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HJI	K$LNMOM PQISRTI�UTV*LNWXIJY�MNMZR\[QI7]_^a`b`bLdcaMdI7]XI�UeLf^QPa`9^hgiYJ]XI�UeLf^QPhLfjk`BI�lam_I�WXj\IJ^hggdmXWXjTRTLf^aWQ`�^QcnRTY�LdWXI�P	c�o;LORTI�UeYSRTLdWXp/Y9qsr^QcaLOmX` gdmXWXjTRTLd^aW;K$LtR\[9UeYSRTLf^aWQY�Muj"^QI�vwj"LfI�WhRT`�x
y{z;|T}�~n�����3�Z��~�����}

�'����X������� �e�������d���n� Ld` Y$gdmXWXjTRTLf^aW	^hg_R\[QI/g�^aU"V
f(z) =

az + b

cz + d � �����Kk[QI�UTI
z
LN`iYkj\^aV*]QMdIb�/ hY�UeLdY�caMdI�Y�WXP;R\[QIkj"^QI�vwj"LfI�WhRT`

a � b � c � Y�WXP d
Y�UTIkj\^aV*]QMdIb�WamXVwcQI�Ue`i`bm_jb[¡R\[aYSR

ad 6= bc
x�¢�[QIkj"^QI�vwj"LfI�WhRT`{g�^aU"V£Y

2 × 2
V*Y�R"UeL �

A =

[

a b
c d

] x
¢u[hLN`9V	YSR"UTL ��LN`9WX^nR�mXWaLdlam_ISMto¤PXI¥R"I�U"V9LdWXI�P¦c�o

f § LtR¡j"Y�W¦cQIJV*mQMtRTLd]aMNLdI�P¤c�o¨Y�WnoWX^aWX©"ªbI�UT^�j\^aV*]QMdIb�?WamXVwcQI�U�x7¢u[QI�«X¬ � ¬¥­"® �f�Q¯��u� ^hg�R\[QIwV	YSR"UTL �
A
Ld`kPQI�°XWXI�PJRT^cXI

det(A) = ad − bc
x7±{mXU�Y�`�`\mXV	]hRTLf^aW7R\[aYSR

ad 6= bc
Ld`�I�lhmQLt hY�MfI�WhR(RT^?R\[QIj\^aWXPhLORTLd^aW

det(A) 6= 0
x³²�W´^nR\[QI�U$Kk^aUTPQ` � R\[QI�V*Y�R"UeL � A

Ld`*`\mX]X]X^a`BI�P¨RT^¦cXILdWn aI�UeRTLdcaMdIXxµ�^nRTI¡R\[aYSR R\[QI;LfPQI�WhRTLtR�owgdmXWXjTRTLf^aW
f(z) = z

LN`/Y?qsr^QcaLOmX`�gdmXWXjTRTLd^aWwKk[Q^a`�I
j\^QISv?j"LdI�WhR�V*Y�R"UeL ��Ld`�R\[QI

2 × 2
� «X¬ �=�d����¶ ® ¯a� ­ � ·

I =

[

1 0
0 1

] x
¸ ISR

f
Y�WXP

g
cXI;qsr^QcaLOmX` gdmXWXjTRTLd^aWQ`�K$LOR\[;UTI�`b]_I�jTRTLt aI�j\^QISv?j"LdI�WhR�V*Y�R"UeLfj"I�`

A =

[

a1 b1

c1 d1

] Y�WXP
B =

[

a2 b2

c2 d2

] x
¢u[QIkj"^aV	]X^a`bLtR"I/gdmXWXjTRTLd^aW

f ◦ g
Ld`iPQI�°XWXI�P	c�o

f ◦ g(z) = f
(

g(z)
) x�¢u[hmX` �

f ◦ g(z) =
a1

(

a2z + b2

c2z + d2

)

+ b1

c1

(

a2z + b2

c2z + d2

)

+ d1

=
(a1a2 + b1c2)z + (a1b2 + b1d2)

(c1a2 + d1c2)z + (c1b2 + d1d2)

x
HJI�`�I�I�R\[aYSR

f ◦ g
LN` Y�WX^nR\[QI�U�qsr^QchLNmX`{gdmXWXjTRTLf^aW � Y�WXP;R\[aY�R¹LtRT`ij"^QI�vwj"LfI�WhR�V	YSR"UTL �Ld`ZR\[QI$V*Y�R"UeL �$]XUT^QPhm_jTR

