|>T5�;=<T7*B1� e HQ3�;CG e @A;=<AH�GIH4@A;Pg]@AD LM

GJ@�M=3o5iN:3�<AHS58;�HS;
4B′C′L

b × G�g]@C1F14@8~P7�G*KA56G A′ HQ7�G*K23EN�H4<2�)L=@CHQ;CGÅ@Cg2G*K23�@AD¬G*K2@2�6@A;25�12L=DI@��|3 e GIH4@A;�@Cg
B′C′ @A;CGI@ BC

b ÙA>T7�>2N�N:3[GJD|> � 5�;25�1Q@2�6@CB=7�7JGI5�GJ36N:36;CGI7v58DI3oGJD�Bp3Eg]@AD B′ 58;=< C′ b£i@8~�~�3�~�HF1S1�L2DI@��A3�G*K23OB=;AH4�CBp3�;=36797 b
á 3�G L′ M=3v5�Lp@CHS;CG�;=@�Gu@A; AL � 58;=<i<=36;=@�GJ3ÅHFG�7L=DI@��|3 e GIH4@A;27#@A;CGI@

BC � CA � 5�;=< AB
M�>

D �
E � 5�;=< F

DI3�7)Lp3 e GIH��A3�1�> b á 3[G DL′ HS;CGJ36D�7,3 e G
EF

5�G
N
b­6HQ; e 3

L′E : L′F 6= b : c � 38�CB=56GIHQ@A;� � � <=@2367�;=@�G!K2@C1Q<�g]@AD 4L′EF � 5�;=< N
HS7;=@�GiG*K23�N�H4<2�)L=@CHQ;CG�@Cg

EF
b?� KCB=7 � A′ � B′ �

C′ 5�DI3�B=;AHQ�ABp3�HS;=<=3�38< b

.

..

..

.

..

..

.

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

..

.

..

.

..

..

.

..

...........................................................................................................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

..

.

..

.

..

.

.

..

.

...................................................................................................................................................................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..

A

B CD

E

F
L′

N

............
...
...
..
..
..
..
..
.

α

..

..

..

..

..

..

..

..

..

..

..
..
...
....
..

β
.
.
.
..
.
..
..
.

γ

...........................
...
..
.

β ...........

γ

�]M ��á 3[G�B=7�<23�;=@�GI3 G*K23 1Q3�;=�®G*Kk@CgoG*K23UNO38<CHQ5�;kg4DI@AN A
GI@

BC
M�>

ma
bc L=LA1�>CHQ;=�vG*K23 á 5[~d@CgA¡¨@A7*HQ;=367 � �pD�7JG¨HS; 4B′C′L

58;=<EG*K236;�HQ; 4ABC � ~�3�@2MCG�5�HS;
(B′C′)2 = (LB′)2 + (LC′)2 − 2(LB′)(LC′) cos(β + γ)

= λ2(b2 + c2 + 2bc cos α)

= 4λ2
(

1
2
(b2 + c2) − 1

4
a2
)

= 4λ2m2
a

«



��
	


~�K23�; e 3 � B′C′ = λma
b ­6HQN�HS1S58D�1�> � C′A′ = λmb

58;=<
A′B′ = λmc � ~�K236DI3

mb
5�;=<

mc
58DI3�G*K23�1436;=�®G*KA7O@Cg�G*K23RNO38<CHQ5�;27��QHS; 4ABC � GJ@U7)HQ<=367 b

5�;=<
c �DI3�7)Lp3 e GIH��A3�1�> bO� K236DI36g]@ADI3 � 4A′B′C′ HQ7�7)HSN�HF1Q5�D#GJ@�G*K23!GJDIHS58;=�[1Q3�g]@ADJNO38< M�>�G*K23N:3�<AHS58;27#@Cg 4ABC

b
° b � HS;=<&5�1F1TLp@C1 >2;=@AN�HQ561Q7 P (x)

~�H�G*K&DI365�1 e @23:� e H436;CGI7 7*B e K¢G*KA5�G�~�3 KA5[�A3
P (x)P (x + 1) = P (x2)

g]@ADÅ5�1F1pDI3�561
x
b

���������
	��
�?�(�R´�	��+!�! ��»@�
!���)�¼���� 	-����¹ "+	
)��
��) � .�"*> � ��� ���
! "(�6� �
<

× g P ≡ 0
@AD

P ≡ 1 � G*K23�; P
HQ7 e 1Q3�5�DI1 >?5O79@C1SBAGIHQ@A; b�� K23�793�58DI3!G*K23O@A;A1�>e @A;27JGI5�;CGvLp@C1 >2;=@AN�HQ561Q7Å~�KCH e K�58DI3�7,@C1FBAGIH4@A;27�@CgpG*K23PL2DI@2MA1Q3�N b£i@8~&7*B=L=L=@A7,3oG*KA56G

P
HS7�5P;=@A;=� e @A;27*G�58;CGÅL=@C1�>A;=@AN�HS5�1C~�KCH e KTHQ7�5�7,@C1FBAGIH4@A; b� K236;

P (x)P (x+1) = P (x2)
g]@ADp5�1F1�DI365�1

x
b ��3�; e 3 � P (z)P (z+1) = P (z2)

g]@AD5�1F1
z ∈ � b á 3[G z ∈ � M=3�5�DI@2@�G�@Cg P b�� K23�; � P (z2) = 0

58;=<
P
(

(z − 1)2
)

= 0
b­6B=L=L=@A7,3�G*KA56G

0 < |z| < 1
b Ú�3��p;=3�5T7,3��ABp36; e 3 {zn}∞

n=0

M�>
z0 = z

5�;=<
zn+1 = z2

n

g]@AD
n ≥ 0

b�� K23�; � g]@ADÅ3�5 e K n ≥ 0 � ~�3�KA5[�A3 0 < |zn+1| < |zn| < 158;=<
P (zn) = 0

bo� KCB=7 � P KA587o5�;:HQ;A�=;AHFGI3!;AB=NOM=36D�@Cg�<CHQ7JGIHQ; e G�DI@2@�GI7 � 58;=<�G*K23�;
P ≡ 0 � 5 e @A;CGJD�58<AH e GIH4@A; b­6HQN�HS1S58D�1�> � HFg |z| > 1 � G*K23�; |zn+1| > |zn| > 1

58;=<
P (zn) = 0 � ~�KCH e K14365�<A7�GI@TG*K23�795�N:3 e @A;CGJD�58<AH e GIH4@A; b£i@8~Þ7)B=L2Lp@A793�G*KA5�G |z| = 1

5�;=<
z 6∈ {1 � ei π

3 � e−i π

3 } b á 3[G z = eiθ bÅ� K23�;
|(z −1)2| = 2(1 − cos θ) ∈ (0, 1)∪ (1, 4)

b ¡¨@A;27*H4<23�D�HQ;=��G*K23i7938�CBp3�; e 3�<236�=;=38<M�>
z0 = (1 − z)2

58;=<
zn+1 = z2

n

g]@AD
n ≥ 0 � ~�3iB=793i58;!5�DI�[B=N:36;CG�1SHQ�83�G*K23�@A;=35�M2@��A3EGI@��63[Gv5 e @A;CGJD�5�<CH e GIHQ@A; b� KCB=7 � G*K23E@A;A1�>TL=@A797*H4MC143oDI@2@�GI7�@Cg P 58DI3

0 � 1 � ei π

3 � 58;=< e−i π

3
b ­6HS; e 3

P
KA587DI3�561 e @23:� e H436;CGI7 � ~�3!KA5[�A3 P (ei π

3 ) = 0
HSg/58;=<�@A;A1�>OHSg

P (e−i π

3 ) = 0
b × g ei π

3
HS75�DI@2@�G � G*K23�; P (ei π

6 )P (ei π

6 + 1) = P (ei π

3 ) = 0 � 58;=< ei π

6
@AD

ei π

6 + 1
HQ7�5PDI@2@�G@Cg

P
b ­6HQ; e 3�G*K2367,3�;AB=NOM=36D�7�<=@?;=@�GiM=3�14@A;=�TGI@ {0 � 1 � ei π

3 � e−i π

3 } � ~�3OKA5[�A3O5e @A;CGJD�58<AH e GIH4@A; b£i@8~ÞG*K23T@A;A1�>OL=@A797*H4MC143�DI@2@�G�7�58DI3
0
5�;=<

1
b#� KCB=7 � P (x) = axp(x − 1)q �~�K23�DI3

a
HQ7o5�;=@A;=�I�)3�DI@�DI365�1/;AB=NOM=36D � 5�;=< p

5�;=<
q
5�DI3�;=@A;=�*;=38��5�GIH��A3!HS;CGJ3��63�D�7 b� K236;

P (x)P (x + 1) = P (x2)
HQ7#3��AB2H �C5�1Q3�;CG�GI@

a2xp+q(x − 1)p(x + 1)q = ax2p(x − 1)q(x + 1)q b
× G�g]@C1S1Q@8~P7#G*KA5�G a = 1

58;=<
p = q

bo� KCB=7 � P (x) = xp(x − 1)p bo� K23THS;CGJ3��63�D pN�B=7JGv;=@8~ M=3�Lp@A7*HFGIH �A3 � 7)HS; e 3 P
HQ7�7*B=L=L=@A7,3�<!GI@�M=3�;=@A;=� e @A;27*G�58;CG b

× ; e @A; e 1FB=7)HQ@A; � G*K23:7,@C1FBAGIH4@A;27P5�DI3 P (x) = 0
58;=<

P (x) = xp(x − 1)p �~�K23�DI3
p
NO5[>OM23P58;�>�;=@A;=�);=3���56GIH �A3�HS;CGJ3��63�D b

� b × ;�GJD�HQ5�;=�[143 ABC � ~�3�KA5[�A3 CA = CB
b á 3[G D

M23TG*K23�N�HQ<=�*Lp@CHS;CGi@Cg
AB58;=<

E
58;W5�D*MCHFGJD�5�D|>WL=@CHQ;CG!@A;

AB
b á 3�G O

M23�G*K23 e HQD e B=N e 36;CGJDI3 @Cg 4ACE
b0=DI@��A3RG*KA5�G!G*K23 1SHS;=3RG*KADI@CBp�6K

D
Lp36DJL=3�;=<CH e B21S58D!GI@

DO � G*K23 1SHS;=3RG*KADI@CBp�6K ELp36DJL=3�;=<CH e B21S58D�GJ@
BC � 5�;=<�G*K23i1FHQ;=3�G*KADI@CBp�6K B

L=5�D�5�1F143�1AGI@
AC

5�DI3 e @A; e B=DJDI36;CG b
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� 58�83WDI3 e G�58;=�[B21S58D�¡u5�D�GI3�7*HQ5�; e @2@ADI<AHS;256GI3�7~�HFG*K
D(0, 0) � A(−k, 0) � B(k, 0) � C(0, h) �

E(t, 0)
b/� K23oN�HQ<=�*Lp@CHS;CG�@Cg

AE
HQ7 (1

2
(t−k), 0

) «K23�; e 3 � G*K23 x à e @2@ADI<CHQ;25�GJ3P@Cg O HQ7 1
2
(t − k)

b� K23:3��AB=5�GIH4@A; @Cg
AC

HQ7
ky − hx = hk �58;=<	G*K23 N�HQ<=�*Lp@CHS;CG�@Cg

AC
HQ7 (−1

2
k, 1

2
h
) b� K23
Lp36DJL=3�;=<CH e B21S58DdMCHQ793 e GI@AD @Cg

AC
HQ7kG*K23�;

hy + kx = 1
2
(h2 − k2)

b × GRg]@C1F14@8~P7RG*KA5�GG*K23 e @2@ADI<AHS;256GI3�7�@Cg
O
58DI3 (1

2
(t − k),

h2 − tk

2h

) b
� K236DI36g]@ADI3 � G*K23P7*14@AL=3P@Cg OD

HQ7 h2 − tk

h(t − k)
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� K23 3��AB=5�GIH4@A; @CgÞG*K23Î1SHS;=3	G*KADI@CBp�6K
D

