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�5Fw8cQ/Q_3XgGg]3 Ò�Ì<ÎxÓ 67Nb^E6"67:<B]QEgT3C6MU/3+FHNEPR=/:93[4f:XY3;3[gG4

(a, b, c)
FHNEFZ69Nb^H4fFE^/gG4#3C6D�Y3[:9B·æ_8;Fb6Ig]8):93[gG8[69B]NEF�ç

ab + bc + ca = 0
q

h;NE:<4»\b^_3
a + b + c = 1

k/NEFRUbB·6t\b^_3Ag]3�67:<BTN
(a, b, c)

3;476I^HF 67:9B]N Ì/ÜÉ;ÕsÑ[ÎÙÒ qh;3;4èd7N/NE:9UHNEF/F�Y3;3;4�4»NEFb6é:<8;QHQHNE:<6XY3;3;4�ê8ë^HF¡:93[Q`ê3[:93�NE:<6KJ/NEFHNE:9PR8[gìUbB]:93;d96
(0,

−→
I ,

−→
J ,

−→
K)

UH3�gÙí 3;4&QH8cdK3/q
î ¼&ºX½+¾TïºX¼&ºAðE¶[¼<¹o¾·º

�5F�FHN�673
C
gxí 3[F/4»3[Pw=bgT3RUH3[4AQ_NbBGFb694)U/3wd7N/NE:9UHNEF/F�Y3;3;4

(a, b, c)
N�ê^

(a, b, c)3;476"^HFi67:9B]N>q_�5FRFHN�693
Γ
gÙí 3;F/4o3;PR=Eg]3+U/3;4MQHNbB]Fb6<4fU/3+d7N/NE:9UHNEF/F�Y3;3;41N�ê^

(a, b, c)
3;476^HFi67:<BTN :XY3;UE^/BS6Cq_�5FZFHN�693 P g]3AQ/gG8cFRUOí�Y3c\b^H8[69B]NEF

x + y + z = 1
q

£ qsñ;ò;B]47673;ó76Kó7BGg_U/3;4"67:<BTNE4
(a, b, c)

673Xg]4M\b^_3
a + b + c = 0 ô

  qsV�NEFb67:93[:"\E^_3
C
3[4K6`^HFH3A:XY3X^HFEBTNEFZU/3)UE:9NbB·693;4tQH8;4o4&8cFb6�QH8;:

O
3C6IQ/:9B D�Y3;3;45UH3AdK3Q_NbBGFb6Cq

õ q�V�NEFb67:93;:1\E^_3
Γ
3[4K65gxí BGFb673[:<4»3;d969BTNEF'Usí ^HF'Q/gG8cF'3X61Usí ^HFH3i4&Q_Jàê3[:93iUH3id73;Fb67:93

O
qöt^_3[g·gT3)3;476IgG8)F/8[69^H:93-@/Y3;NEP�Y3C67:9B]\E^_3-U/3

Γ ô
÷ q>ø5NEF/FH3;:�g]8)F/8X69^H:93-@HY3cNEP�Y3X67:<BT\b^_3-UH3

C
3C6IgÙí BGg·gG^H4767:93;:IQ/8c:I^HFRdK:9N/\b^/B]4[q

ù qbpcNbB·6
L
^HF QHNbB]Fb6�æbòOY3#UH3

Γ
q_V�NEFb67:93[:�\E^_3fg]3MDENbgG^HPR3

V
Ub^+6XY3C67:Xê3;U/:93

OLL′L′′ kN�ê^
L′ 3X6 L′′ 4oNEFb6fU/3[^�òZQ_NbBGFb694�UbB]4769B]FHd96<4�UH3 Γ

3X61UEB·útY3[:93;Fb6<4AU/3
L
kO3[4K6MPR8jòcBGPR8[ggTNE:<4o\E^_3)gT3[4f8;:jû3C673[4MB]4&4&^_3[4fUH3

O
4oNEFb6MU/3[^�ò�ê8 U/3[^�òZNE:ã6KJ/N/@[NEF/8;g]3;4f3C6MU�Y3C673[:7PiB]FH3[:8;g]NE:<4tgT3[4MdKN/NE:9U/NEF/F`Y3c3[41U/3

L′ 3X6 L′′ 3[Fia�NEFHd969BTNEFRU/3-d73[g·gT3[4MUH3 L
q
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� qàV�NEFb67:93[:M\E^_3)gT3-Q/:9N/UE^/BS6
abc

8�UEPw3C6t^HFuPZ8Cò;B]Pi^HP�3X6"^HFuPiB]FEBGPZ^HP�gTNE:<4o\E^_3gT3AQ_NbBGFb6tUH3-d7N/NE:9UHNEF/F�Y3;3;4
(a, b, c)

U�Y3cdK:<B·6
Γ
q��H:XY3;d7B]4o3;:�g]3;4"67:<BTNE45:XY3cUb^/B·6<4M:XY3[8;g·B]4&8cFb6dK3[413Kò;67:XY3;Pi^HPR4[q

ÂIºCÃ��;¾TïºX½Zº�ðE¶[¼<¹o¾·º
øt8cF/4udK3C6<673�QH8;:<69B]3�3X6ig]3;4w4K^/BSDb8;Fb673[4Xkt^HF�67:9B]N

(a, b, c)
3[4K6ZUEBS6 Ì9ØEÒ]ÎÙÓ�Ô/ÔOÉ»ÛgTNE:<4o\E^_3

a
k
b
3X6

c
4oNEFb6+U/3;4iNEPR=/:93[4 :<8[69B]NEF/FH3[gG4��7Y3Xg9Y3[Pw3[Fb694iUH3ugÙí 3;F/4o3;PR=Eg]3
	���
BGgO3[4K65UbB·6 ÉXÔOÒ]ÎÙÉCÌ g]NE:<4»\b^_3

a
k
b
3C6

c
4oNEFb65U/3;4MFHNEPw=E:93;413;Fb69B]3;:<4M:93[gG8[69B·aT4��7Y3Xg9Y3[Pw3[Fb694UH3fgÙí 3;F/4o3;PR=Eg]3�����
�3[FEæ_F+^HF-67:9B]N+3;Fb69B]3;:�3;476�UEBS6 ËOÌ<ÎTÍiÎÙÒ]Î�� 4&B

a
k
b
3X6

c
FOí 8�UEPw3C6<673[Fb6\E^_3

1
3X6 −1

d7NEPRPR3-UbBSDbB]4o3[^H:<4Md7NEPRPi^HF/4;q
£ q�øAY3C673[:7PiB]FH3[:_gG8tF/8[69^H:93tUH3IgÙí 3;F/4o3;PR=Eg]3