AB
x � ��`�Y�j\^aV*]_^a`\LORTI�gdmXWXjTRTLd^aW � f ◦ g

V	Y¥o9cXI�mXWXPQI�°XWXI�PY�R�j"I�U�RTY�LdWk]_^hLNWhRT` � camaRuKkI K$LOMNMhY�MtK�Y¥oQ`ZY�`�`\mXVwI R\[aY�R�j"^aWhRTLdWam_^hmX`�I\��RTI�WQ`\Lf^aWQ`¹[aY¥ aIcXI�I�W*V*YnPQI(Kk[QI�UTIB aI�U�]X^a`�`\LfchMfI(R"^;V*Y¥��LdV9LOªbI(R\[QI�PQ^aV	Y�LdW3x�¢�[hLd`¹K$LOMNMXY�MNMd^�KºmX`�RT^`�Y¥o � g�^aU�I\��Y�V*]QMdI � R\[aYSR¹LNg f(z) = 1/z � R\[QI�W f ◦ f
LN`�R\[QI$LdPXI�WhRTLOR�o9gdmXWXjTRTLd^aW3x �»S¼b½\¾�¿�À ÁTÂTÃ

c© Ä"ÅbÅbÆ »�Ç"È�Ç\ÉbÀ Ç"È{Ê¡Ç�Ã�ÂbËTÌ�Ç�Ã�À Í�Ç"Î�Ï"¼�Í�À Ë�Ã�¾



���
��L  aI�W7Y7qsr^QcaLOmX`�gdmXWXjTRTLd^aW

f � KkI9PXIS°_WXI9Y*`�I�lhm_I�WXj"I {fk}∞
k=0

^hg{qsr^QchLNmX`gdmXWXjTRTLf^aWQ` � Kk[QI�UTI f0

Ld` R\[QIkLdPXI�WhRTLOR�o	gdmXWXjTRTLf^aW � f1 = f � Y�WXP fk = f ◦ fk−1

g�^aU
k ≥ 2

x ²fR¹LN`�I�Y�`eo¡R"^9]QUT^� aI$LdWXPhm_jTRTLt aISMto;R\[aYSRZR\[QIkj\^QISv?j"LdI�WhR�V	YSR"UTL �;^hg
fk

LN`
Ak �Kk[QI�UTI

A
LN`�R\[QIkj"^QI�vwj"LfI�WhR�V	YSR"UTL �¡^hg

f
x¢u[QI$`�I�lhm_I�WXj"I

{fk}
Ld`{`�Y�LfPkRT^9cXI���¬¥­ ��� « ��� LNgXR\[QI�UTI/LN` Y$]_^a`\LORTL  aI�LdWhRTI�p�I�U

n`bm_jb[*R\[aYSR
fn = f0

x�¢u[QI¡`�V*Y�MOMfI�`\R{`bm_jb[	LNWhR"I�p�I�U
n
Ld` R\[QI�W7jTY�MOMfI�P*R\[QI���¬¥­ ��� «*^hgR\[QI�`BI�lam_I�WXj\IQx�¢�[hmX` � LOg n Ld`�R\[QI�]XI�UeLf^QP � R\[QI�UTI(Ld`¹WX^k]X^a`bLtRTLt aI�LNWhR"I�p�I�U m < n

g�^aUKk[hLfjb[
fm = f0

x��{jTRTmXY�MOMto � KkI�WXI�I�Pk^aWaM o�UTmQMdI(^hmaR=R\[QI�]X^a`bLtRTLt aI�PaL  aLN`B^aUe` m
^hg

n
x²�g

`
LN` Y�WX^nR\[QI�U�]X^a`bLtRTLt aI/LNWhR"I�p�I�UZg�^aU�Kk[hLdjb[

f` = f0 � R\[QI�W9R\[QI�pSUTI�YSR"I�`\R{j"^aV	V	^aWPaL  aLN`B^aU�^hg
n
Y�WXP

`
Y�MN`B^9[aY�`�R\[hLN`i]QUT^a]_I�UeR�o3x

� UT^aV WX^�K ^aW � KkI¡Y�`b`bmXV	I�R\[aY�R{R\[QI;j\^QISv?j"LdI�WhRe`/^hg f
Y�UTI¡UeY�RTLd^aWQY�M�x(¢�[QI�WI�Y�jb[7gdmXWXjTRTLf^aW