Lp36DJL=3�;=<CH e B21S58D GJ@
OD

HS7
(h2 − tk)y = h(k − t)x

b�� K23!1SHS;=3TG*KADI@CBp�6K
B
L=5�D�5�1F143�1¨GI@

AC
KA587�3��AB=5�GIH4@A;

ky = h(x − k) � 5�;=<:G*K23T1FHQ;=3�G*KADI@CBp�6K E
Lp36DJL=3�;=<CH e B21S58D�GI@

BC
KA5�7E38�CB=56GIHQ@A;

hy = k(x − t)
b × G�HS7�3�5�7�>�GJ@ e K23 e ��G*KA5�GÅ5�1F1AG*KADI383E1FHQ;=367�L=5�797ÅG*KADI@CBp�6KTG*K23ELp@CHS;CG

P
~�H�G*K e @2@ADI<AHS;256GI3�7

(

k(h2 − kt)

h2 − k2
,
hk(k − t)

h2 − k2

) b
× G�58L2Lp3658D�7�G*KA5�GÅ~�3�N�B=7*G�3)ß e 1FBp<=3�G*K23 e 5�7,3E~�K236; h = ±k

«CG*KA5�G�HS7 � ~�K23�;
∠ACB = 90◦ b ��@8~�3,�A3�D � HS;�G*KCHQ7 e 5�7,3 � G*K23EG*KADI383P1SHS;=3�7�@Cg�G*K23�L2DI@2MA1Q3�N 5�DI3�5�1F1Lp36DJL=3�;=<CH e B21S58D�GJ@

BC
5�;=<!G*KCB=7 �,NO383[Gv56GÅHS;A�p;AH�G�> � b

Ñ b á 3[G A M23�G*K23E793�G�@Cgp561S12MAHS;258D|>T7,3��ABp36; e 367�@Cg21436;=�®G*K
n � 5�;=<T1Q3�G 0 ∈ A M23oG*K237,3��ABp36; e 3!5�1F1�GJ36DJN�7E@Cgu~�KCH e K:58DI3P�)3�DI@2367 bo� K23!7938�CBp3�; e 3

c = 〈c1 � c2 � . . . � cn〉HQ7 e 561S1Q38<TG*K23P7)B=N @Cg
a = 〈a1 � a2 � . . . � an〉 5�;=< b = 〈b1 � b2 � . . . � bn〉 HSg ci = 0~�K23�;

ai = bi
5�;=<

ci = 1
~�K23�;

ai 6= bi
b á 3[G f : A → A M=3�5TgQB=; e GIHQ@A;:7)B e KG*KA56G

f(0) = 0
5�;=<!HSg=G*K23E7,3��ABp36; e 367

a
58;=<

b
<CH>�¨3�D�HS;�3)ß�5 e GI1�>

k
GI3�DINO7ÅG*K23�;!G*K237,3��ABp36; e 367

f(a)
5�;=<

f(b)
<CH>�¨3�D/561Q79@P3)ß�5 e GI1�>�HS;

k
GI3�DINO7 b 0=DI@6�A3�G*KA56G/HFg

a � b � 5�;=<
c
58DI3�7938�CBp3�; e 3�7�g4DI@AN A 7*B e KEG*KA5�G

a+b+c = 0 � G*K23�; f(a)+f(b)+f(c) = 0
b

�����H½��(# �
��´�	���!�!0��»@�
!���)#¼���� 	
����¹ "*	3)+�
��) �0.�"�> � �������(!�"��,���$<
� K23�793�G A HQ7�5i�A3 e GJ@ADÅ7)L=5 e 3�@A;��

/2
�f�FG*K23P7*B=N�HS7vG*K23P@A;=3�<=3��p;=3�<�HS;!G*K237*G�56GI3�NO3�;CG � 58;=<�1Q3�G 0 · a = 0

5�;=<
1 · a = a � ~�HFG*KO<CHQNO3�;27*H4@A; n

58;=< e 5�;=@A;AH e 5�1M25�7)HS7
B1 = (e1, . . . , en) � ~�K23�DI3 e1 = (1, 0, . . . , 0) � e2 = (0, 1, 0, . . . , 0) � b6b�b �

en = (0, . . . , 0, 1)
b × g a = 〈a1, a2, . . . , an〉 � G*K236; a =

n
∑

i=1

aiei
b

á 3�G d(a, b) =
n
∑

i=1

|ai − bi|
b/� K236;

d(a, b)
HS7�7*HQN�L21 >�G*K23�;AB=NOM=36D�@Cg=GI3�DINO7

G*KA56GP<CH>�¨3�DiHS;RG*K23:7938�CBp3�; e 3�7
a
58;=<

b
b � DI@AN�G*K23:7JGI5�GJ36N:36;CGP@Cg�G*K23:L=DI@2MC1436N �

d
(

f(a), f(b)
)

= d(a, b)
b × GÅg]@C1S1Q@8~P7vGJD�H��CHQ561S1 >TG*KA5�G f

HS7�HQ; �|3 e GIH��A3 b
á 3�G i ∈ {1 � . . . � n} b ­6HQ; e 3 f(0) = 0

58;=<
d(0, ei) = 1 � ~�3?<238<CB e 3G*KA56G

d
(

0, f(ei)
)

= 1
b × G�g]@C1F14@8~P7�G*KA5�GPG*K236DI3 3*ß8HS7*G�7 m ∈ {1 � . . . � n} 7)B e KG*KA56G

f(ei) = em
b á 3[G fi = f(ei)

b ­6HQ; e 3
f
HS7!HQ; �|3 e GIH��A3 � ~�3R<=3�<AB e 3?G*KA5�G
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B2 = (f1, . . . , fn)
HS7�5TLp36DJN�BAGI5�GIH4@A;�@Cg

(e1, . . . , en)
58;=< � G*K23�DI3�g]@ADI3 � HQ7�5�1S7,@�5M25�7)HS7�g]@AD A bá 3�G a = (a1, a2, . . . , an)B1

~�HFG*K
d(0, a) = k

b:� K23�;
d
(

0, f(a)
)

= k
b

á 3�G i ∈ {1 � . . . � n} b
• × g ai = 1 � G*K23�; d(ei, a) = k − 1

b�� KCB=7 � d(fi, f(a)
)

= k − 1
«6G*KA56G�HQ7 � G*K23

i
�F� e @2@ADI<CHQ;25�GJ3P@Cg

f(a)
HQ;

B2
HQ7#3��AB=561=GI@

1
b

• × g ai = 0 � G*K236; d(ei, a) = k
b:� KCB=7 � d

(

fi, f(a)
)

= k
«/G*KA5�GiHQ7 � G*K23 i

�F�e @2@ADI<CHQ;25�GJ3P@Cg
f(a)

HS;
B2

HS7#38�CB=5�1=GI@
0
b

× G�g]@C1F14@8~P7#G*KA56G � HFg a =
n
∑

i=1

aiei � G*K23�; f(a) =
n
∑

i=1

aifi =
n
∑

i=1

aif(ei)
bP� KCB=7 �

f
HS7�1SHS;=3�5�D b� K236; � HFg a + b + c = 0 � ~�3PKA5��A3

f(a) + f(b) + f(c) = f(a + b + c) = f(0) = 0
b

£i3*ß�Gi~�3:GIB=DI; GI@ 7,@C1FBAGIH4@A;27�g4DI@AN @CB=DPDI3�58<=36D�7�GJ@ L2DI@2MA1Q3�N�7�@CgvG*K23 �����8�Ù�361S58D�B=7)HS58; § 5�G*K23�N�56GIH e 561 � 1�>ANOLAHQ58<O�[H �A3�; � ������© Ø ��� à ��� 
 bÖ b 0A3�GI3:5�;=<ÛÙ=HF1S1�L21S5�>�G*K23�g]@C1F14@8~�HS;=����58NO3 b�c GoG*K23:M238�[HS;2;AHQ;=� � 0A3�GI3 e K2@2@A7,3675�;AB=NOM=36D
a � G*K236;fÙ=HF1S1 e K2@2@A7,367P5:;AB=N:M23�D b � 58;=<�G*K23�;Û0A3�GI3 e K2@2@A793�7�5�;AB=NO�M=36D

c
b ¡�58; 0A3�GI3 e K2@2@A7,3TKCHQ7o;AB=NOM=36D�7oHS;�7*B e K:5P~P5[>�G*KA5�G�G*K23PG*KADI3�3�3��AB=5�GIH4@A;27

x3 + ax2 + bx + c = 0 � x3 + bx2 + cx + a = 0 � 58;=< x3 + cx2 + ax + b = 0KA5��A3P5 e @AN�N:@A;
�45 � DI365�1pDI@2@�G �

�4M � ;=3���56GIH �A3PDI@2@�G �

�����H½��(# �(�}´�	���!�!0��»@�
!���)�¼���� 	-���/¹ "+	
)��
��) � .�"*> � ��� �3�
! "(�6� ����´�"�½ ���()�¹ "�!�"*��� �$#$"%·(	3) �
.$� �M·��(�+	-"*�pµ�!0�(��� �L¸ ! �(��� ���/"��,# � # � "�!0# 7(< 1 <�� "(����� ��	 � �-! 	�#�.�"��(! 	��+! À �$	A½���! ) 	��-���
� "����+! �����(��8;:=< � � �+	A½�� � "������ ) )���� ���
	��
� <

�45 � � 367 b 0A3[GJ3�7*HQN�L21 > e K2@2@A793�7 a = −1 � 58;=<�G*K236; � g]@ADo5�;�> b
e K2@A793�;RM�>Ù=HS1F1 � 0A3[GJ3 e K2@2@A793�7 c = −b

b¨� K23�G*KADI383�3��AB=5�GIH4@A;27�M23 e @AN:3
x3−x2+bx−b = 0 �

x3 + bx2 − bx − 1 = 0 � 5�;=< x3 − bx2 − x + b = 0 � ~�KCH e K e 1Q3�5�DI1 >�KA5[�A3 x = 1587�5 e @AN�N:@A;�DI@2@�G b
�]M � £o@ b ­6B=L=L=@A7,3�Ù=HF1S1 e K2@2@A7,367 b = 0 � 58;=<�7*B=L=L=@A7,3 r

HS7i5�;=3���56GIH �A3!DI@2@�Ge @AN�N:@A;!GI@�5�1F12G*KADI383P38�CB=56GIHQ@A;27 b�� K236; � HS;�L=5�D�GIH e B21Q5�D � ~�3PKA5[�A3
r3 + cr + a = 0

� � �58;=<
r3 + cr2 + ar = 0

b � � �
� DI@ANÐ� � � ~�3��63�G r2 + cr + a = 0 � @AD cr + a = −r2 b ­6BpM27JGIHFGIBAGIHS;=��HQ;CGI@�� � �*�~�3EG*K236;:�63[G

r3 − r2 = 0 � ~�KCH e K�>CH43�14<A7 r = 0
@AD

1 � 5 e @A;CGJD�58<AH e GIH4@A; b
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(n, q)
795�GIHQ7*gF> {q2} =

{

n!