H1
UH3[4>Q_NbBGFb694àU/35d7N/NE:9UHNEF/F�Y3;3;4

(x, y, 1)673Xg]4�\b^_3
(x, y, 1)

4oNbB·6R^HF�67:<BTN>q)V�NEFb67:93[:'\b^_3 g]3 Q_NbBGFb6
Ω1

U/3�d7N/NE:9UHNEF/F�Y3;3;4
(−1, −1, 1)

3;476#^HF�dK3[Fb67:93uUH3R4<?/P�Y3X67:<BT3wUH3
H1
q`öt^_3Xg]4)4oNEFb6#g]3;4)QHNbB]Fb6<4+U/3

H1ê8-d7N/NE:9UHNEF/F�Y3;3;4M3;Fb69B9ê3;:93[4 ô  q��ENb^H:s69Nb^E6à3;Fb69B]3;:OF/8[69^H:93Xg�FHNEFAFE^/g
h
kXNEFAFHN�673

Zh
gxí 3[F/4»3[Pw=bgT3MUH3[4à67:9NbBG4`3;Fb69B]3;:<4

(a, b, c)
693[gG4M\E^_3

c = h
q>øAY3C673[:7PiB]FH3[:

Zh
QHNb^H:

h = 1
3X6

h = 2
q

õ qsV�NEFb67:93;:"\E^_3
Zh
3;476�^HFR3;F/4o3;PR=Eg]3�æHFEBs3X6"3Kò�Q/:9BGPw3[:�gT3�FHNEPw=E:93

H(h)
U/3A4»3[4Y3Xg9Y3[Pw3[Fb694i3[FWa�NEFHd969B]NEF U/3�d73[g·^/B5UH3[4iUEB DEBG4»3X^H:<4ZU/3

h2
U/8;F/4��Aq5V�NEFb67:93;:-\E^_3

4UEB DEBG4»3
N(h) − 2

q
÷ q��ENb^H:�67Nb^E6+3[Fb69BT3[:)F/8[69^H:93Xg5FHNEF�FE^/g

h
kINEF�FHN�693

N ′(h)
gT3'FHNEPR=/:93�UH3w67:9B]NE43;Fb69B]3;:<4

(a, b, c)
693[gG4 \b^_3ugxí ^HFW8[^�PRNbB]F/4+UH3[4 3;Fb69B]3;:<4

a
k
b
Nb^

c
4»NbBS6RY3;@X8;g�ê8

h
qñ;òcQH:<B]PR3;:

N ′(h)
3;Fia�NEFHd969B]NEFRUH3

N(h)
4»3XgTNEF g]8)Q/8c:<B·6XY3)UH3

h
q

ù qàV�NEFb67:93[:M\b^>í�ê8)67Nb^E6I67:9B]Nw3[Fb69BT3[:
(a, b, c)

NEFwQH3[^E658;4o4oN/d7BT3[:I^HFZ67:9BGQ/g]3X6
(r, s, t)UOí 3;Fb69B]3;:<4#673Xg]4)\b^_3

r
3C6

s
4»NbB]3;Fb6fQ/:93;PiBT3[:<4-3[Fb67:93w3X^�òHk

s
QHNE4&BS69BGaINb^�FE^/gÙkà3C61693[gG4\E^_3Agxí NEFZ8[B·61ç

a = r(r + s)t
k

b = s(r + s)t
k

c = −rst
q

YñbFHNEFHdK3[:R3C6RU�Y3;PRNEFb67:93;:i^HFH3�:XY3;d7B]Q/:9N/\E^_3/q��ENb^H:R\b^_3[gG4R67:<BTNE4
(a, b, c)

gT3�67:<B]QEgT3C6
(r, s, t)

FOí 3[4K6Kó7BGg_Q/8c4t^HFEBT\b^_3 ô
� q�øAY3C673[:7PiB]FH3[:_g]3;4_67:9BGQ/g]3X6<4

(r, s, t)
8[B]F/4KB[8c4&4»N/d7B9Y3;4O8[^�ò"67:9B]NE4>Q/:9BGPZBS69BGaT4[q[ñEF�U�Y3cUb^/B]:93\E^_3A4&B

(a, b, c)
3;476�^HF 67:<BTN Q/:9BGPZBS69BGaãkb8;g]NE:<4 |abc| k |a + b| k |c| 3C6 |c + a| 4»NEFb6"U/3;4d78;:7:XY3;4MUOí 3;Fb69B]3;:<4[q

� q��ENb^H:-67Nb^E6Z3[Fb69BT3[: F/8[69^H:93XgfFHNEF�FE^/g
h
k5NEF�FHN�693

P (h)
gT3ìFHNEPR=/:93�UH3�67:9B]NE4QH:<B]PiB·69B·aT4

(a, b, c)
693[gG41\b^_3

c = h
qOV�NEFb67:93;:t\E^_3

P (h)
3;476I^HFH3-QE^/B]4&4o8;FHdK3-U/3

2
q

�ENb^H:+\b^_3[gG4i3[Fb69BT3[:<4
h
8�ó96KóoNEF

P (h) = N(h) ô ñ[ò�QEgGB]d7B·693;:�^HFH3'4&^/BS673�Usí 3[Fb69BT3[:<4
(hn)

673XgGg]3)\E^_3�g]8)4&^/BS673 (
P (hn)/N(hn)

) dKNEF�DE3[:9@[3#DE3;:<4��;Y3;:9N>q
� q�pcNbBS6

(a, b, 1)
^HFA67:<BTN>qEV�NEFb67:93[:`\b^>í B·g/3KòcBG4K693fU/3[^�ò#4&^/BS673[4

(xn)
3X6

(yn)
d7NEF�DE3;:7ó@[3;8;Fb61:93[4oQH3cd969B DE3;PR3;Fb6"DE3;:<4

a
3X6

b
3X6t693[g·gT3[4#\E^_3bksQHNb^H:t67Nb^E6

n
k
(xn, yn, 1)

4oNbB·6^HFi67:<BTN :<8[69B]NEF/FH3[gãq
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� q`pcNbB·6
(a, b, c)

