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Iterating Mobius Functions
with Rational Coefficients, Part I

Kun-Chieh Wang

We will determine all the possible periods of a periodic sequence of
functions obtained by iterating a Mobius function with rational coefficients.

1. Introduction

A Mobius function is a function of the form

£(z) = az+ b
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ot d M

where z is a complex variable and the coefficients a, b, ¢, and d are complex
numbers such that ad # be. The coefficients form a 2 x 2 matrix

a b
A = [ c d } ’

This matrix is not uniquely determined by f; it can be multiplied by any
non-zero complex number. The determinant of the matrix A is defined to
be det(A) = ad — be. Our assumption that ad # bc is equivalent to the
condition det(A) # 0. In other words, the matrix A is supposed to be
invertible.

Note that the identity function f(z) = z is a M&bius function whose
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Let f and g be Mobius functions with respective coefficient matrices

_ aq b1 _ a2 b2
A_[Cl dl] and B_[Cz dz]'

coefficient matrix is the 2 x 2 identity matrix I = {

The composite function f o g is defined by f o g(z) = f(g(z)). Thus,

aszz —|— b2
(02z + dz) + b1 . (a1a2 + bic2)z + (a1bz + bidz)

c1 (L"'bz) +d; (craz + dicz)z + (c1bz + didz)
C2z —|— d2

We see that f o g is another Mobius function, and that its coefficient matrix

is the matrix product AB. (As a composite function, f o g may be undefined

at certain points, but we will always assume that continuous extensions have

been made wherever possible to maximize the domain. This will allow us to

say, for example, that if f(z) = 1/z, then f o f is the identity function.)

fog(z) =
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Given a Mdbius function f, we define a sequence {fi}3> , of Mdbius
functions, where fy is the identity function, f; = f, and fr = f o fr_1 for
k > 2. It is easy to prove inductively that the coefficient matrix of f;, is A*,
where A is the coefficient matrix of f.

The sequence {f%} is said to be periodic if there is a positive integer n
such that f,, = fo. The smallest such integer n is then called the period of
the sequence. Thus, if n is the period, there is no positive integer m < n for
which f,,, = fo. Actually, we need only rule out the positive divisors m of n.
If £ is another positive integer for which f, = fy, then the greatest common
divisor of n and £ also has this property.

From now on, we assume that the coefficients of f are rational. Then
each function f; has rational coefficients. The sequence {f} is periodic if
and only if A™ = oI for some positive integer n and some non-zero rational
number «. Moreover, if A™ # @BI for any positive divisor m of n and
any non-zero rational number 3, then the sequence is of period n. We will
determine all the possible periods.

2. Case Studies

The identity function f(z) = z is periodic of period 1, and it is the only
function with this property.
To find examples with a period of 2, we calculate

A2 — a?+bc bla+d)

c(a+d) be+ d?
We see that A? is a rational multiple of I if a+d = 0. Two obvious examples
are f(z) = —z and f(z) = 1/=.

To simplify subsequent computations, we note that, if ¢ = 0, then
d # 0, and f is a linear function. It is easy to check that a linear function
(with rational coefficients) cannot generate a periodic sequence of functions
of period greater than 2. Henceforth, we assume that ¢ # 0. Without loss
of generality, we may assume that ¢ = 1.

Let g(z) = z — d. The inverse function for g is g='(z) = z +d. Define
h(z) = g7*(f(g9(2))). Let B and C be the coefficient matricies for g and h
respectively. Then B='AB = C. Explicitly,

1 d a b 1 —d i a+d b-—ad
et e]le T =0T
We draw the attention of the reader to the form of the bottom row of C.
Since C* = (B~1AB)* = B~1A*B, we see that C* is a rational
multiple of I if and only if A* is. Therefore, if {f} is a periodic sequence,
then {h,} is a periodic sequence with the same period. Thus, we can replace
f by h. It follows that we may assume not only ¢ = 1, but also d = 0.