2000

} � ~�K23�DI3 n
HS7T5�Lp@A7*HFGIH �A3HQ;CGI38�636DP5�;=<

q
HS7T5�;=@A;=�JHQ;CGI38�636D�D�56GIHQ@A;25�1v;AB=NOM=36DP7*B e KRG*KA5�G

0 < q < 2000
�

��� #(	����
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­6B=L=L=@A7,3 � g]@ADoG*K23:L2B=DILp@A793�@Cg e @A;CGJD�5�<CH e GIHQ@A; � G*KA56G gcd(m, n) = 1

b á 3[G
d = gcd(5m − 1, 5n − 1)

bÅ� K236;
d = 5gcd(m,n) − 1 = 4

b £i@8~&143[GÅG*K23�L2DIHSN:3<=3 e @AN�Lp@A7*HFGIHQ@A;O@Cg
5m − 1

M=3
2apa1

1 . . . pak

k

b�� KCB=7 � a ≥ 2
5�;=<

5n − 1 = ϕ(5m − 1) = 2a−1pa1−1
1 · · · pak−1

k (p1 − 1) · · · (pk − 1)
b

£i@�GI3iG*KA56G � HSg 5m − 1
HQ7�5PL=@8~�3�Dv@Cg

2 � G*K236; a > 3
�4@�G*K23�D�~�HQ793 � ~�3�<=@!;=@�GKA5��A3

ϕ(5m − 1) ≡ 0 (mod 4) �J� ~�KCH e K?14365�<A7EGJ@ 5n − 1 ≡ 0 (mod 8)
5�;=<e @A;CGJD�58<AH e GI7

d = 4
b� KCB=7 � 5m−1
KA5�7/56Gp1436587JG¨@A;=3�@2<2<EL2DIHSN:3�<AH �AHS7,@AD b�§ @ADI38@6�A3�D � 7*HQ; e 3 d = 4 �~�3PN�B=7*Gv561Q79@�KA5��A3
ai = 1

g]@AD
i = 1 � . . . � k brC
 5�� � b

m
HS7#3,�A3�; b� K236;
5m − 1 ≡ 0 (mod 8) � ~�KCH e K�HQN�L21FH4367�G*KA56G a ≥ 3

b Ù=BAG � 587�5�M2@��A3 �~�3oG*K236;�KA5��A3
2a−1(p1 − 1) ≡ 0 (mod 8) � ~�KCH e K�g]@AD e 367 5n − 1 ≡ 0 (mod 8)58;=<�58��5�HS; e @A;CGJD�58<AH e GI7

d = 4
b

rC
 5�� � b
m = 2k + 1

HS7#@2<=< b� KCB=7 � a = 2
58;=< � g4DI@AN
5�M2@��A3 � 5m − 1 = 4p1 · · · pk

b�� M��AHQ@CB=7)1 > � ;=@A;=3E@CgG*K23
pi
HS7v3��AB=561�GJ@

5
b ��3�; e 3 � g]@AD�365 e K i � ~�3iKA5[�A3 5×52k = 5m ≡ 1 (mod pi) �g4DI@AN ~�KCH e KR~�3�<=3�<AB e 3�G*KA56G

5
HQ7T5R�AB=58<2D�5�GIH e DI367)HQ<ABp3

(mod pi)
b � DI@AN G*K23ª B=5�<AD�56GIH e ¥u3 e HQL2DI@ e HFG|> á 5[~ � H�G/g]@C1F14@8~P7/G*KA56G pi

HS7�5E�CB=5�<AD�56GIH e DI367)HQ<ABp3
(mod 5)

b­6HQ; e 3 � g]@ADu365 e K�HS;CGJ3��63�D x � ~�3�KA5[�A3 x2 ≡ 0 � 1 � @AD −1 (mod 5) � ~�3�<238<CB e 3G*KA56G
pi ≡ 1

@AD −1 (mod 5)
g]@AD�365 e K

i
b£i@8~Ð5�797*B=N:3:G*KA5�G�G*K23�DI3R3*ß8HS7*G�7

i
7*B e K G*KA56G

pi ≡ 1 (mod 5)
bÛ� K23�;

5<AH �AHQ<=367
pi − 1 � ~�KCH e KOHSNOLA1SHQ3�7�G*KA5�G 5

<CH��CH4<23�7
5n − 1 � ~�KCH e K�HQ7�5�MA7)B=DI< b�� KCB=7 �

pi ≡ −1 (mod 5)
g]@AD�365 e K

i � 5�;=< 5m − 1 ≡ 4(−1)k (mod 5)
«�~�K236; e 3 � k HS73,�A3�; b



� � �

� K236DI36g]@ADI3 � 5n − 1 = 2(p1 − 1) · · · (pk − 1) ≡ 2(−2)k (mod 5) � g4DI@AN~�KCH e K�~�3�7,3�3iG*KA56G
5n − 1 ≡ 2

@AD −2 (mod 5) � 5 e @A;CGJD�5�<CH e GIHQ@A; b� 3 e @A; e 1SBp<23EG*KA5�G
gcd(m, n) > 1

b
µ6�9¶1¶��+�,��< Ù�@ADJ;27J�IGJ3�HQ; 561Q79@kL=@CHQ;CG�7?@CBAG�G*KA5�G�G*KCHS7:HQ7�L=DI@2MC1436N �8� �C��� @CgiG*K23c N:36DIH e 5�; § 5�G*K23�N�56GIH e 561 § @A;CG*KC1 > buc 7,@C1FBAGIH4@A;�58L2Lp3658D�7ÅHS;PG*K23�£i@6�A3�NOM=36D �����8�HQ7)7)Bp3P@CgpG*K23 § @A;CG*KC1�> � L b � �8� bÑ b á 3[G f

M23O5�gQB=; e GIH4@A;?g4DI@ANÐG*K23O793�GE@CgÅL=@A7)H�GIH��A3�HS;CGJ3��63�D�7EGI@�G*K23O793�GE@CgÅ;=@A;=�;=38��5�GIH��A3�HS;CGJ3��63�D�7�7)B e KTG*KA5�G
f(1) = 0

5�;=<
f(n) = max{f(j) + f(n − j) + j}g]@ADv561S1

n ≥ 2
b Ú�3�GI3�DIN�HS;=3

f(2000)
b

�����H½��(#=�
�²¹ 	���46� ��»6"��-"+	3� ��� �O¾/� �������H�
! "(�6� ��� "��,#=�(� � # � "�!0# 7�< 1 < � "����*� ��	 � �-! 	�#
.�"%��! 	���! À �$	A½���! ) 	��-���;� "����+! �����(��8;:=< � � �+	A½���»6"��-"+	3� ��� � ) � ! 	���� � � � <

× ;:~�KA56G#g]@C1F14@8~P7 � G*K23�N�5[ß�HQN�B=N HQ;:G*K23�<=3��p;AH�GIH4@A;?@Cg f(n)
HQ7 e @A;27*H4<23�DI3�<@��A36DÅ561S1

j
7)B e K�G*KA5�G

1 ≤ j ≤ n − 1
�FG*KA56G�HS7 � 5�1F1 j g]@AD/~�KCH e K f(j)

5�;=<
f(n − j)58DI3i<236�=;=38< � b�� 3�~�HS1F1CL=DI@6�A3iM�>�HS;=<AB e GIHQ@A;PG*KA5�G f(n) =

n(n − 1)

2

g]@AD�561S1
n ≥ 1

b
× G HQ7WDI365�<CHS1 > e K23 e �838< G*KA56G f(2) = f(1) + f(1) + 1 = 1 � G*KA56G

f(3) = max{f(1) + f(2) + 1 � f(2) + f(1) + 2} = 3 � 5�;=<OG*KA56G f(4) = 6
b

c 797*B=N:3iG*KA56G
n ≥ 5

5�;=<!G*KA5�G
f(k) =

k(k − 1)

2

g]@AD
1 ≤ k < n

b�� K23�;

f(n − 1) + f(1) + n − 1 =
(n − 2)(n − 1)

2
+ 0 + n − 1 =

n(n − 1)

2
�58;=<�g]@AD

1 ≤ j ≤ n − 2 �
f(j) + f(n − j) + j =

j(j − 1)

2
+

(n − j)(n − j − 1)

2
+ j

=
n(n − 1) − 2j(n − 1 − j)

2
<

n(n − 1)

2

b
× Gug]@C1S1Q@8~P7uG*KA56G f(n) = max{f(j)+f(n−j)+j} =

n(n − 1)

2

b¨� KCHS7 e @A; e 1SBp<23�7G*K23�HQ;=<CB e GIH4@A; b£i@8~ � GI58�8HS;=� n = 2000
HS;�G*K23#g]@ADJN�B21Q5�~�3oKA5��A3 �4B=7JG�L=DI@6�A38< � ~�3#�p;=<�G*KA5�G

f(2000) = 1999000
b

¾9�;¶ "(!�·6<�� 5�;=�o;=@�GJ367ÅG*KA5�G
1 + f(n + 1) = 1 +

(n+1
2

) � ~�KCH e KTHS7�~�361F1=��;=@8~P;�GI@M=3�G*K23�;AB=N:M23�D�@CgADI38�[HQ@A;27�HQ;CGI@i~�KCH e KEG*K23�LA1Q5�;=3#HQ7�<AH �AHQ<=3�<�M�>
n
1FHQ;=367�HS;T�636;=3�D�561Lp@A7*HFGIHQ@A;O�43,�A3�D|>�L25�HSD�@Cg�1FHQ;=367�HQ;CGI3�D�793 e Gv5�;=<�;=@TG*KADI3�3�1SHS;=3�7�5�DI3 e @A; e B=DJDI36;CG � b

� KA5�G e @ANOLA143[GJ367�G*K23 µ6�
!��,��! g]@ADÅG*KCHS7#HS797*Bp3 b ­83�;=<ON:3E>A@CB=D�;AH e 3�79@C1SBAGIHQ@A;2758;=<O�636;=3�D�561SH��*56GIHQ@A;27�587Å~�3�1S1p5�7 � 1�>ANOLAHQ58< e @A;CGJ367*G�7 �



� ���
� � � � � ��� �}���

�/� ��+ ��" �o+E$��	��
���
 ����()'9+
7+! 	A¹ "�� 4$���
�H�6� � �
!�·�� ���7»@���
�
�6#�� 46� ����46�����7µ ��!�! 	�� �+� � ¶M�> �*Bp<AH�G*K?Ú b ­�5�1F1�>�58;=<�0C5�B21 � b ­�5�1F1�> � �)D b � L2BpMC1SHS7,K23�<OM�> c�S 0A3[GJ36D�7 � ������©× ­2Ù/£ � � 
 �	����� � �	� �2� 
 � 79@CgSG e @��A36D � �8�8� L25��6367 � ¤�­�� ©8� b ��� b¾9�&½ 	�� � �(#��
�
��������������������� �"!$#/� À �$	A½���! ) 	��-�'"��7»9�&Á "+���(���L¶ 4,��! )+�-�/: ��� À � �ib