^HF�67:<BTN�:XY3cUb^/B·6Cq"V�NEFb67:93;:A\b^>í B·gt3KòcBG4K693i67:9NbB]4)4&^/BS673[4
(xn)

k
(yn)3X6

(zn)
dKNEF�DE3[:9@[3;8;Fb6t:93[4oQH3cd969B DE3;PR3;Fb6`DE3;:<4

a
k
b
3C6

c
3C6�673XgGg]3;4M\b^_3EkEQ_Nb^H:�69Nb^E6

n
k

(xn, yn, zn)
4»NbBS6�^HFi67:<BTN :<8[69B]NEF/FH3[g_:XY3;UE^/BS6Cq

� ¼��c¾·¸»¾TïºX½Zº�ðE¶[¼<¹o¾·º
�5F�FHN�693

j
g]3�FHNEPR=/:93ìd7NEPRQEgT3Kòc3

e2iπ/3 k"djí 3[4K6Kó;ê8�ó&UEBG:93 −1
2

+ i
√

3
2

q �ENb^H:
67Nb^E6 67:9B]N

T = (a, b, c)
NEFéFHN�673

T̂ = (a, c, b)
k

S(T ) = a + b + c
3X6

z(T ) = a + bj + cj2
q

£ q;LO8[gTd7^/g]3;:sgT35PwN/Ub^/gT3MUH3
z(T )

3[FAa�NEFHd969B]NEF)UH3
S(T )

q��E3X^E6KóoNEFA8CDENbB]:
z(T ) = 0 ôLO8[gTd7^/g]3;:5gT3idKNE4KB]FE^H4�3C6Mg]3i4KB]FE^H4�Usí ^HF�8;:9@C^HPw3[Fb6

θ
U/3

z(T )
3[Fua�NEFHd969BTNEF�U/3

a
k
b3X6

c
q

  q>pcNbBS6
z0
^HF'FHNEPw=E:93Zd7NEPRQEgT3Kòc3iFHNEF'FE^/gãq�øAY3C673[:7PiB]FH3[:MgT3[4167:<BTNE4

T = (a, b, c)673Xg]4M\E^_3
z(T ) = z0

q
õ q Yñc698;Fb6`UHNEF/F�Y3[4"UH3X^�òf67:<BTNE4

T1
3C6

T2
k;PRNEFb67:93;:`\b^>í B·g/3&ò;B]47673M^HF-^HFEB]\E^_3M67:<BTNsk;FHN�6XY3

T1 ∗ T2
ksD�Y3[:9B·æ_8;Fb6

S(T1 ∗ T2) = S(T1)S(T2)
3C6

z(T1 ∗ T2) = z(T1)z(T2)
qLO8[gTd7^/g]3;:

T1 ∗ T2
3[F a�NEFHd969B]NEFZU/3

T1
3X6

T2
qEöt^_3�QH3[^E6Kó&NEFZUbB]:93AUOí ^HFi8c:9@C^HPR3;Fb6"UH3

z(T1 ∗ T2) ô öt^_3)Q_3X^E6KóoNEFRUbB]:93)UOí ^HFR8c:9@C^HPR3;Fb6tUH3 z(T1 ∗ T̂1) ô
÷ q>p[B

T1
3C6

T2
4»NEFb6M:XY3cUb^/B·6<4XkO3[F�3[4K6Kó7BGgàUH3 P�û3[Pw3iU/3

T1 ∗ T2 ô p[B T1
3C6

T2
4oNEFb63;Fb69B]3;:<4CkE3;Fi3;476KóKB·g_U/3AP�û3;PR3AUH3

T1 ∗ T2 ô p[B T1
3X6

T2
4oNEFb6�QH:<B]PiB·69B·aT4Xkb3;FZ3[4K6Kó7BGgHUH3P�û3[Pw3)UH3

T1 ∗ T2 ôù q�L>NEPZQH8;:93;:fg]3;4#67:<BTNE4
T1 ∗ T2

3X6
T2 ∗ T1

k
(T1 ∗ T2) ∗ T3

3X6
T1 ∗ (T2 ∗ T3)

k
T1
3C6

T1 ∗ (1, 0, 0)
q

� q Yñc698;Fb6IU/NEF/F`Y3;4Ig]3;4`67:9B]NE4
T1
3C6

T2
k�:XY3;4oNb^_U/:93fgxí�Y3;\E^H8X69BTNEF

T1 ∗ T = T2
N�ê^+gT3167:<BTN

T
3;476IgÙí B]FHd7NEF/FE^_3Hq

� q Yñ�6<8cFb6Kó&UHNEF/F�Y3M^HF�67:9B]N
T
k;NEF-U�Y3[æHFEB·6>^HFH314K^/B·6931UH3t67:9B]NE4

(Tn)
QH8;:

T0 = (1, 0, 0)3X6
Tn+1 = T ∗ Tn

q�LO8[gTd7^/g]3;:
S(Tn)

q Yñc698;Fb6'UHNEF/F�Y3 ^HF�3;Fb69B]3;:
p
kf:XY3[4»Nb^_UE:93gÙí�Y3c\b^H8[69B]NEF

T1 ∗ T = T2
N�ê^ZgT3#67:9B]N

T
3[4K6�gÙí B]FHd7NEF/FE^_3Hq

��Ã/¶j¹&¼K¾TïºX½Zº�ð/¶[¼<¹&¾Gº
�5F�FHN�693

A
gxí 3[F/4»3[Pw=bgT3�U/3;4R3;Fb69B]3;:<4

m
FHNEF�FE^/g]4i693[gG4R\E^>í BGgf3KòcBG4K693�U/3[^�ò3;Fb69B]3;:<4

u
k
v
693[gG4+\b^_3

m = u2 + 3v2 q��5FìFHN�693 A′ gÙí 3;F/4o3;PR=Eg]3uUH3[4-FHNEPR=/:93[4dKNEPZQ/g]3&òc3[4
z
FHNEF)FE^/g]4à673Xg]4�\b^>í B·gE3&ò;B]476731U/3[^�ò#3;Fb69B]3;:<4

u
k
v
693[gG4�\E^_3

z = u+iv
√

3��NEF':93[PR8;:9\E^_3[:<8R\E^_3 |z|2 = u2 + 3v2
�&q>�5FuFHN�673

B
gÙí 3;F/4o3;PR=Eg]3ZU/3;4�3[Fb69BT3[:<4

nFHNEFRFE^/gG4t693[gG4M\E^>í BGgs3&ò;B]47673)U/3[^�ò 3[Fb69BT3[:<4
r
k
s
693[gG4M\E^_3

n = r2 + rs + s2 q
£ q_V�NEFb67:93[:I\b^_3#gT3#Q/:9N/UE^/BS6IUH3�UH3X^�òwY3Xg9Y3[Pw3[Fb694tU/3