fk

[aY�`$UeY�RTLd^aWQY�MZj"^QI�vwj"LfI�WhRT`�x*¢�[QI	`�I�lhm_I�WXj"I
{fk}

LN`$]_I�UTLd^QPaLdj�LOgY�WXP9^aWaM okLNg
An = αI

g�^aU�`B^aV	I�]_^a`\LORTL  aI(LNWhR"I�p�I�U
n
Y�WXP¡`B^aV	I�WX^aWX©TªbI�UT^kUeY�RTLd^aWQY�MWamXVwcQI�U

α
x q¨^aUTI�^� aI�U � LNg Am 6= βI

g�^aU;Y�Wno¦]X^a`bLtRTLt aI�PaL  aLN`B^aU
m

^hg
n
Y�WXPY�Wno?WX^aWX©TªbI�UT^	UeY�RTLd^aWQY�M=WamXVwcQI�U

β � R\[QI�W	R\[QI;`�I�lhm_I�WXj"I¡Ld`�^hg3]_I�UTLd^QP n
x(HJI$K$LNMOMPXI¥R"I�U"V9LdWXI�Y�MNMQR\[QI$]_^a`b`bLdcaMdI$]_I�UTLd^QPQ`�x

� z��
	���
��n~��¹�3��
��
¢u[QI�LdPXI�WhRTLOR�o�gdmXWXjTRTLd^aW

f(z) = z
Ld`Z]XI�UeLf^QPhLfj�^hgQ]_I�UTLd^QP

1 � Y�WXP�LOR=Ld`�R\[QI(^aWaMtogdmXWXjTRTLf^aW¡K$LOR\[¡R\[hLN` ]XUT^a]XI�U�R�o=x¢X^;°XWXP	Ib��Y�V	]aMfI�`¹K$LOR\[9Y�]_I�UTLd^QP	^hg
2 � KkI�j"Y�Mfj"mQMNY�RTI

A2 =

[

a2 + bc b(a + d)
c(a + d) bc + d2

] x
HJI�`�I�I{R\[aY�R

A2
LN`�Y(UeYSRTLf^aWQY�MhV9mQMORTLN]QMdI(^hg

I
LOg

a+d = 0
x3¢hKk^�^Qc� hLf^hmX`ZI\��Y�V*]QMdI�`Y�UTI

f(z) = −z
Y�WXP

f(z) = 1/z
x¢X^¤`\LdV*]QMOLNgOo¨`bm_ca`BI�lam_I�WhR*j"^aV	]amaRTYSRTLf^aWQ` � KkI�WX^nRTI7R\[aY�R � LNg c = 0 � R\[QI�Wd 6= 0 � Y�WXP f

Ld`�Y9MNLNWXI�Y�UigdmXWXjTRTLf^aW3x*²fR�LN`$I�Y�`eowRT^7jb[QI�j��9R\[aY�R�Y9MNLNWXI�Y�UigdmXWXjTRTLf^aW
� K$LtR\[wUeY�RTLd^aWQY�M=j\^QISv?j"LdI�WhRe` � j"Y�WQWX^nR�p�I�WXI�UeY�RTI;Y;]XI�UeLf^QPhLfji`BI�lam_I�WXj\I9^hg=gdmXWXjTRTLf^aWQ`^hg�]XI�UeLf^QP7pSUTI�YSR"I�U R\[aY�W