× ;Ý3�5 e KÞ@Cg!G*K23fGI3�; e KA58LCGJ36D�7�@CgTG*KCHQ7UM=@2@2� � G*K23 56BAG*K2@AD�7 HS;CGJDI@2<AB e 3d5NO5�G*K23�N�56GIH e 561U7*HFGIB=5�GIH4@A;�@AD���5�N:3 b � KADI@CBp�6K�5Ü7,36DIHQ3�7Þ@CgW�CBp3�7JGIH4@A;27&5�;=<e KA5�1F1436;=�63�7?g]@C1S1Q@8~�38<�M�>&3*ß�LA1Q5�;256GIHQ@A;�5�;=<¢HQ;27JGJDIB e GIHQ@A; � G*K23,>&��D�58<AB=561S1 >&MCB2HS1Q<GJ@8~P5�DI<TDI3�L2DI3�793�;CG�56GIHQ@A;27 � �636;=3�D�561SH��*56GIHQ@A;27 � 5�;=<TL=DI@2@Cg47 b ­�GIBp<23�;CG�7v58DI3oHS;27*GJD�B e GJ3�<GJ@���0C56B=7,3 � GI58�83EGIHQNO3iGJ@TG*KCHS;=�T58;=<!GI@�~�@AD*�T@A;T>A@CB=D�@8~P; �o56gSGJ36D�365 e K��ABp367*GIHQ@A;@AD e KA561S1Q3�;=�63 b ­8@C1FBAGIH4@A;27�GI@PG*K23E�ABp367*GIHQ@A;27v58;=< e KA5�1F1436;=�63�7v58DI3E�[H �A3�;THQ;PG*K23oGI3)ß6G b
7+! 	A¹ "�� 4$���
� HQ7�<AH �AHQ<=3�< HS;CGJ@ÛG*KADI3�3W5�DI3�5�7?@Cg�NO5�G*K23�N�56GIH e 7�ØW58D�HFG*KANO3�GIH e �;AB=N:M23�D�7i5�;=<�7�>ANONO3�GJD|> � 5�;=<��63�@AN:3[GJD|> b × ;OG*K23 e KA5�LAGI3�D � � á 56G�GIH e 3O0A@C1�>A�6@A;27 � �7*GIBp<23�;CG�7�M238�[HS;�M�>T56G�GI3�N�LAGIHS;=�#GJ@�NO58�83#�C58D�H4@CB=7�G|>2L=3�7�@Cg=L=@C1�>A�6@A;27�@A;T5i1Q5�G�GIH e 3 b� K23,>O~�@ADJ��GI@8~P58DI<��[Bp36797*HQ;=�T58;=<OG*K23�;�L=DI@6�AHS;=��02H e ��� 7 � K23�@ADI3�N b ¤#7*HQ;=�O02H e � � 7� K23�@ADI3�N � G*K23,>?GJD|>RGI@ NO58�83�79KA58L=3�7E~�H�G*K 79L=3 e HF��3�< 5�DI3�5�7 b?� K23:HS;��A3�7JGIH4��5�GIH4@A;G*K23�;�g]@ e B=793�7i@A;�~�KCH e K:5�DI3�5�7 e 58;�M=3!5�DI3�5�7E@Cg/1S56G�GIH e 3T79�AB=5�DI3�7 bi� KCHS7o1Q3�58<27#GJ@:5�63�;=36D�5�1FHF�*5�GIH4@A;O5�;=<��p;2561S1 >�5TL2DI@2@Cg b × ;�G*K23 ����3�5[��> á HFgSGIHQ;=� �i793 e GIHQ@A;O5�GÅG*K23T36;=<@Cg�G*K23 e KA5�LAGI3�D � 7*GIBp<23�;CG�7Å3*ß�LA14@ADI3�38�CB2HS1S56GI3�D�5618GJD�HQ5�;=�[14367�58;=<�L=DI@6�A3�G*KA56G¨;=@A;=3 e 58;M=3 e @A;27*GJD�B e GJ3�<�HQ;�5�1Q5�G�GIH e 3 b ­8@AN:3P@CgpG*K23�@�G*K236D�3)ß8L21Q@AD�56GIHQ@A;27�58DI3�L=561SHS;=<2DI@ANO3�7 �G*K23�g]@CB=Dv;AB=NOM=36D�7���58NO3 � e HSD e 143�L=5 e �8HS;=�iHQ;�5PL21S58;=3 � 58;=<O<CHQ7)7,3 e GIH4@A; b� K23�M=@2@2� � 7¨5�G*KC143[GIH e 58;25614@2�,>�HS7 e 1Q3,�A3�D � MCBAG=G*K23�5�G*KC143[GIH e H e @A;27uB=7938<#G*KADI@CBp�6K2�@CBAGvG*K23!M2@2@2� e @A;AgQB=7938<:NO3T5�G��=D�7*G b�� K23T793 e GIHQ@A;�GIH�GI14367o@Cg/D�B=; � 7I~�HQN � 58;=<�MCH4�83<=@O;=@�G e @A;��A3,>�N�B e K:58M=@CBAGvG*K23 e @A;CGJ36;CG�@CguG*K23T7,3 e GIH4@A;27 b × <CH4<:5�L=L2DI3 e HS56GI3�G*K23Lp36D�7,@A;2561 � 36;CG*KCB=7)HS587JGIH e � L21S5�>CgQB21/GJ@A;=3�@Cg�G*K23OM2@2@2� b × KA5�<�G*K23�g]383�1SHS;=�TG*KA5�G�G*K235�BAG*K2@AD�7v~�36DI3iGI5614��HQ;=�oGJ@!N:3�58;=<T~�@ADJ�8HS;=��~�HFG*K!N:3 b
× G!HS7�;=@�G e 143658D�g]@ADP~�KA5�GT143,�A3�1o@Cgo7JGIBp<=36;CGTG*KCHS7:M2@2@2� HS7�HQ;CGI3�;=<238< bÞ� K235�BAG*K2@AD�7!�C5��[Bp3�1�>fDI3 e @AN�N:36;=<ÛH�G!g]@AD �*>A@CB=;=� 7JGIBp<=36;CGI7 � b&c G!�=D�7*G��[1Q5�; e 3 � G*K23L=DI@2MC1436NO7E~�@CB214< 7,3�3�N�GI@ DI38�CB2HQDI3�79@AN:3:5614�63�M2D�56H e 7,@AL=KCHQ7JGIH e 56GIHQ@A; b ��@8~�3,�A3�D �G*K23,>!L=DI@6�AHQ<=3i5EN:3658;AHS;=�[gQB21 e @A;CGI3)ß6G�g]@AD�143658DI;AHQ;=�o5614�63�M2D�5 b�� K23oGI3�5 e K23�D e 5�;�K2361SL�=1F1=HS;!G*K23P��58L27�5�1Q@A;=�oG*K23o~P5[> b�� K23�L=DI@2MC1436N e @A;CGJ3*ß�G�7�5�DI3�1FH4�83�1�>�GJ@�M23PNO@�GIH��C58�GIH4@A;25612g]@AD�7*GIBp<23�;CG�7�HQ;�KCH4�6K!7 e K2@2@C1=@AD e @C1F143��63ENO5�G*K23�N�56GIH e 7 e 1S587)7,367 � @ADÅ3,�A3�;!g]@ADL=DI@A7)Lp3 e GIH��A3ENO5�G*K23�N�56GIH e 7ÅGI3�5 e K23�D�7 b × ~�@CB21Q<�3�; �|@6>TGI3�5 e KCHQ;=�og4DI@ANÝG*KCHS7�M=@2@2�P5�75 e @C1S1Q38�63P3�143 e GIH��A3 b
× <CH4<��p;=<Ü7,@ANO3Ý<CH>� e B21FG|>�~�H�G*K e KA58LCGJ36D ��� � HQ;
~�KCH e K�7*GIBp<23�;CG�7¢<2@�638@ANO3�GJD�H e e @A;27JGJDIB e GIHQ@A;27 b × ;ÞN!> 3*ß�L=3�D�H436; e 3 � 3,�A3�; e @C1F143��63 7JGIBp<=36;CGI7�KA5[�A3GJDI@CBpMA1Q3�~�HFG*K�G*K23�N:@A7JGoMA587*H eoe @A;27JGJDIB e GIHQ@A;27 b × G�N�H4�6K�GoM=3�M=3[G�GJ36D�GI@�5�<A58LCG�G*KCHQ7e KA58LCGJ36D�GJ@!B=793i~�H�G*K�5��638@ANO3�GJD�H e 79@CgSG¬~P58DI3�L2DI@2��D�58N b� KCHS7�M=@2@2��@��/36D�7P5Og4DI367,KR5�L=L2DI@A5 e K�GJ@�143658DI;AHQ;=��NO5�G*K23�N�56GIH e 7 b ���A3�;?G*K23g]3[~&3)ß8L21Q@AD�56GIHQ@A;27�G*KA56G/~�3�DI3og458N�HS1FHQ5�D�GI@TN:3�~�36;CG�HQ;TB=;Ag458N�HS1FHQ5�DÅ<AHSDI3 e GIHQ@A;27 b/� K23M=@2@2� � 7�g]@ADINO5�G�<2@23�7�N:@ADI3PG*KA5�;�5 e GIH �A361 >OHS;��A@C1��A3PG*K23TDI365�<23�D b × G�L2BAG�7�G*K23!@A;AB=7g]@ADv<2@CHQ;=��G*K23�NO5�G*K23�N�56GIH e 7�@A;TG*K23�DI365�<23�D b/c 7*GIBp<23�;CG�~�K2@P~�@AD*�87ÅG*KADI@CBp�6KTG*KCHQ7M=@2@2�E~�HS1F1=B=;=<23�D�7JGI5�;=<!~�KA56G�HFG�GJD�B21�>�N:3658;27vGJ@�<=@�N�56G*K236NO5�GIH e 7 b
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× ;?~�KA5�Gig]@C1S1Q@8~P7 � ABCD
HQ7P5 e > e 1SH e �AB=58<2D�5�;=�[143OHS;�~�KCH e K�G*K236DI3:58DI3O;=@L=5�D�5�1F143�1v7*H4<23�7 � G*K23 e HSD e 143 ABCD
KA587 e 36;CGJDI3

O � G*K23�<AHS5��6@A;2561Q7 AC
58;=<

BDN:3�3�G#5�G
E � AB

5�;=<
CD

N:3�3�G#5�G
F � AD

58;=<
BC

N:3�3�G#5�G
G � 58;=< M

HS7�G*K23N�HQ<=�*Lp@CHS;CGi@Cg
FG

b!� K23�;
EFG

HQ7oG*K23O<CHQ58�6@A;25�1Q�)L=@CHQ;CG#GJD�HQ5�;=�[143 � ~�KCH e K�HQ7E79361Fg]�e @A; �4Bp��5�GJ3 b
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A′ � B′ � C′ � D′
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A′B′C′D′
	
) " � ��"�#$! 	 �-"�����!�"+� �;	�� 4 � � �/�() 	����
"(���*����) )�� ¶1¶5	-��� ����"�� ��#%#§¶ �*���
	 �
� ��� ���

π/2
!�"$#(	-"���)*< �]­83�3 � H4�[B=DI3 
 b �� 3?B=7,3�G*K23R7)HSNOLA143R;=@�G�56GIHQ@A;

F = ∠AFG � G = ∠AGF �
F ′ = ∠CFG � 5�;=< G′ = ∠CGF

b� K236;
F +G = C = 2(π −A′)

5�;=<
F ′ + G′ = A = 2(π − C′)

b ­6B=NO�N�HS;=��58;=<O<CH��CH4<CHQ;=��M�>
2 � ~�3�@2MCG�5�HS;