A′ 8cQ/QH8;:<69B]3;Fb6fê8 A′ kcQ/^/BG45\b^_3gT3AQH:9N/Ub^/B·6tUH3)UH3X^�ò'Y3Xg9Y3[Pw3[Fb694MUH3
A
8cQ/QH8;:<69B]3;Fb6Aê8

A
q

  qMV�NEFb67:93;:+\E^_3bkI4KB
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A

B

B1 B2
C

E
F

K

L
M

O

P

h;3X6"6KJ/3-BGFHd7B]:9d7g]3+Pw3;3X6
BC

8;FHU
BA

8X6
L
8;FHU

M
kH:93;4&Q_3;d969BSDE3XgS?>q-h;3C6

r
=H36KJ/3+:<8cUEB·^H4fNbas6KJ/3)B]FHd7BG:9d7gT3bkH8cFHUZg]3X6

r′ =/3A6KJ/3-:<8�UbBG^H4fNbas6KJ/3+N�6KJ/3;:5d7BG:9d7gT3+d73;Fb67:93;U8[6
O
q)p[B]FHd73

OK = OL = OM = r
8;FHU

OB1 = OB2 = OE = OF = r′ k8cFHUZ4KB]FHd73
∠OKB1 = ∠OKB2 = ∠OLF = ∠OME = 90◦ k �-3)JE8XDE3

4OKB1
∼= 4OKB2

∼= 4OLF ∼= 4OME
q

�)3[FHdK3bk
KB1 = KB2 = LF = ME

qAp[BGFHdK3
AK = AM

8;FHU
KB2 = ME

k
�-3-JE8XDE3

AK : KB2 = AM : ME
q`yOJb^H4Ck

MK ‖ EB2

�6KJE8X6"B]4Ck

MK ‖ EP
qyOJ/3[FOkH=;?Z4<?EPRPR3X67:x?sk

LK ‖ FP
qp[B]PiBGgG8c:<gS?sk/4&BGFHdK3

BM = BL
8cFHU

EM = FL
k��-3-N/=b6<8;BGF

ML ‖ EF
q1~xF67:9BG8cFH@Cg]3;4

KLM
8;FHU

PFE
k��-3AJE8XDE3

KM ‖ PE
k
KL ‖ PF

k�8cFHU
ML ‖ EF

q~T65a�NbgGg]N �)4M6KJE8X6
KP

k
LF
k_8cFHU

ME
8;:93id7NEFHd7^H:7:93[Fb6Cq#ysJ/3;:93Xa�NE:93Ek

B
k
K
ks8;FHU

P8c:93)dKNbg·gGBGFH3;8;:Cq
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�#N � �-3 69^H:7F�69N�QH:9N/=bgT3[PR4�aT:9NEP 6KJ/3 " 3c=E:9^H8;:x?ël;m�m��éFE^HPw=/3;:ìNba-6KJ/3
� Ó�Ì7ÔOÉCÌ q�2�3 @CBSDE3 :93[8�U/3;:<4Cí 4»Nbg·^E69BTNEF/4�69Në6KJ/3�l;m�mcm��>NE:93;8;F¡VW8[6KJ/3[PR8X69BTd98;g�tgS?EPRQEB]8cUOk/@CB DE3;FiB]F �<lcmcm��içEl�l �bl �
	bq
£ q��H:9N[DE3)6KJE8X6ta�NE:t8cF�?RQH:<B]PR3

p
kE6KJ/3[:93 3&ò;B]476"B]Fb693c@[3[:<4

x
k
y
k
z
kH8;FHU

w
4&^_d&Ji6KJE8X6

x2 + y2 + z2 − wp = 0
8cFHU

0 < w < p
q

� Ó;Ûxä;ÉcÕ�Ú 
 �/ÎxÉXÌ7ÌKÉ �àÓ�Ì7Ô/Ê �CÒÙÉ»ÎTÔEå � ØXÎ]ÊCÓ�Ô/ÊXâoÈ;Ø
��Ò<ÒÙÉjå ��Ì<ØcÔsÖKÉ)( Ø;ÔOÕ �1Ö9×EÎ·ÛGÛxÉXØ[Ê
� Î]ÔOÉ ��Ø �/Ó[Ë�Ó_ÑXÛÙÓcÊ&åIÊXÒ9ÑEÕHÉCÔ>ÒTå � Ó�Ì7ÔsÉjÛ·Û��>ÔEÎxä;ÉXÌãÊ&ÎÙÒ 
[å1Þ<Ò�×HØbÖ<Ø[å��
	/å�� � �#Ý � É+á[Îxä;ÉwÒ�×sÉä;ÉXÌãÊ&ÎxÓ�Ô'Ó�� � Î]ÔOÉ ��Ø �/Ó[Ë�Ó_ÑXÛÙÓcÊ[Ý

" NE:
p = 2

k �-3A4»3C6
x = y = w = 1

8cFHU
z = 0

q
" NE:

p
N/U/UOk �-3AFHN�673#6KJE8[6�6KJ/3AFE^HPw=/3;:<4

1 + 02 k 1 + 12 k . . .
k

1 +
(

p − 1

2

)2

gT3[8XDE3
(p + 1)/2

UEBG4K69BGFHd96":93[PR8[B]FHU/3;:<45^HQHNEFwUbBSDbB]4KBTNEFZ=;?
p
kE8;4MUHN+6KJ/3AFE^HPw=/3;:<4

− 02 k − 12 k . . .
k −

(
p − 1

2

)2 q
~xFHUH3;3cUsksBGa

0 ≤ a
k
b ≤ (p − 1)/2

k_6KJ/3[F
p
UEB DEB]UH3[4

a2 − b2 = (a − b)(a + b)BGaO8;FHURNEFEgS? B·a
p
UbBSDbBTU/3;4

a + b
NE:

a − b
k �-JbBTd&J BG4tB]PZQ_NE4&4&B]=Eg]3�BGa

a 6= b
qyOJb^H4Ckb6KJ/3[:93)8;:93)8X6IgT3[8c476�6 �-N+B]Fb693c@[3[:<4

0 ≤ x
k
y ≤ (p − 1)/2

4K^_d&J+6KJE8[6
1 + x2 ≡ −y2 (mod p)

q
�)3[FHdK3bk

x2 + y2 + 1 = wp
a�NE:I4oNEPw3�B]Fb693c@[3[:

w
q�p[B]FHd73

0 < x2 + y2 + 1 ≤ 2
(

p − 1

2

)2

+ 1 < p2 k
�-3-JE8CDE3

0 < w < p
kb8c4MUH3[4&BG:93cU>q

  q5ø53X693;:9PZBGFH3A8[gGg/a]^HFHd969B]NEF/4
f
aT:9NEP 6KJ/3A4o3X6INbas:93;8[g_FE^HPR=H3[:<4"67N+BS694o3[g·as4K^_d&J+6KJE8X6a�NE:t3»DE3[:x?

x
8;FHU

y
k
f(x2 − y2) = (x − y)

(
f(x) + f(y)

) q
� Ó;Ûxä;ÉcÕ�Ú 
 �éÓ�×/ØcÍRÍ'É;Õ �tØ;Ê&Ê&Î·ÛTØ[å � Ò�Ì<Ø;ÊXÚ/Ó_ÑcÌãá;å#�cÌ9Ø;ÔOÖ7É (#�WÎxÖ9×OÉ»Û �sØ/Ò]Ø[Î·ÛGÛxÉCå���Ó_ÑEÉCÔ/å
��Ì<ØcÔsÖKÉ)( �/ÎxÉXÌ7ÌKÉ �àÓ�Ì7ÔEÊ��CÒxÉjÎ]Ô/å ��Ø[ÎGÊXÓ�ÔEÊ[â&È;Ø���Ò<ÒxÉCå ��Ì<ØcÔsÖKÉ)( Ø;ÔOÕ �1Ö9×EÎ·ÛGÛxÉXØ[Ê
� Î]ÔOÉ ��Ø �/Ó[Ë�Ó_ÑXÛÙÓcÊ&å1ÊXÒ9ÑEÕHÉCÔ>ÒTå � Ó�Ì7ÔOÉ»ÛGÛ
�àÔbÎÙä;ÉCÌ<ÊKÎãÒ 
;å)Þ<Ò�×HØbÖ<Ø[å��
	/å
� � �#Ý'� É �ÙÉXØEÒ9ÑcÌKÉ
�àÓ�Ì7Ô/Ê �CÒÙÉ»ÎTÔ�ß Ê�ä;ÉCÌ<ÊKÎÙÓ�Ô>Ý

yOJ/3)4oNbgG^E69B]NEF B]4"6KJ/3)4o3X6"Nbasg·B]FH3[8c:�a]^HFHd969BTNEF/45QH8;4o4KB]FH@f6KJE:9Nb^_@[J+6KJ/3-NE:9B]@CB]Fàqh;3X6
f
=H3u8ua]^HFHd969B]NEFW4o8X69B]4Ka·?EBGFH@i6KJ/3�@CB DE3;F�a]^HFHd969B]NEF/8;gt3;\E^H8X69BTNEFàq�pc3C6<69B]FH@

x = y = 0
BGFR6KJbBG4#3;\E^H8X69BTNEFRgT3[8�UE4M69N

f(0) = 0
qMyOJ/3[FOk_4»3C6<69B]FH@

y = −x
@CB DE3;4

0 = f(0) = 2x(f(x) + f(−x))
k�aT:9NEP �-JbBTd&J �-3'UH3;UE^_d73w6KJE8[6

f
B]4-8cFWN/UHUa]^HFHd969BTNEFàq
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" NE:I8;g·g
x
8;FHU

y
k �-3)JE8XDE3

f(x2 − y2) = (x − y)
(
f(x) + f(y)

)

8cFHUZ8[g]4oN��T:93[Q/gG8�d7BGFH@
y
=;? −y

8cFHUiFHN�69B]FH@f6KJE8X6
f(−y) = −f(y)

�7k

f(x2 − y2) = (x + y)
(
f(x) − f(y)

) q
�)3[FHdK3bk

(x − y)
(
f(x) + f(y)

)
= (x + y)

(
f(x) − f(y)

) 


6KJE8[61B]4Ck
xf(y) = yf(x)

qZpc3C6<69B]FH@
y = 1

k �-3R@[3C6
f(x) = xf(1)

q yOJb^H4Ck
f
B]4gGBGFH3;8;:Cq

L>NEF�DE3[:<4»3XgS?sk�B·6`BG453[8c4<?-69NADE3;:<BGa·?-6KJE8X6I8;F�?+gGBGFH3;8;:`a]^HFHd969BTNEFiQ/8c4&4&BGFH@M6KJE:9Nb^_@[J6KJ/3-NE:9B]@CB]F B]458)4»Nbg·^E69BTNEFZNba_6KJ/3AQH:9N/=bgT3[Pìq
÷ q5h;3X6

p
=H3)8)Q/:9BGPw3A4&^_d&J+6KJE8[6

p ≡ 1 (mod 4)
q"ñ;Db8;g·^H8[693

p−1∑

k=1

(⌊
2k2

p

⌋)
− 2

(⌊
k2

p

⌋) q

� Ó;Ûxä;ÉcÕ�Ú 
 �éÓ�×/ØcÍRÍ'É;Õ �tØ[ÊoÊKÎGÛ]Ø;å � Ò�Ì9Ø[Ê[Ú/Ó_Ñ;Ì<á[å ��Ì<ØcÔsÖKÉ)( �/ÎÙÉCÌ7Ì&É �àÓ�Ì7ÔEÊ��CÒxÉjÎ]Ô/å
� ØXÎ]ÊCÓ�Ô/ÊXâoÈ;Ø
��Ò<ÒÙÉjå&�cÌ9Ø;ÔOÖ7É (�Ø;ÔOÕ �1Ö9×bÎGÛ·ÛÙÉCØ;Ê � Î]ÔOÉ ��Ø �/Ó[Ë�Ó_ÑXÛÙÓcÊ&åRÊXÒ9ÑEÕHÉCÔ>ÒTå � Ó�Ì7ÔOÉ»ÛGÛ
�àÔbÎÙä;ÉCÌ<ÊKÎãÒ 
;å`Þ9Ò�×/ØEÖãØ;å �
	/å�� � �#Ý+� É#áXÎÙä;É+Ò�×sÉ -MÌ<ÎÙÒÙÉcâ»ÑCËìÓ�� �tØ[ÊoÊKÎGÛ]ØHÝ

h;3X6 {x} U/3;FHN�693�6KJ/3AaT:<8cd969BTNEF/8[g_QH8;:<6tNba x 
c6KJE8X6IB]4Ck {x} = x − bxc q`ysJ/3;F
⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋
=