2
x��$I�WXj"I�g�^aU�R\[ � KkI;Y�`b`bmXV	IkR\[aY�R c 6= 0

x$H?LtR\[Q^hmaRiMd^a`�`^hg=p�I�WXI�UeY�MOLOR�o � KkI$V	Y¥o*Y�`�`\mXVwI�R\[aYSR c = 1
x¸ ISR

g(z) = z − d
x3¢u[QI(LdWn aI�Ue`BI(gdmXWXjTRTLf^aW¡g�^aU

g
Ld`

g−1(z) = z + d
x�� IS°_WXI

h(z) = g−1
(

f(g(z))
) x ¸ ISR

B
Y�WXP

C
cQI�R\[QI;j"^QI�vwj"LfI�WhR V	YSR"UTLdj"LfI�`ig�^aU

g
Y�WXP

hUTI�`b]_I�jTRTLt aISMto=x�¢u[QI�W
B−1AB = C

x
���n]aMNLdj"LORTM o �
[

1 d
0 1

] [

a b
1 d

] [

1 −d
0 1

]

=

[

a + d b − ad
1 0

] x
HJIkPaUeYSKºR\[QI$Y�ReRTI�WhRTLd^aW	^hg_R\[QI�UTI�YnPQI�UZRT^¡R\[QI/g�^aU"V ^hg_R\[QIkcQ^nReR"^aV£UT^�K ^hg

C
x

��LdWXj"I
Ck = (B−1AB)k = B−1AkB � KkI�`BI�I7R\[aY�R Ck

LN`*Y�UeY�RTLd^aWQY�MV*mQMtRTLd]aMfI;^hg
I
LNg3Y�WXP?^aWaMto	LOg

Ak
Ld`�x�¢u[QI�UTI�g�^aUTI � LOg {fk}

LN`(Y;]_I�UTLd^QPaLdj�`�I�lhm_I�WXj"I �R\[QI�W
{hk}

LN`¹Y�]_I�UTLd^QPaLdjZ`�I�lhm_I�WXj"IiK$LtR\[$R\[QI(`bY�V	I(]_I�UTLd^QP3x3¢�[hmX` � KkI�j"Y�W¡UTI�]QMNYnj"If
c�o

h
x¤²fR/g�^hMOMf^�K�`$R\[aYSR(KkI?V	Y¥o�Y�`�`\mXVwIwWX^nRk^aWaM o

c = 1 � camaR$Y�MN`B^ d = 0
x¢u[hLN`/V	Y¥oJjTY�mX`�I9`B^aV	I*I\��Y�V*]QMdI�`/^hg�]_I�UTLd^QPaLdj�`�I�lhm_I�WXj"I�`$^hg�Y*j\I�UeReY�LNWJ]XI�UeLf^QPwRT^cXI9Md^a`\R � chmaRiKkI*j"Y�WQWX^nR(Mf^a`�I¡R\[QI�V Y�MNM�x���LNWXj\I*Y�MNMuKkI*WXI�I�P7LN`�^aWXI*Ib��Y�V	]aMfI9g�^aU
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I�Y�jb[�]_^a`b`bLdcaMdIi]_I�UTLd^QP � ^hmXU3Y�`b`bmXV*]aRTLd^aW/K$LOMNMhj"Y�mX`BI�WX^$]XUT^QchMfI�V�x ��I�WXj\ISg�^aUeR\[ � KkIRTY ��I

A =

[

a b
1 0

] x
� ^aU

n = 3 � KkI�[aYS aI
A3 =

[

a3 + 2ab b(a2 + b)
a2 + b ab

]

�

²�gnR\[hLN`�LN`�Y�UeYSRTLf^aWQY�M�V*mQMtRTLd]aMfIi^hg
I � KkIiV9mX`\R3[aY¥ aI a2+b = 0

x=¢u[QI�W
A3 = −a3I

x¢QY ��LNWXp
a = 1 � KkIk^QchReY�LNW9R\[QI$g�^hMNMd^�K$LdWXp$Ib��Y�V	]aMfIk^hguYkgdmXWXjTRTLd^aW*g�^aUZKk[hLdjb[ {fk}[aY�` ]_I�UTLd^QP

3 �

f(z) =
z − 1

z

x
� ^aU

n = 4 � KkI�[aYS aI
A4 =

[

a4 + 3a2b + b2 ab(a2 + 2b)

a(a2 + 2b) b(a2 + b)

]