(A+C) = π/2 = 2π −(A′ +C′)
b� K236DI36g]@ADI3 � A′ + C′ = 3π/2

5�;=<
B′ + D′ = π/2
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A

A′

B

B′

C

C′

D

D′

E
F

G

H

� H4�[B=DI3 �� ~�@�@CgOG*K23&L2DI@ALp36D�GIHQ3�7f7JGI5�GJ3�<�58DI3&3�5�7)HF1�>
L=DI@6�A38< b ­6HQ; e 3
A′ HS7WG*K23@AD�G*K2@ e 3�;CGJDI3R@Cg�GJD�HQ5�;=�[143

ACF � H�GPg]@C1S1Q@8~P7�G*KA5�G FA′ HS7!Lp36DJL=3�;=<CH e B21S58D�GJ@ AC58;=<�HQ7vG*K23�DI3�g]@ADI3�L258D�561S1Q3612GJ@
BD

b ­6HQN�HS1S58D�1�> � C′G
HQ7�L=5�D�5�1F143�1=GI@

BD � 5�;=<:M2@�G*K
B′F

5�;=<
D′G

5�DI3iL=5�D�5�1F143�1CGJ@
AC

b/� @!367*G�5�MC1SHS7,K�G*K23iDI36NO56HQ;AHS;=�oDI3�7*B21FG�7 � ~�3oB=7,3¡u5�D�GI3�7*HQ5�; e @2@ADI<CHQ;25�GJ367 b� 58�83
E
5�7�G*K23 @AD�H4�[HS; � 5�;=<WB=7,3?G*K23 e @2@ADI<AHS;256GI3�7 A(−rs, 0) � B(0, pr) �

C(pq, 0) � 58;=< D(0, −qs) � ~�K236DI3�G*K23 e @2@ADI<AHS;256GI3�7!5�DI3 e K2@A793�; GJ@ 795�GIHQ7*gF> G*K23HQ;CGI3�D�793 e GIHS;=� e K2@ADI<!G*K23�@ADI3�N?Ø
(AE)(EC) = (DE)(EB)

b
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� KCHS7 3�;27*B=DI3�7?G*KA5�G
A � B � C � D

5�DI3 e @A; e > e 1SH e 58;=<dG*KA56G
AC

58;=<
BD

58DI3Lp36DJL=3�;=<CH e B21S58D � ~�H�G*K AC
5�7�G*K23

x à 5[ß�HQ7�58;=< DB
5�7�G*K23

y à 5®ß8HS7 b Ú�3[GI56HS1S7O@CgG*K23 e 5�1 e B21Q5�GIH4@A;�5�DI3�@AN�H�G�GJ3�< � 5�7iHFG#HS7E7JGJD�5�HQ�6K�GIg]@AD¬~P5�DI< � G*K23O<CH>� e B21FG�L=5�D�GoM=3�HQ;=�GJ@��p;=<�G*K23 e @2@ADI<AHS;256GI3�7o@Cg
A′ � B′ � C′ � 58;=< D′ b�� K23TL=@CHQ;CG�7 F

58;=<
G
GIB=DI;�@CBAGGJ@:KA5��A3 e @2@ADI<CHQ;25�GJ367

F
(

ps(pr + qs)/(s2 − p2), ps(pq + rs)/(s2 − p2)
) 5�;=<

G
(

qr(pr + qs)/(r2 − q2), −qr(pq + rs)/(r2 − q2)
) b £i@�GI3PG*KA56G

p 6= s
5�;=<

r 6= q � 7)HS; e 3 AB
HQ7o;=@�G�L=5�D�5�1F143�1uGI@

CD
5�;=<

AD
HS7o;=@�G#L258D�561S1Q361�GI@

BC
b × G�HS7~�@AD�G*K�;=@�GIHS;=��G*KA56G

EF
58;=<

EG
5�DI3O3��AB=561S1 >�HS; e 1SHS;=38<:GJ@

AC
�45O��;=@8~P;?DI367)B21�G~�K23�;

AC
5�;=<

BD
5�DI3PL2DI3�L=3�;=<CH e B21S58D � bc gSGJ36D�7,@ANO3�5614�63�M2D�5 � ~�3�79383�G*KA56G A′ 5�;=< B′ 58DI3TG*K23�DI3/��3 e GIH4@A;27�@Cg F

HS;
AC

58;=<
BD � DI3679L=3 e GIH �A361 > � 58;=< C′ 5�;=< D′ 58DI3#G*K23iDI3/��3 e GIH4@A;27v@Cg G HS;

AC
5�;=<

BD � DI3679L=3 e GIH �A361 > b �P36; e 3 � G*K236DI3�HQ7�;=@P;=3�38<�GI@PDI3 e @ADI<�G*K236HSD e @2@ADI<AHS;256GI3�7 b � DI@ANK23�DI3�HFGÅHQ7#3�5�7�>!GJ@�7,3�3EG*KA5�G
A′B′C′D′ HS7#5�L258D�561S1Q361Q@2��D�58N � G*KA5�G A′ 1SHQ3�7#@A; EG �G*KA56G

∠A′FB′ = π
2
� 5�;=<:G*KA56G E

HS7�G*K23 e 3�;CGJDI3�@Cg/G*K23 e HQD e 1Q3
A′B′F

bic 1F1�@�G*K23�DDI3�7*B21FG�7�g]@C1F14@8~ �4B=7JGv587#3�5�7)HF1�> b
��!)y � y35.� ���Sy%"�� b �(�

AC
"��,#

BD
"(! � �/�+!
�/���,#(	�� �*�
"(!;"��,#

A′ � B′ � C′ � D′ "(! � � 46�
!0� ) �/��� �
	A½����$	-�6� � �/��	-�,� ���+�,� !0� )���� � 46� � ! 	
"(���*����) 	
� ���(� �*�@� 46�+�

A′ � D′ �3	�� �
� AC"(�6#
C′ � D′ � 	�� �
� BD

<
� B=D�L=DI@2@Cg�@CgP0=DI@AL=@A7)H�GIH4@A; � DI361FH4367�@A; G*K23�g]@C1F14@8~�HS;=�:g45 e G � ~�K2@A793?L2DI@2@CgHQ7�1Q36gSG�GJ@TG*K23PDI3�58<=36D®Ø × g XY Z

HS7#5�GJD�HQ5�;=�[143 � G*K23�;�G*K23P;AHQ;=3��)L=@CHQ;CG e 36;CGJDI3T@Cg�G*K23GJDIHS58;=�[1Q3�1SHQ3�7�@A;
XY

HFgC58;=<P@A;A1 >EHSg |∠X−∠Y | = π
2

b ¤#7*HQ;=�ÅG*K23#5�;=�[143#L2DI@ALp36D�GIHQ3�7@Cg e HQD e 1Q3
ABCD

5�;=<!G*K23�g45 e G�G*KA5�G
AC

58;=<
BD

5�DI3PD�H4�6K�Gv58;=�[1Q3�7 � ~�3PKA5��A3
∠ACF − ∠FAC = ∠BCA + ∠BCF − ∠FAC

= ∠BCA + ∠BAD − ∠FAC

= ∠BCA + ∠CAD = ∠BCA + ∠CBE = π
2

b
jp���%"2y���zv� '3+��R��" � × 58N���D�5�GJ3�gQB212GJ@PG*K23�DI3�g]3�DI3�3Eg]@ADÅ7*Bp�6�63�7JGIH4@A;27ÅGI@THSNOL2DI@��A3oG*KCHQ7L=5�Lp36D�M=@�G*K!HS;�L=DI367,36;CGI5�GIH4@A;�58;=< e @A;CGI3�;CG b
����$N��!���"����&5�{
� ��
 � b cibp§ 5®ß6~�3�1S1 � 7�46�£¹ �
� 46��#
)2����´��-"��,�£´ !0��� �(� �
	H½���¸9���9¶��
� !��5�
"*)+��# �
��� 46�

��)�� ���C¸9���,��!�"+�%1'�9¶��(�����,��� ��)Lµ6� �0�
! #(	-��"�����) � ¡�58NOM2D�H4<2�63#¤#;AH��A36D�7)H�G�>T0=DI3�7)7 ��8��
�� b
� ��
 ¡ b ¯ b ÚvB=DI361F1 � ¹ ��#%�+!��Q¸9���9¶��
� !�� � § 5 e N�HF1S1S58; �uá @A;=<2@A; � �8� � � b� ©�
 ¡ b � b ÙpD�58<A1Q3,> � ¡A> e 1FH e ª B=58<2D�HS1S56GI3�D�561Q7 � ¹ "�� 4 <	¸ ";¼+< �	� � �8�8� � �*� � ��� à � ©�� b

¡uKADIHS7*GI@ALpK236D#� b ÙpD�5�<C143,>
� c £i@AD¬G*K e @�GI3�¥u@A58<ÙpD�HQ7JGJ@C1�Ù�­ �T© �!Ù¤#;AHFGI38< S HQ;=�6<2@AN

cbradley1444@yahoo.co.uk
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� q.hFr tvuMq;m&k�tMq�y�szq {�hMi�|}k�uvmdtxw&u,k	u,k�k�r i²k�w3q%r.hxnRj;sNsFuM��i£m�q�h,j tMi�s}txw&j;m¬~��������.���&�.�
�.�;�&�%����m	j�k�tFi�sHu,k�®

(?)
j��FtMi�sCj*m�r;|�{%i�s�uvm3n;uM�Mj tMi�k7txw j t9j�y�szq {�hMi�| ��j�k�y�szq�yCq�k�i.n��2uMtxw3q%r t

j�k�q.hFr&tvuMq;m/�
��j �Hw�y�szq {�hMi�|�u,k��.uM�.i�m}uvm��&m��.h u,k�w�j;m9n��;szi�m3�Aw��ltxw3i	q����Fu,j.h9h,j;m��%r�j.� i#k*q���  j;m&j&n�j9�

¡xm�u,k�k�r i#k£¢#�p¤���¥��7j;m3nd¦��*��m&�.h u,k�w§�2u h h�y�szi��Ni�n9i���szi�m��Hw&�7j;m9nWuvm�u,kzk.r&i�k}¨��7©��*ª#�7j;m9n¬«��
��szi�m��Hw��2u h h3y�szi;�Ni.n9i}��m&�.h u,k�w/�	¡xm�txw3i*k�q.hFr tvuMq;m&k�k�i���tvuMq;m���txw3ipy�szq {�hMi�| �Ou h hO{%iLk�t,j tFi.n�uvm
txw�i�h,j;m&�%r.j.� i	q��Ctxw3i�y�sFuv|�j;sHo*�Fi#j tAr;szi.n	k�q.hFr&tvuMq;m/�

­�w3iLi.n;uMtFq;sOtxw j;m ®;k/¯.i�j;m3��°1j;sz��­�i�sAsHuMi�s/j;m9n�°1j;s�tvuvm²±�q.hxn�k�tMi#uvm�q���txw�i�³/m�uM��i�sFkzuMtvo�q��
°dq;m�txszi#j.h3�Mq;s�txsFj;m kNh,j tvuMq;m kpq��Ctxw3i�y�szq {�hMi�|�k.�

Õ�ÔiÔ � b ¡u@ADJDI3 e GIH4@A; b ´ ! � �/�()+��#��(��¹ 	-47º"+� �R»@���,�A¼ � �7»6! "�)���½��7¾/�9¶ "(�$	-"2b
á 3�G ABC