(
2k2

p
−
{

2k2

p

})
− 2

(
k2

p
−
{

k2

p

})

= 2

{
k2

p

}
−
{

2k2

p

} q

~�a {k2

p

}
<

1

2

k�6KJ/3[F

2

{
k2

p

}
−
{

2k2

p

}
= 2

{
k2

p

}
− 2

{
k2

p

}
= 0

q

~�a {k2

p

}
≥ 1

2

6KJ/3[F

2

{
k2

p

}
−
{

2k2

p

}
= 2

{
k2

p

}
−
(
2

{
k2

p

}
− 1

)
= 1

q

�)3[FHdK3bk p−1∑
k=1

(⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋) BG4M3;\E^H8[g/67N-6KJ/3AFE^HPw=/3;:tNba
k ∈ [1, p − 1]

4&^_d&J
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6KJE8[6 {k2

p

}
≥ 1

2


H6KJE8[65BG4Xk/6KJ/3 FE^HPw=/3;:1Nba`FHNEFHó �&3;:9Nw:93[4&B]UE^_3[4
k
PRN/UE^/g]N

p
4&^_d&J

6KJE8[6
k2
B]4Md7NEFH@X:9^_3[Fb6I67N 4»NEPR3AFE^HPw=/3;:IB]F [p + 1

2
, p − 1

] q�yOJb^H4Ck
p−1∑

k=1

(⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋)
=

p − 1

2

q

ù q �H:9N;DE3R6KJE8X6)8cF
m × n

:93cd96<8cFH@Cg]3�d98cF�=/3'dKNEF/4767:9^_d9693cUì^H4&BGFH@udKNEQEBT3[4 Nba"6KJ/3a�NbgGg]N �AB]FH@#4»JE8;Q_3�BGaO8;FHURNEFEg ?iB·a
mn

BG458-Pi^/g·69BGQ/g]3-Nba
8
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� Ó;Ûxä;ÉcÕ�Ú 
 �/ÎxÉXÌ7ÌKÉ��àÓ�Ì7ÔEÊ��CÒxÉjÎ]Ô/å ��Ø[ÎGÊXÓ�ÔEÊ[â&È;Ø���Ò<ÒxÉCå���Ì<ØcÔsÖKÉ)(iØ;ÔOÕ �XÌ9ØbÖ 
 �)ØXÛ �EÉXÌ9åÊ[Ò9ÑbÕHÉXÔOÒTå`Ø;ÔOÕ��/Õ -MØcÌKÕ �;Ý�� Ý$�)Ø;Ô/á[å ��Î·Û��TÌ<ÎÙÕuÈ;ØHÑ;Ì<ÎÙÉCÌ �>ÔEÎxä;ÉXÌãÊ&ÎÙÒ 
[å �)ØEÒÙÉCÌ<ÛÙÓ/Ócå����+Ý
� É#á[Îxä;É+Ò�×OÉfÊXÓ;ÛãÑ/Ò]ÎxÓ�Ô'Ó��$�)ØXÛ �EÉXÌ"ØcÔsÕ �)ØcÔEáHÝ

yHN-PR8cvc316KJ/3�d7NEFHd7gG^H4KBTNEF dKNE:9:93cd96»k �-3#PZ^H476`8�U/U)6KJ/3�dKNEFHUbB·69B]NEF-6KJE8X6
m > 18cFHU

n > 1
qLO8[gGg;85æ_@C^H:93MNba;6KJ/3M@CBSDE3[FA4oJE8cQH358 ÒxÉ�Ò�Ì<ØcÍiÎ]ÔOÓ q>2�3 �AB·gGg[QH:9N[DE3t6KJE8X6O8cF

m×n=HNE8;:9UZ8cU/PiB·6<458 Ë�ÉXÌ �ÙÉcÖoÒ�ÖKÓbä;ÉXÌ =;?+693X67:<8;PZBGFHNE4tBGas8;FHUZNEFEgS?+BGa
m > 1

k
n > 1

kE8;FHU
8 | mn

q2�3#æ_:<476I4oJ/N � FH3;dK3[4o4KB·6x?àq`p[^HQHQHNE4»3�8cF
m × n

=/NE8c:9UiJE8c45=H3;3;FZd7N;DE3[:93cUi=;?3&ò;8cd969gS?
t
673C67:<8cPiB]FHNE4[qfysJ/3;F

mn = 4t
k �-JbBTd&JRBGPRQEgGB]3;456KJE8[6

4 | mn
q�p[^HQ/Q_NE4o3Ek67N+6KJ/3)dKNEFb67:<8;:x?Ok�6KJE8[6

8 - mn
q`ysJ/3;F

t
B]4MN/U/Uàq2�3tFHN ��d7NbgTNb^H:/6KJ/3t:9N �)4àNba[6KJ/35=/NE8c:9UfBGF#8cF#8[g·693;:9F/8[69BGFH@"PZ8cF/FH3[:s4»N56KJE8[6s8;g·g6KJ/3-N/UHUiFE^HPw=/3;:93;UR:9N �)458;:93-d7NbgTNb^H:93;U �-JbBS673A8;FHUZ8;g·g/6KJ/3-3»DE3[FRFE^HPR=H3[:93cUZ:9N �)48c:93fd7NbgTNb^H:93;U-=EgG8�d&v_q`p[B]FHd7318[6>g]3;8;4K6�NEFH3fNba