�

²�g=R\[hLd`�LN`(Y;UeYSRTLf^aWQY�M=V9mQMORTLN]QMdI;^hg
I � KkIkV*mX`"R�[aY¥ aI a(a2 + 2b) = 0

x �$^�KkIB aI�U �a = 0
MfI�YnPa`iR"^	Y;`BI�lam_I�WXj\I;^hg�]XI�UeLf^QP

2
x �$I�WXj"I � KkI¡V9mX`\Ri[aYS aI a2 + 2b = 0

x¢u[QI�W
A4 = −

a4

4
I
x	¢QY ��LNWXp

a = 1 � KkI	^QchReY�LNW�Y�W�I\��Y�V*]QMdIw^hg�Y*gdmXWXjTRTLf^aW�g�^aUKk[hLfjb[
{fk}

[aY�` ]_I�UTLd^QP
4 �

f(z) =
2z − 1

2z

x
²fR¹Md^Q^��n`{Y�`{LOg�Y�MOMa hY�MNm_I�` V*Ldp�[nR{cQI$]_^a`b`bLdcaMdI � camaR�WX^�K2KkI$j\^aV	I/mX]*YnpSY�LdWQ`"RR\[QI$°_Ue`"R�WXI�pSY�RTL  aIkjTY�`�IXx
� ^aU

n = 5 � KkI�[aYS aI
A5 =

[

a5 + 4a3b + 3ab2 b(a4 + 3a2b + b2)

a4 + 3a2b + b2 ab(a2 + 2b)

]

�

²�g�R\[hLd`{Ld` YkUeY�RTLd^aWQY�M_V*mQMtRTLd]aMfIk^hg
I � KkI�V*mX`"R [aY¥ aI a4 + 3a2b + b2 = 0

xZ¢�[hLd` LN`Y*lamXY�PQUeYSRTLfj(I�lhmXY�RTLd^aW?LNW
a2/b

x¡²fR g�^hMNMd^�K�`�I�Y�`\LNM owgfUT^aV R\[QI��{mXYnPaUeY�RTLdj � ^aU"V9mQMdYR\[aY�RZR\[QI�UTI�Y�UTI$WX^9UeY�RTLd^aWQY�M_`�^hMNmaRTLd^aWQ`�x
� ^aU

n = 6 � KkI�[aYS aI
A6 =

[

a6 + 4a4b + 4a2b2 + b3 ab(a2 + b)(a2 + 3b)

a(a2 + b)(a2 + 3b) a4b + 3a2b2 + b3

]

�

²�g¹R\[hLN`�LN`�Y?UeYSRTLf^aWQY�M¹V9mQMORTLN]QMdI?^hg
I � KkIwV9mX`\R$[aY¥ aI a(a2 + b)(a2 + 3b) = 0

x
��^�KkIB aI�U � a = 0

MdI�Y�PQ`�RT^9Y�`BI�lam_I�WXj\Ik^hgu]XI�UeLf^QP
2
Kk[hLOMfI

a2 + b = 0
MfI�YnPa`�R"^9Y`BI�lam_I�WXj\I�^hgX]XI�UeLf^QP

3
x ��I�WXj\I � a2 +3b = 0

x3¢�[QI�W
A4 = −

a4

4
I
x3¢aY���LdWXp

a = 1 �KkIk^QcnRTY�LdW*Y$gdmXWXjTRTLf^aW9g�^aU�Kk[hLfjb[
{fk}

[aY�`i]XI�UeLf^QP
6 �

f(z) =
3z − 1

3z

x



���
¢u[QI	WXIb��R$j"Y�`BI*LN`

n = 7 � camaR�KkI	`bmX`b]_I�jTR(R\[aYSR � MOL ��I9R\[QIwj"Y�`BI n = 5 � LtRKk^hmQMfP9WX^nR�Kk^aU �_x�¢u[hmX` � KkI�K$LOMNMX` ��Ld]	^� aI�U¹LtR¥x� ^aU
n = 8 � KkI�[aYS aI

A8 =

[

a8 + 7a6b + 15a4b2 + 10a2b3 + b4 ab(a2 + 2b)(a4 + 4a2b + 2b2)

a(a2 + 2b)(a4 + 4a2b + 2b2) a6b + 5a4b2 + 6a2b3 + b4

]