M=3!5�GJD�HQ5�;=�[143 � 58;=<:1Q3�G A1 ∈ BC � B1 ∈ CA � C1 ∈ AB
7)B e KG*KA56G

BA1

A1C
=

CB1

B1A
=

AC1

C1B
= k > 0

b
� b 0=DI@��A3iG*KA5�G�G*K23P7,3���N:36;CGI7

AA1 � BB1 � CC1
5�DI3EG*K23�7)HQ<=367#@Cgu5EGJDIHS58;=�[1Q3 b

á 3�G Tk
<=36;=@�GJ3EG*KCHS7�GJD�HQ5�;=�[143 b á 3�G Rk

58;=<
rk
M23�G*K23 e HSD e B=NOD�58<AHFB=7�5�;=<�HQ;2D�58<AHFB=7@Cg

Tk
b 0=DI@6�A3EG*KA5�G®Ø

� b
P (Tk) < P (ABC) � ~�K23�DI3 P (T )

<23�;=@�GI3�7vG*K23PL=3�D�HQNO3�GI3�D�@Cg=GJDIHS58;=�[1Q3
T
«

© b
[Tk] =

k2 + k + 1

(k + 1)2
[ABC] � ~�K236DI3 [T ]

<23�;=@�GI3�7vG*K23P5�DI3�5�@CgpGJDIHS58;=�[1Q3
T
«

� b
Rk ≥ k

√
k P (ABC)

(k + 1)(k2 + k + 1)

«

 b

rk >
k2 + k + 1

(k + 1)2
r � ~�K23�DI3 r

HS7vG*K23�HQ;2D�58<AHFB=7�@Cg 4ABC
b

Õ�Ô�Ó�Ñ b ´ ! � �/�()+��# �
��¹ 	���46� ��»6"��
"*	 �3�����7¾/� ������� �(!�"��,���Cb
á 3�G a > 0

b 0=DI@��A3iG*KA56G
a2 + 1

ea
+

3a2 − 1

3e3a
+

5a2 + 1

5e5a
+

7a2 − 1

7e7a
+ · · · <

π

4

b
Õ�Ô�Ó � b§´ !0� �/�()��(# �(�1¸9���%Á ! ����� < � "(�6#$"*� �
�91�"%¶�#%�����7µ 7 � À � �ib

á 3�G ABCD
M23T58;�>��CB=5�<ADIHF1Q5�GJ36D�5�1 � 5�;=<O143[G M

M=3PG*K23TN�H4<2�)L=@CHQ;CG#@Cg
AB

b� ;oG*K23�7*H4<23�7
CB � DC � 5�;=< AD � 3��AB2HF1Q5�GJ36D�5�1�GJD�HQ5�;=�[14367 CBE � DCF � 58;=< ADG58DI3 e @A;27*GJD�B e GJ3�<T3*ß�GI3�DI;25�1F1�> b á 3[G N

M=3�G*K23�N�H4<2�)L=@CHQ;CG�@Cg
EF

58;=<
P
M23�G*K23�N�HQ<=�Lp@CHS;CG�@Cg

FG
b0=DI@��A3iG*KA56G 4MNP

HS7#38�CB2HS1S56GI3�D�561 b
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Õ�Ô�Ó � b ´ ! � �/�()+��# �
� 	 �
! 	
�>¹��"(!��(4$	�#$"��@�*�¬µ6����� �*	��*�': "��

�
	��
�%"+����� < ��<�µ �;¼0"��0�

µ6�
!�"���	-"*�7¾/�9¶ "(�$	-"2b
á 3�G a1 � a2 � . . . � an

M=3�Lp@A7*HFGIH �A3vDI3�561�;AB=N:M23�D�7 � 5�;=<i1Q3�G Sk = 1+2+· · ·+k
b0=DI@��A3iG*K23�g]@C1S1Q@8~�HQ;=�

1 +
(a1a2

2)
1

S2

a1 + 2a2

+
(a1a2

2a3
3)

1
S3

a1 + 2a2 + 3a3

+ · · · + (a1a2
2 · · · an

n)
1

Sn

a1 + 2a2 + · · · + nan

≤ 2n

n + 1

b
Õ�Ô�Ó � b ´ ! � �/�()+��# �
� 	 �
! 	
�>¹��"(!��(4$	�#$"��@�*�¬µ6����� �*	��*�': "��

�
	��
�%"+����� < ��<�µ �;¼0"��0�

µ6�
!�"���	-"*�7¾/�9¶ "(�$	-"2b
á 3�G a1 � a2 � . . . � an

M=3PDI3�561u;AB=NOM=36D�7o��DI3�5�GJ36DÅG*KA5�; −1 � 58;=<�1Q3�G α
M=3P5�;�>Lp@A7*HFGIH �A3�DI3�561�;AB=NOM=36D b 0=DI@6�A3EG*KA5�GÅHSg
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+ · · · + (a1a2
2 · · · an

n)
1

Sn

a1 + 2a2 + · · · + nan
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(√
a + b +

√
a − b

)

·
(√

a + c +
√
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∑
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a3(b + c)
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≥ a + b + c �

∑

� ����� � � a
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X
0

Y
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Z
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D
0

E
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0
PY � e a�c

CA
0

PZ � e a�c AB
0 l�_�^�\1_ s a e y,_ i � " Z e f s _

XD ⊥ BC
d�f1o

∠ABC = 60◦
0 � _c,d5y,_

∠PXF = ∠DXB = 30◦
"|r c.[1^ 0

PF = PX sin 30◦ = 1
2
PX � a�c,d5a e ^ 0

PX = 2PF
" Z e u eji d/l i � 0 PY = 2PDd�f1o

PZ = 2PE
"

Z e f s _ ∠DPZ = ∠XPF = 60◦
0

∠EPX = ∠Y PD = 60◦
0 d�f1o

∠FPY = ∠ZPE = 60◦
0 � _�c,d5y,_

∠XPY = ∠FPD = 120◦
"x� _�f s _ 0
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[XPY ]

[FPD]
=

PX · PY

PF · PD
=

2PF · 2PD

PF · PD
= 4

b
� K236DI36g]@ADI3 � [XPY ] = 4[FPD]

b ­6HSN�HF1Q5�DI1 > � ~�3�KA5��A3 [Y PZ] = 4[DPE]
58;=<

[ZPX] = 4[EPF ]
b�� KCB=7 �

[XY Z] = [XPY ] + [Y PZ] + [ZPX]

= 4
(

[FPD] + [DPE] + [EPF ]
)

= 4[DEF ]
b

£i@8~�143[G
PD = x � PE = y � 58;=< PF = z �58;=<�143[G

k
M=3�G*K23�5�1�GIHFGIBp<23T@Cg 4ABC

b�c 7#HS7�~�361F1��;=@8~P; � ~�3PKA5��A3 x + y + z = k
b ­6HQ; e 3

∠FPD = ∠DPE = ∠EPF = 120◦ �~�3�KA5[�A3
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E
F

P

x
y

z

k

[DEF ] = [DPE] + [EPF ] + [FPD]

= 1
2
xy sin 120◦ + 1

2
yz sin 120◦ + 1

2
zx sin 120◦

=
√

3
4

(xy + yz + zx)
b

­6HQ; e 3
(x + y + z)2 − 3(xy + yz + zx) = x2 + y2 + z2 − (xy + yz + zx) ≥ 0 �
~�3P79383iG*KA5�G

xy + yz + zx ≤ 1
3
k2
b�� KCB=7 �

[DEF ] ≤
√

3
4

· 1
3
k2 =

√
3

12
k · k =

√
3

12
k ·

√
3

2
BC = 1

4
[ABC]

b
� K236DI36g]@ADI3 � [XY Z] ≤ [ABC]

b
� b�� HFG*K2@CBAGo1Q@A797�@Cgv�636;=3�D�561SH�G�> �~�3EN�5�>T5�797*B=N:3�G*KA5�G

P
HQ7Å5ELp@CHS;CGÅ@A;G*K23�N�HQ;=@ADp5�D e

BC
b ­6HQ; e 3

XD⊥BC �~�3!KA5��A3
∠PXB = ∠DXB = 30◦ b­6HQN�HS1S58D�1�> � ∠PY B = ∠EY C = 30◦58;=<

∠PZC = ∠FZA = 30◦ b ­6HQ; e 3
∠PXB = ∠PY B � ~�3O79383!G*KA56G B �
P � Y � X 5�DI3 e @A; e > e 1FH e�b�� KCB=7 �

∠PY X = ∠PBF
b � � �­6HQ; e 3

∠PY B = ∠PZC � ~�3�7,3�3vG*KA5�G
P � Z � C � Y 58DI3 e @A; e > e 1SH e�b�� KCB=7 �

∠PY Z = ∠PCZ
b � � �
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­6HQ; e 3
A � B � P � C 58DI3 e @A; e > e 1SH e � ~�3�KA5��A3 ∠PBF = ∠PCA

b �P36; e 3 � g4DI@AN�� � �*�
∠PY X = ∠PCA

b ¤#7)HS;=��� � �)� ~�3��63[G
∠PY X + ∠PY Z = ∠PCA + ∠PCZ = 180◦ b

� K236DI36g]@ADI3 � X � Y � Z 5�DI3 e @C1S1FHQ;=3658D b
q¬q b ���������
	��
�?�(� .+	/¿�46� ����´ ���x· µ6�9¶1¶ �(�$	��-�1µ6��� ��� ��� � ��	
� ���+!�1�"3½��+������.*� À ���ib

� bÛc 7)7)B=NO3�G*KA56G 4ABC
KA587�7*H4<238�J1436;=�®G*K

2 � 143[G G
M=3�G*K23 e 36;CGJDI@CH4<W@Cg

4ABC � 58;=<!1Q3�G Ω M23iG*K23P<CHQ79� e 3�;CGJDI3�<�5�G
G
~�H�G*K!D�5�<CHSB=7

2
√

2
3

b�� 3�~�HS1F1=L=DI@6�A3G*K23P7*GJDI@A;=�636DvDI367)B21�G�G*KA56G
[XY Z] ≤ [ABC]

HFgu58;=<O@A;A1 >!HSg
P ∈ Ω

b
× ;=<=3�38< � 793�G�B=L!G*K23 e @2@ADI<AHS;256GI3E7�>27JGJ36N�7,@PG*KA5�G A = (0,

√
3) � B = (1, 0) �58;=<

C = (−1, 0)
b ­6B=L2Lp@A793oG*KA56G

P = (u, v)
b�� K23�;!H�G�HS7�DI@CBAGIHS;=3oGJ@!<23�D�H��A3oG*KA5�G

X =
(

u,
√

3(1 − u)
) � Y = (u +

√
3v, 0) �

Z =
(

−1
2
(u −

√
3v + 3), −

√
3

2
(u −

√
3v + 1)