m
8;FHU

n
B]4�3»DE3[FOk[6KJ/3567N�6<8;g�FE^HPw=/3;:�Nba

�]^HFEBS6 ���-JbBS673)4»\b^H8c:93[41Pi^H4K65=/3+3»DE3[F �]8cFHUi6KJ/3A69N�698[gsFE^HPw=/3;:5Nbaà=bg]8cd&v 4o\E^H8;:93;4MBG48;gG4»NZ3»DE3[F �oq5~T6"BG4M8;gG4»Nid7gT3[8c:�6KJE8X6t8A693X67:<8;PZBGFHNsk/:93;@X8c:9UbgT3[4o41NbasB·6<4MQ_NE4KB·69B]NEFRNEFi6KJ/3=HNE8;:9UOk�Pi^H4K6�d7NEFb698[B]F 3[BS6KJ/3;:>6KJE:93c3,�-JbBS673f4»\b^H8c:93[4"8;FHU NEFH3�=bg]8cd&vA4o\E^H8;:93��G6x?/QH3)~��NE:H6KJE:93c35=EgG8�d&vM4»\b^H8c:93[4à8cFHU�NEFH3 �-JbBS673t4o\E^H8;:93 �·6Ù?EQ_31~<~��oqbh;3C6
t1
8;FHU

t2
U/3;FHN�693"6KJ/3FE^HPw=/3;:INbaE693X67:<8;PZBGFHNE4tNbaE6x?/QH3;4M~s8;FHUR~<~9kc:93;4&Q_3;d969BSDE3XgS?>qàyOJ/3[F

t1 + t2 = t
q`p[B]FHd73

t
B]4tN/UHUsk��-3�UH3;UE^_d73#6KJE8X6

t1
8cFHU

t2
JE8XDE3ANEQHQHNE4&BS673#Q/8c:<B·6x?àq�ysJ/3f67N�6<8;g/FE^HPw=/3;:INba

�-JbB·693)4o\E^H8;:93;4tB]4
3t1 + t2

k �-JbB]d&J B]4MN/U/Uàq�2�3)JE8XDE3)8-d7NEFb67:<8�UbBTd969B]NEFàq2�3iFHN ��3;47698c=Eg·B]4oJR6KJ/3 4&^��wd7BT3[FHdã?>q " B]:<4761FHN�673-6KJE8[618
2 × 4

=/NE8c:9Uu8cFHU'8
3 × 8

=/NE8c:9Uu=/N�6KJw8�UEPZBS6MQH3;:<a�3cd961d7N;DE3[:<4#=;?R693X67:<8;PZBGFHNE4Xk_8;4f4oJ/N �)F'=;? " B]@C^H:93Zn8cFHU " BT@C^H:93+lbkE:93;4&Q_3;d969BSDE3XgS?Oç
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ncmcm

�#N �¡d7NEF/4&B]UH3[:�8cF
m × n

=HNE8;:9U��-J/3[:93
m > 1

k
n > 1

k�8;FHU
8 | mn

q
�E?id7NEF/4&B]UH3[:9BGFH@M6KJ/3 Ò�Ì<ØcÔEÊKË�ÓcÊCÉ NbaE6KJ/3A=/NE8c:9Usk�BGaHFH3cd73;4&4o8;:x?Ok
�-3#PR8C? 8;4o4K^HPw316KJE8X6
3[BS6KJ/3;: �]B �

2 | m
8;FHU

4 | n
NE: �]B·B �

8 | n
qu~xF�d98c4o3 �]B �Kkà8RQH3;:<a�3cd96�d7N;DE3[:#PZ8X?�=H3

N/=b6<8;BGFH3cUi^H4KB]FH@ mn

8

dKNEQEBT3[4MNba " B]@C^H:93+nHq
" NE:5d78;4»3 �]B·B �7k �-3)B]F�DEN/vc3+8��-3[g·gTó&v�FHN �)FR:93;4K^/g·6MNba " :9N/=H3[FEBG^H4 �-JbB]d&Jw47698X673[46KJE8[6»k�BGa

a
k

b ∈ �
4&^_d&J 6KJE8[6

(a, b) = 1
k�6KJ/3[F 8cF�?�F/8X69^H:<8;g'FE^HPw=/3;:

m ≥ (a − 1)(b − 1)
d78;Fu=/3'�):9BS6<673[Fw8;4

m = ra + sb
�-J/3[:93

r
k
s ∈ � ∪ {0} q~xFwQ/8c:ã69BTd7^/gG8c:okEB·a

a = 2
8cFHU

b = 3
kE6KJ/3[FR8cF�?ZF/8X69^H:<8;gsFE^HPw=/3;:

m
kH3&òcd73;Qb6

1
kHd98cF=H3��):9BS6<673[FR8c4

m = 2r + 3s
a�NE:"4»NEPR3)FHNEFHó&FH3;@X8[69B DE3)BGFb673;@[3;:<4

r
8;FHU

s
qIysJ/3;FZBS6

B]45d7g]3;8;:�6KJE8[6 nr

4

dKNEQEBT3[45Nba " B]@C^H:93-nf67N/@[3C6KJ/3;: �ABS6KJ ns

8

dKNEQEBT3[45Nba " BT@C^H:93)l �-Nb^/gTU
QH:9N[DEB]UH3)8)Q_3[:9a�3;d96tdKN[DE3;:jq
� q�ysJ/3 :93;8[gàFE^HPw=/3;:<4

a
k
b
k
c
k
x
k
y
ks8cFHU

z
8;:93 4&^_d&JR6KJE8X6

a > b > c > 0
8cFHU

x > y > z > 0
q �H:9N[DE3�6KJE8X6

a2x2

(by + cz)(bz + cy)
+

b2y2

(cz + ax)(cx + az)
+

c2z2

(ax + by)(ay + bx)
≥ 3

4

q

� Ó;Ûxä;ÉcÕ�Ú 
 �éÓ�×/ØcÍRÍ'É;Õ �tØ[ÊoÊKÎGÛ]Ø;å � Ò�Ì9Ø[Ê[Ú/Ó_Ñ;Ì<á[å ��Ì<ØcÔsÖKÉ)( �/ÎÙÉCÌ7Ì&É �àÓ�Ì7ÔEÊ��CÒxÉjÎ]Ô/å
� ØXÎ]ÊCÓ�Ô/ÊXâoÈ;Ø
��Ò<ÒÙÉjå&�cÌ9Ø;ÔOÖ7É (�Ø;ÔOÕ �1Ö9×bÎGÛ·ÛÙÉCØ;Ê � Î]ÔOÉ ��Ø �/Ó[Ë�Ó_ÑXÛÙÓcÊ&åRÊXÒ9ÑEÕHÉCÔ>ÒTå � Ó�Ì7ÔOÉ»ÛGÛ
�àÔbÎÙä;ÉCÌ<ÊKÎãÒ 
;å`Þ9Ò�×/ØEÖãØ;å �
	/å�� � �#Ý+� É#áXÎÙä;É �àÓ�Ì7ÔEÊ��CÒxÉjÎ]Ô`ß Ê5ÊCÓ;Û<ÑEÒ]ÎÙÓ�Ô>Ý