This may cause some examples of periodic sequences of a certain period to
be lost, but we cannot lose them all. Since all we need is one example for
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each possible period, our assumption will cause no problem. Henceforth, we
a b
take A = { 1 0 }
For n = 3, we have

A3 — a® 4+ 2ab b(a® 4+ b)
- a’+b ab )

If this is a rational multiple of I, we must have a?+b = 0. Then A3 = —a®1I.
Taking a = 1, we obtain the following example of a function for which { fx}

has period 3:
z—1

f(z) =

For n = 4, we have

a* + 3a%b 4+ b> ab(a® + 2b)

At =
a(a® + 2b) b(a® + b)

If this is a rational multiple of I, we must have a(a? + 2b) = 0. However,

a = 0 leads to a sequence of period 2. Hence, we must have a? 4 2b = 0.
4

Then A% = —2 J. Taking a = 1, we obtain an example of a function for

which {fi} has period 4:
2z -1

f(z) =

It looks as if all values might be possible, but now we come up against
the first negative case.
For n = 5, we have

a® + 4a3b + 3ab? b(a4 + 3a%b + b?)

AS =
a* + 3a®b + b? ab(a® + 2b)

If this is a rational multiple of I, we must have a* + 3a?b + b? = 0. This is
a quadratic equation in a2?/b. It follows easily from the Quadratic Formula
that there are no rational solutions.

For n = 6, we have

a® + 4a*b + 4a2%b? + b a,b(a,2 + b)(a,2 + 3b)

A8 =
a(a® + b)(a® + 3b) a*b + 3a%b® 4 b*

If this is a rational multiple of I, we must have a(a? + b)(a? + 3b) = 0.
However, a = 0 leads to a sequence of period 2 while a? + b = 0 leads to a

4
sequence of period 3. Hence, a? +3b = 0. Then A% = —%I. Takinga = 1,
we obtain a function for which {f;} has period 6:

3z —1

1) ==
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The next case is n = 7, but we suspect that, like the case n = 5, it
would not work. Thus, we will skip over it.
For n = 8, we have

A8 — a® + 7a%b + 15a*b® + 10a%b® + b* ab(a® + 2b)(a* + 4a%b + 2b?)
o a(a® + 2b)(a* + 4a®b + 2b?) a®b + 5a*b? + 6a?b> + b*

If this is a rational multiple of I, we must have
a(a® + 2b)(a* + 4a®b + 2b%) = 0.

However, a = 0 leads to a sequence of period 2 while a? 4+ 2b = 0 leads to
a sequence of period 4. Hence, a* + 4a?b 4+ 2b?> = 0. This is a quadratic
equation in a?/b. It follows easily from the Quadratic Formula that there
are no rational solutions. Thus, the case n = 8 does not work either.

We now skip ahead to a case that is more likely to work than those
passed over. For n = 12, we have

a'? +11a'°b + 45a%b* + 84a®b® ab(a® + b)(a® + 2b)(a*® + 3b)

412 +70a*b* 4 19a%b° + b° (a* + 4a®b + b?)
N a(a? + b)(a? + 2b)(a® + 3b) a'®b + 9a°b? + 28a°b?
(a* 4 4ab + b?) +35a*b* 4 15a%b° + b°

If this is a rational multiple of I, we must have
a(a? + b)(a® + 2b)(a® + 3b)(a* + 4a*b +b*) = 0.

However, a = 0 leads to a sequence of period 2, a® + b = 0 leads to a
sequence of period 3, a? + 2b = 0 leads to a sequence of period 4, and
a? + 3b = 0 leads to a sequence of period 6. Hence, a* + 4a?b + b% = 0.
This is a quadratic equation in a2?/b. It follows easily from the Quadratic
Formula that there are no rational solutions.

At this point, we make a bold conjecture that the only possible values
for the period of a periodic sequence {f.} are 1, 2, 3, 4, and 6. In Part II,
we will prove this conjecture.

Acknowledgement:

The author thanks Prof. J.N. Hsu of Taiwan for suggesting this topic for
investigation.

Kun-Chieh Wang
Cheng-Kuo High School
Taipei

TAIWAN
wkc751204@yahoo.com.tw