) b
� KCB=7 �

[XY Z] = 1
2

∣

∣

∣

∣

∣

∣

∣

det







u
√

3(1 − u) 1

u +
√

3v 0 1

−1
2
(u −

√
3v + 3) −

√
3

2
(u −

√
3v + 1) 1







∣

∣

∣

∣

∣

∣

∣

= 3
√

3
4

∣

∣

∣

∣

u2 +
(

v − 1√
3

)2

− 4
3

∣

∣

∣

∣

b
­6HQ; e 3

∂Ω
�FG*K23!M2@CB=;=<25�D|>�@Cg

Ω � KA587�G*K23!38�CB=56GIHQ@A; x2 +
(

y − 1√
3

)2

= 8
3
�~�3i79383#G*KA56G

[XY Z] ≤
√

3 = [ABC]
HSg=5�;=<T58;=<!@A;A1 >�HSg

P ∈ Ω
buc 1S7,@ � 3��AB=561SH�G�>K2@C14<A7�HFgu58;=<�@A;A1�>!HSg

P = G
@AD

P ∈ Ω
b

� b × g P 1FH4367�@A;!G*K23 e HSD e B=N e HSD e 143�@Cg 4ABC � G*K23�; u2 +
(

v − 1√
3

)2

= 4
3

b
�P36; e 3 � [XY Z] = 0

«8G*KA5�GÅHQ7 � X � Y � Z 5�DI3 e @C1S1FHQ;=3658D b
��� ���������
�����!��� � @(8 ��� � �.��FC�3@ � ����$ � �)"#���.$'��'(���:=A���58 �5@�� 8�� � F�@ �?$�� 6 �C���)"�'(6��#�)".- B:��'A�

�.- �.-
�,8/��� �
�7%#�7$ ����) � 6 �#$�� 0G$ ������� 
3���#F �
� � � � 4 0�����$ �:'A�?"�� 6 �/���.%���JI�.��� 6
"�JK$&@ �)�.����'7".= ��$#�3"���- '(6 �"�
	,E � @ ��� ��0 �,4 �)0�43$ �G���#����' -
���.$�0 � $������������:F�� � ��E 
I0 0�$ � 69��� ���&�#6
����'(� 6
- ��$���� � 6 '(�#����$�8���$
� �7����F#@ F���%#;/014 � � �:$�8/��J #���:�`���- 6 $ � ��JI���#6 �"�&���:�I- B:��)/'C��)G������'�E

��� ���#" $�&/'2'5(7)p+2-�&.0E+2-�354 698�:�;<:�=?>�@ A2C{M/��R/�
�
PN:�= � :��
:2��>?8�:����R/8
	L�.>���TVN�.H�
/>?8�=�H�@.R.@B@1>��,R�SjStR.@1:/S�H�@2T��,R�SjStR.@1:/S�H�@2TN~?;KR�HI�N"

Z�[1\1\1],^`_na�c,d�a 4ABC
c,d/^

∠A = 90◦ d�f1o
∠B > ∠C

" � _5a
H � _Ea�cG_q�]G]2a ].qUa�cG_E\9_�lk\1_/f1o ets [ i d�l%qtl�],u A

a�]
BC

"Br cG_E\9] e f.a B′ ije _�^v],f BC
d�f1o e ^a�cG_*u e l�l�],l e uEd�m�_*].q B e f|a�cG_ ije f1_ AH

" Z�[1\G\9],^�_na�c,d�a
D e ^pa�cG_Eq�]G]2a ].qYa�cG_\9_�lk\1_/f1o ets [ i d�lNqtl�],u B′ ak] AC

0 a�c,d5a
E e ^<a�cG_�q�]G]2a<].q.a�cG_�\9_�lk\1_/f1o ets [ i d�lNqtl�],u Dak]

BC
0 a�c,d�a

F e ^Ua�cG_%q�]G]2aY].qGa�cG_p\9_�lk\1_/f1o ets [ i d�lUqtl�],u B
a�]

AB′
0 d/f1o a�c,d5a

G e ^a�cG_pq�]G]2ax].qGa�cG_ \1_/l�\9_�f1o eIs [ i d/lYqtl�],u F
a�]

BC
"�� l�]/y,_ a�c,d�a

AH = DE + FG
"
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��¹ 	3� �
)pµ6���3�����+	-"���� ����)*�
	���������� 7*�
!0�
�,���(�68;:Tb
­6HQ; e 3 e @ADIDI3�7)Lp@A;=<CHQ;=��7)HQ<=367Å58DI3oL=5�D�5�1F143�1 � ~�3i�63�G 4DB′C ∼ 4ABC

«�5�;=<7)HS; e 3
∠BB′A = ∠B′BA � ~�3#561Q79@PKA5[�A3 4FB′B ∼ 4ABC

b ­6HS; e 3
AH � DE �

FG
5�DI3 e @ADIDI3�7)Lp@A;=<CHQ;=�#561FGIH�GIBp<=367Å@Cg 4ABC � 4DB′C � 4FB′B � DI3�7)Lp3 e GIH��A3�1�> �~�3�KA5[�A3

DE

AH
+

FG

AH
=

B′C

BC
+

B′B

BC
= 1 �58;=<!G*K23�DI3�7*B21FGÅg]@C1F14@8~P7 b

��� ��� �����
����� ��� � @( ���� ��� � �)4  ��)��� 8:0�;�����$,8.��� � ��6 %)"#��'(��$�� ��� �
��'C=
��$ �")/��6 �������� � � �&F
� � � ��� 4 �H �@�#8.$'�:�.69����'(� 69-9�K� ! ����'(��� ������$ ����'(��� ������$ �G���C�.6 �����:� �5��'��7�7%.�#�76 �.����� @A8 �
� � �.��FC�3@ � ����$
� �)".���#$
��'(���/= ����8 � � @ � F�0 ���
� � ��E � � ��	���� �)$ �/'(6 ��-
��� $ � � ��8 �5@�� 8�� � F#@ ��$
� 6 �C���)"�'(6 �#�)".- B:��'A�
�.- �.-
� 8/��� �
�7%#�7$��?��) � 6 �.$
� 0�$ � �7��� � @(8 ��� � 	 @AE���� � �?$ � ���/=(B/� �.�?�
��� ;/��'C�)��� $�8���$$������� ��0 �,4
 �E ��� ��;�� � $� :'(���:�)� � '(�?6 '(69�7$)� � ��	,E � @ ��� ��0 �,4 �)0�43$��G���#����' -
���.$�0 � $
��������	�0 �� 4
��
�� ��43$
�����:=
����-
��'($�8���$�����������0 � ���.8 � �.0 � � � �  /$ �/����� 6
�)�7$K4��)$�� �7���IF�0 � � @(0 ��� @ � @ �?��$ � ��D����C� ��6 $
�7�")/��� � ��0 ����� ��� � �)$��#�����.6 ��$34 � $
� �7���
	,E ��E ��� � �)4 � $ %?�?�
->�)��JIJ<�7� $H-9B/� 45��-9B/��'(� ���:��� ��� ���#4 �
;G@ �.@ #8#$ �#��= ���/���36 %�B��.=>B:�.��� ����'(��� ������$�����'(��� ������$��G���C�#6 �5���:���5��'��7�7%.�#�76 �.��� ���&F � � ��E 
K0�0G$�� 69��� �
�&�#6
����'(� 6
- ��$ ��� � 6 '(�#����$ 8���$'� �7��� �#@�% � 0��/$��/��� � 8/��JIJ "��.69-9��8/��� �9�7%.�7$�
�6 �/->��'����#�����#$ � ��$'� �7���
F#@ F���%#;/014 � � �:$�8/��J #���:�`���- 6 $ � ��JI���#6 �"�&���:�I- B:��)/'C��)G������'�E

�������#"�$�&/'2'��*)1+.-��,0K+.-/3�4 698�:�;<:�=5>/@ A�C M5:�= �>�	G��H�=�
 �� R � � PLR/8k8�>?8�:�T%VN�.H�
/>?8�=�H�JIRGJ69:/S�H�J�
> � �.H � Rn@1> DGRGJIR�S����1C�R/TUPLR/8 � >�S�:2�1R�TN~5;KR5Ht�Q"
Z�[1\1\1],^`_pa�c,d5a

a
0
b
0 d/f1o

c
d/l�_#\1],^ e a e y,_ l�_�d i f,[1u � _�l�^ " � l�]�y,_pa�c,d5a

1

a2
+

1

b2
+

1

c2
− 27

(

ab

c
+

bc

a
+

ca

b

)−2

≥ 1

3

[

(

1

a
− 1

b

)2

+

(

1

b
− 1

c

)2

+

(

1

c
− 1

a

)2
] "

~,:/S��GJIH�:2� A2C��9����>`H���F1R.:�T2=�J��.@1>5�KJtT�
%:2� � H�SjSI=xDL:/S�S�>��5HtR,J�>����G=5JIH�J��,J�>�TQ�/:28�:2�QJ�:�T���� O
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√
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sin A − cos A =

√
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AU2 = c2 + a2 − 2ac cos
(

B +
π

2

)

= c2 + a2 + 2ac sin B

= c2 + a2 + 2bc sin A

= c2 + (b2 + c2 − 2bc cos A) + 2bc sin A

= 2c2 + b2 + 2bc(sin A − cos A)

=
(

b +
√

2c
)2

+ 2
√

2bc
(

sin
(

A − π

4

)

− 1
) b

� KCB=7 � AU2 =
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√
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+ m � ~�K23�DI3 m = 2
√
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sin
(

A − π

4
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√
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√
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√
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√
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)2

+ m
(

c +
√
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A − π
4
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= 1
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A = 3π
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Z e f s _
sin(40◦) = 2 sin(20◦) cos(20◦) < 2 sin(20◦)

= 2 sin(60◦ − 40◦) =
√

3 cos(40◦) − sin(40◦)
0

� _vc,d?y,_ 2 sin(40◦) <
√

3 cos(40◦)
"� _�f s _ 0

4 sin2(40◦) < 3 cos2(40◦) = 3(1 − sin2(40◦))
0

],l
7 sin2(40◦) < 3

0 qtl�],u � c eIs c sin(40◦) <
√

3
7
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5
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√

5
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1 − cos(80◦)
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cos(80◦) > 1
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c = sin(10◦)
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0 < c < 1

"	� l�],u 1
2

= sin(30◦) = 3 sin(10◦) − 4 sin3(10◦) = 3c − 4c3
0 � _] � a�d e f 8c3 − 6c +1 = 0
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0 � _%un[1^kaYc,d5y,_ −6c +1 < 0

"x� _/f s _ 0
c > 1

6

0 d/f1o � _ d�l�_#o1],f1_ "
&(' )+*J)+*,'.-,/10E243W@G&�k I�N�;T&T;8N,o�&�QJ9�NP6�>�)+][q=0P/+Cn] >RI�C8X.-,/+Z[)\X.] 35*,^P&AZ[X dG*1CPBF>R<4q=r.)+*1C=>P&�s+>�I$@G&�K