�

²�g�R\[hLN`{Ld` Y�UeY�RTLd^aWQY�M_V9mQMORTLN]QMdIk^hg
I � KkI�V9mX`\R{[aY¥ aI

a(a2 + 2b)(a4 + 4a2b + 2b2) = 0
x

��^�KkIB aI�U � a = 0
MdI�Y�PQ`{RT^*Yk`BI�lam_I�WXj\I¡^hg=]XI�UeLf^QP

2
Kk[hLOMfI

a2 + 2b = 0
MdI�Y�PQ`{RT^Y	`BI�lam_I�WXj\Iw^hgZ]_I�UTLd^QP

4
x ��I�WXj\I � a4 + 4a2b + 2b2 = 0

x9¢�[hLd`/LN`$YwlamXY�PQUeYSRTLfjI�lhmXY�RTLd^aW�LdW
a2/b

x�²fR�g�^hMOMf^�K�`�I�Y�`bLOMto7gfUT^aV R\[QI �{mXYnPaUeY�RTLdj � ^aUTV*mQMNY*R\[aY�R(R\[QI�UTIY�UTI$WX^9UeY�RTLd^aWQY�M_`B^hMOmaRTLf^aWQ`�x3¢u[hmX` � R\[QI�j"Y�`BI n = 8
PX^QI�` WX^nR�Kk^aU �¡ISLOR\[QI�U¥xHJI7WX^�K ` ��Ld]�Yn[QI�YnP�R"^�YJjTY�`�IwR\[aYSR$Ld`¡V	^aUTI?MOL ��ISMto�RT^JKk^aU �7R\[aY�W�R\[Q^a`BI]XY�`�`�I�P*^� aI�U¥x � ^aU

n = 12 � KkI�[aY¥ aI

A12 =









a12 + 11a10b + 45a8b2 + 84a6b3 ab(a2 + b)(a2 + 2b)(a2 + 3b)
+70a4b4 + 19a2b5 + b6 (a4 + 4a2b + b2)

a(a2 + b)(a2 + 2b)(a2 + 3b) a10b + 9a8b2 + 28a6b3

(a4 + 4a2b + b2) +35a4b4 + 15a2b5 + b6









�

²�g�R\[hLN`{Ld` Y�UeY�RTLd^aWQY�M_V9mQMORTLN]QMdIk^hg
I � KkI�V9mX`\R{[aY¥ aI

a(a2 + b)(a2 + 2b)(a2 + 3b)(a4 + 4a2b + b2) = 0
x

��^�KkIB aI�U � a = 0
MfI�YnPa`�R"^�Y7`BI�lam_I�WXj\IJ^hg ]_I�UTLd^QP

2 � a2 + b = 0
MfI�YnPa`�R"^�Y`BI�lam_I�WXj\I�^hgi]_I�UTLd^QP

3 � a2 + 2b = 0
MfI�YnPa`¡RT^¨YJ`BI�lam_I�WXj\I�^hgi]_I�UTLd^QP

4 � Y�WXPa2 + 3b = 0
MfI�YnPa`�RT^wY9`BI�lam_I�WXj\I9^hg�]XI�UeLf^QP

6
x��$I�WXj"I � a4 + 4a2b + b2 = 0

x¢u[hLN`kLd`kYJlamXY�PQUeYSRTLfj¡I�lamXYSRTLf^aW�LdW
a2/b

x¦²fR$g�^hMNMd^�K�`¡I�Y�`\LNM o�gfUT^aV R\[QI �{mXYnPaUeY�RTLdj
� ^aUTV*mQMNY$R\[aYSRZR\[QI�UTI�Y�UTI�WX^9UeYSRTLf^aWQY�M_`B^hMOmaRTLf^aWQ`�x�ZR¹R\[hLd`i]_^hLNWhR � KkIkV*Y���IkY¡cX^hMdPwj"^aW���I�jTRTmXUTI$R\[aYSR�R\[QIk^aWaMto*]_^a`b`bLdcaMdI� hY�MOm_I�`g�^aU{R\[QI9]XI�UeLf^QP7^hg�Y9]_I�UTLd^QPaLdj(`�I�lhm_I�WXj"I

{fk}
Y�UTI

1 � 2 � 3 � 4 � Y�WXP 6
x¡²�W��hY�U�R/²e² �KkI�K$LOMNMX]XUT^� aI/R\[hLd`ij\^aW���I�jTRTmXUTIXx
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