9�Uvg(QhQJNia=&�U[;8Nn:P>�NP;4@8U[N�H1&�kml�a$NP;=;F>(B1Cn0iHncR&T6�;8N=@�6Aj(9�U.kmUeQhQJUeN4>$&AC8f=/G'Y*�@=] B=]./�I�C=XY-1/+Z[)\XY]Y3F>
@1B,C%&(C=f8/G'.*,>h<?o(>hI$@G&�KAkmU[HncWNP;�a=&�<?&TUe;=;8N4>R6�*Pq=/+C8>TO1Z[B1Cnr\/`K�a$6�U &�Q 9hj�a$N,&A@=;8Nn:P>Rl�Z?/+)+2438]e/+Z[X B1C
Hn*,' 'Y/Gf=/G>RH8' X C�].*1C=>�@PH8>�I$@G&�K�kmUec V&T;1:ia$NPQWH8s4N1>AanZ[B1)+*8-G>A6�*1tEB1C8X B+KTHncW6�UY@n<4gAl�cWNP6�D1j$a$6�&T9�;8Nn:P>
anZ[X )+].*,' >MI�7nK5HncJU[l H�I�6R<4U.@F>WkiX )?)+*Pq1Z[Xp@8*Pq=] u�/+ZvCx@=] B=]./�Hn*,' 'Y/Gf=/G>�DF*Fw�' X C=>bkxg�>%I$@G&�KWU &�Q D=I�QJN
;�jJSP&�6(HnN=@F>�&�]e/+Cn/1*x0P/ik�B1C8X ' B I�C8X.-,/+Z[)\X.] 3,>�<,un/ l�u8X ' X wPw�X C�/+)\>5B,C�0 S�Uvg �,&RQhQJUbkM&�s+s`&T6�NP;=;=g�>
OP/+ZvZ?*8-GX./E0P/G' '.*�@=] B=].*,>TO,'.*1Z?/+Cnr\/G>�Ue] BF' 3+K�6�U[Hnc�&�6�9 Uvj�cWN8@4@F>R6�B1Cnr[un*Ml=BF'.*1) ��/+Z?0P/+)\>�H1&(>hI$@G&�K�D,gRN
c5gTy�&�6�9A>�ln*1Z`] B,'Y/+)\>$Qhki>�I$@G&�K(y�&�;=<4cWNP6�Dv&�QWgpI$@F>�I�Zv)Fq,' X Cn/+C=f131tEC=B1)\X.q1tb>�U CPC=)+24ZGq=rez4>P&Tq1)+] Z[X B+K
9hj%7�U[l�l D,gRchQp@Pg(QT>Ma$/+B=-,/+Z`]e*1C8>mgA6�>mI�@+&�K�S�NngAOPO=6�Nn: &pj�78&RQJ9�&�;=;F>McpB,t�0P/+C=>mH�<?>�I$@G&�K
7�NPN�
GyT&TUR;G&hI�>(cW*1C8f�7$*1C=fF>�H=u8X C=BFK�9$& ��U[9 N�j�kM&RQJN=@F>�@�I�QW:�B8]�g�C�/1*1Cn] BF>�g�Cn/1*1C�] B,>AQW:P>�I$@G&�K
QWgR6��F&T;89 kmUe9h<P<�I$QT>�6�*13FB,'WQJ*1Z
�p/Gf,X B1C Q�B8-+BF'�&Tr.B=0P/+t�3F>%@?_��8z8Z[X f1)?)?z=*,'./+C8>�a$/+Zef=/+C8>%QJ*1Z
��B43+K
9pghI�S�QJN�y5kM&RQT>$;,B1CnreB,)+]e/+Z[>$H1&�>AI$@G&�KnkmUvHncR&TNP;5l,&�6�kmNPQb<4N�6�>�km/+t�*1Z[X BF'(I�C=XY-1/+Z[)\XY]Y3h*,^�QJ/���

^e*Pq1Cn01' B,C�01>=@8]\jvDF*1uPC�� )\>PQJ;+K=9hj D4j+@4kmN�N=QJ7�>,sFBF'.]e2P*1tEt�/G' >P]Yun/(QJ/1]Yun/+Z[' B,C�04)vKPkmUe7�N�@=l�U �$N�:P>4@1B,tb^e*1Z?0



�	���

�&�#6
����'(� 6
- ��$ � 6 'AJK6 �#%���JK$ � ��$������������ ��� ��#���I;&@�� ��� � � � �G@A0G$ �����/- ���:�)��'($���)/�?6 � � � FC��4 
3�H �0�43$
� �.=
���9����->��'H8/��� �
�7%#�7$ �#- E �.�."�� $�� 43$
��������� @(8 ����� � 
3�3F �)0�43$&��-A"#�)���:- $
�:�.69����'(� 69-9��� ! 
5�#->��'(�9�.��$

5�#->��'(�9�.��$ 014�� ���:F�� � ��E 
K0�0G$ � 6
��� � �&�#6
����'(� 6
- ��$ ��� � 6 '(�.���?$ 8���$ ������� � ��� �)@ % � �H0G$���-(".�)���/- $
	H��� � 6 � � �18/��� �9�7%�6 �.-
�3@ �)��- 6
-(".-
�7$�F���'C���:-
��$&0�4�� �#@�% ��0 �:$ �/��� � 8/��JIJ "��#6
- �58/��� �
�7%#�7$ 
�6 �/->��' ���#�����#$
� �?$ ������� ���/�K-9B/� )/'C��)G������'�E �.���9����'(� D�B/���.�)- ��6 �:����-9B/�3�CB.��' )G��'1�)�)"��:�,%?6
����� 6 � �#���>"#- 69��� @(@/�.�)�#���
D���'C� �/�?6 �9������-:���>E $ �G����� �9����$ �5���C� $:���:�'� ���/�)"���E

� ����-�� !�- B:�H�����
".- 6
���.��"������K=>�?�
=C"��
"��H��'�= ���/=>�#��69-9�5���:�'�?���)�����G2 �H@ �:��� "���� 6
- � E

5�?%.��� = ��JIJ<���/->�����(69-�6 ��)G��6 �/- �9���C� -
� )G����� ��)/'C�.���
��J D 6
- B!-9B/� 'C����- '(6
= - 69����� D 69-9B/�)".- -9B/�

"����I� !�� =
���9= "?� �#->��'?2 D�B:���!=>�?�
=C"�� �.- 6
���.��=>��� �)�I�)���/� ����)G���:=
6 �G���/� )/��)G��'�E F�B/� ���#� �IJ<�����.6 �.%�!("��
6 �/->��' )/'C��- �.- 6
��� � !�-9B/��)/'C�.���9��J 6 �H- B)�#-:69-GD���� J<�����:-�-
�K�)�5�)���/�,D 6
- B:�)"#-&�:"�J<��'(69=>�?�&= ��J )�"#- �#- 69���)�
� !���� �K����' - $ � "#- -9B#6 �,D��)"��9� )/'C��=
�>"#�)�I"�� 6 �.%

1 + 1 = 2
E �#��$�@�B.�.���I-
�I�C���<- B)�#- @�!>���7��- B)�#-��?".=>B

)/'C�.���
��JI�:�CB:�)"?�
� �:�.-���) )G����' 6 � 8.'7" ����E�
K�G6 �/��69->�1�)"�' 'C���.�)��'(��-
� �����/�,"��G�#�)"�'G��) 6 �.69���)�����,D�B:��- B:��'
�#�)"5�?%�'C����D 6
- BIB#6 �3= ��JIJ<���/- ��E

�����	��" $�&�'�'�( )W+.-��,0v+2-���4 698�:�;<:�=5>/@�A�C 
 O M/O%~���>/>5�G�2Tm��R�S�J�AG:2�E��>�S�T*J�FL>
�#>2J�FL>58�SIR��L@2=/"

w f 4ABC � e a�c ske l s [1uEl�d�o e [1^ R
0 i _?a AD

0
BE

d/f1o
CF � _�a�cG_%d i a e a�[9o1_�^ "� _5a

P � _nd�f ��e f.ak_�l e ],l%\1] e f.a%].q
a�cG_bakl e d/f1m i _ "nr cG_ ije f1_ba�c,l�].[9m�c P
\1d/l�d iji _ i a�]

EF e f.ak_�l�^`_ s a�^%a�cG_ ije f1_ AC
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E1F1 cot A + F2D2 cot B + D3E3 cot C = 2R
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∠PF1F2 = ∠EFA = ∠C = ∠DFB = ∠PF2F1 �a�c.[1^ 0
PF1 = PF2

" � e ��_ � e ^`_ 0 PD2 = PD3
d/f1o

PE3 = PE1

"x� _�f s _ 0
E1F1 cot A + F2D2 cot B + D3E3 cot C

= (PF1 + PE1) cot A + (PF2 + PD2) cot B + (PE3 + PD3) cot C

= (PF1 + PE3) cot A + (PF1 + PD2) cot B + (PE3 + PD2) cot C

= PF1(cot A + cot B) + PD2(cot B + cot C) + PE3(cot C + cot A)

=
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CF
+

PD2 · BC
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+
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+
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+
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1 + x2

2 + · · · + x2
n = 1 �

:2; !	1 # 7 '�-�/	0 0 p > 0 #	< ! ; /�,�!
n
∑

j=1

xj

1 − xp
j

≥ n(p+1)/2

np/2 − 1
�

F�B/�)"�%�B!� !>��D �����9����'(����- �#->��� - B)�#-3��� "��?� 69-9�IB:���9����6 � -9B/��%?6
����� 6 �:��� "���� 6
- � ���#� �I6 !
n = 2���/�

a = b = c = 1/
√

3
$��:�����/�5�.= -A"���� � � %��#���5� �)��- �?6 �9����)/'C�.� !

(
-9B/�)"�%�B!-9B#6 ��6 �3�:�.-1��6 = =C"��9-

)
E

@9�/�)������$ ! 'C��J -9B/��)/'C�.� !/%�69������6 �<- B:�3�����>"#- 69���I�.�)�#���,D��H�����,- B)�#-:6 !G��� "��?� 69-9�,B/���
��� $G-9B/����D��3J "���-
B)�#���

nxn = 1 − xn
$���'

x =
1

n
√

n + 1

D�B#6
=>BK6 J ) � 6
���3- B)�#-
a = b = c =

1

(n + 1)1/n

E ��'C��J

a2 + b2 + c2 = 1
$:D���- B:���5%.��- 3

(n + 1)2/n
= 1

��'
(n +1)2 = 3n $:D�B.69=(B =
�
����'(� �HB:���9��� D�B:���

n = 2
E ��".-����,�5� 6 J ) �
��6 �:� "#=C- 6
���#$����:�5=
��������� 6 � �,�CB/�#D -9B.�.-

3n > (n + 1)2
!>��'��?� �

n ≥ 3
$:���:�

-9B/�5= ���/=>�
"�� 69��� !>��� �9�#D���E
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=
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BE = OE = 1
2
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AD · BC = BE · BC = BA · BD �
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0
. . .
0
xn � n ≥ 2

� d/l�_p\1],^ e a e y,_%l�_�d i f,[1u � _/l�^ " � l�]�y,_ a�c,d5a
(

x2
1 + · · · + x2

n

)

(

1

x2
1 + x1x2

+ · · · +
1

x2
n + xnx1

)

≥ n2

2

"
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2(x2

1 + x2
2 + · · · + x2

n) − 2(x1x2 + x2x3 + · · · + xnx1)

= (x1 − x2)
2 + (x2 − x3)

2 + · · · + (xn − x1)
2 ≥ 0

0
� _vc,d?y,_ x2

1 + x2
2 + · · · + x2

n ≥ x1x2 + x2x3 + · · · + xnx1

"x� _/f s _ 0

2(x2
1 + x2

2 + · · · + x2
n)

(

1

x2
1 + x1x2

+
1

x2
2 + x2x3

+ · · · +
1

x2
n + xnx1

)

≥
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(x2
1 + x1x2) + (x2

2 + x2x3) + · · · + (x2
n + xnx1)
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·

·
(

1

x2
1 + x1x2

+ · · · +
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n + xnx1
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n
∑

k=1
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k

)

n
∑

k=1

1

axm
k + bxkxk+1 · · · xk+m−1

≥ n2
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b� @�L2DI@��A3�� � �*� ~�3E�=D�7*Gv5�L=LA1�>TG*K23�0A@8~�36D à § 3�5�; × ;=3��AB=561SH�G�>!GI@�@2M�GI56HQ;

n
∑
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∑
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∑
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∑
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∑
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∑
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