2�3#�ABGg·gcQH:9N[DE356KJ/31@CB DE3;FABGFH3c\b^H8;g·B·6x?�^HFHUH3[:O6KJ/3M4&g·BT@[J�69g ? �-3[8�vc3[:àJc?/QHN�6KJ/3;4KB]46KJE8[6
a ≥ b ≥ c > 0

8;FHU
x ≥ y ≥ z > 0

q " NE:5d7NEF�DE3;FEB]3;FHd73Ek��-3)gT3C6
S
UH3[FHN�6736KJ/3-3&òcQH:93[4o4KBTNEFZNEF 6KJ/3Ag]3[aG6"4KBTU/3)Nba_6KJ/3ABGFH3c\b^H8;g·B·6x?àq

" :9NEP
a ≥ b ≥ c > 0

8cFHU
x ≥ y ≥ z > 0

k �-3-U/3cUb^_dK3�6KJE8X6
a2x2 ≥ b2y2 ≥ c2z2 q �xn �

V�NE:93cN[DE3;:ok
0 < by + cz ≤ cz + ax ≤ ax + by8cFHU
0 < bz + cy ≤ cx + az ≤ ay + bx

q
yOJ/3[F

1

(by + cz)(bz + cy)
≥ 1

(cz + ax)(cx + az)

≥ 1

(ax + by)(ay + bx)
> 0

q �xl �
" :9NEP �xn �Kk��xl �KkE8cFHURLOJ/3c=;?E4»J/3»Dsí 4#~xFH3;\E^H8[gGBS6Ù?skEBS6Ia�NbgGg]N �)4I6KJE8[6

S ≥ 1
3
(a2x2 + b2y2 + c2z2) ·

·
(

1

(by + cz)(bz + cy)
+

1

(cz + ax)(cx + az)
+

1

(ax + by)(ay + bx)

) q



ncm�n

�M4&BGFH@f6KJ/3#r1V � �+V ~xFH3c\b^H8;g·B·6x?Ok �-3)@[3X6
1

3

(
1

(by + cz)(bz + cy)
+

1

(cz + ax)(cx + az)
+

1

(ax + by)(ay + bx)

)

≥ 3

(by + cz)(bz + cy) + (cz + ax)(cx + az) + (ax + by)(ay + bx)

q
�)3[FHdK3bk

S ≥ 3(a2x2 + b2y2 + c2z2)

S′

k � � �

�-J/3;:93
S′ = (by + cz)(bz + cy) + (cz + ax)(cx + az) + (ax + by)(ay + bx)

= a2(xy + xz) + b2(yz + yx) + c2(zx + zy)

+ (ab + ac)x2 + (bc + ba)y2 + (ca + cb)z2 q
�#N�693 6KJE8X6

xy + xz ≤ 1
2
(x2 + y2) + 1

2
(x2 + z2) = x2 + 1

2
(y2 + z2)

k �ABS6KJ3c\b^H8;g·B·6x?�BGa�8cFHUìNEFEg ?�B·a
x = y = z

q �M4&BGFH@+6KJbB]4A8cFHU�4&BGPZB·g]8;:1B]FH3;\E^H8[gGBS69BT3[4Xk��-3UH3;UE^_d73A6KJE8X6
S′ ≤ a2

(
x2 + 1

2
y2 + 1

2
z2
)
+ b2

(
1
2
x2 + y2 + 1

2
z2
)

+ c2
(
1
2
x2 + 1

2
y2 + z2

)
+
(
a2 + 1

2
b2 + 1

2
c2
)
x2

+
(
1
2
a2 + b2 + 1

2
c2
)
y2 +

(
1
2
a2 + 1

2
b2 + c2

)
z2

= (a2 + b2 + c2)(x2 + y2 + z2) + a2x2 + b2y2 + c2z2 k
�AB·6KJ'3;\E^H8[gGBS6Ù?wBGa�8cFHU�NEFEg ?wBGa

x = y = z
8;FHU

a = b = c
q �M4KB]FH@ LOJ/3c=;?E4»J/3»Dsí 4~xFH3c\b^H8;g·B·6x?Z8�@X8[B]FOk �-3)@[3X6

S′ ≤ 3(a2x2 + b2y2 + c2z2) + a2x2 + b2y2 + c2z2

= 4(a2x2 + b2y2 + c2z2)
q �G{ �

" :9NEP � � �)8;FHU �G{ �Kk$�-3ìUH3;UE^_d73�6KJE8[6
S ≥ 3

4

q ñE\E^H8[gGBS6Ù?�N/dKd7^H:<4ZB·af8cFHU�NEFEg ? B·a
x = y = z

8cFHU
a = b = c

q

2�3AdKNEFHd7g·^_UH3f6KJbBG4tFE^HPw=/3;:"Nba/6KJ/3 � Ó�Ì7ÔOÉCÌ �AB·6KJ)6KJ/3ANEFEgS? 4oNbgG^E69B]NEF �-3AJE8CDE3NEFìæHg]3Z67N�QH:9N/=bgT3[PR4+NbaI6KJ/3'lcmcm�m��IB]3X67F/8;Pw3[4»3�VW8X6KJ/3;PZ8[69B]d78[gt�tg ?/PZQ/BG8�U�@CB DE3;F
�9l;m�m�� ç�lC{ ��l � 	Eq �A3;:93#BG4"8cFiNEQ/Q_NE:ã69^HFEB·6x?+a�NE:`:93;8cUH3[:<4I67N-:9BG4»3169N)6KJ/3Ad&JE8[gGg]3;FH@[3�NbaæHg·gGBGFH@#B]F 6KJ/3)@X8cQ/4��
÷ q " NE:é3»DE3[:x? BGFb673;@[3;:

n ≥ 3
8;FHU�8;F�?¡@CB DE3;F�8;FH@CgT3

α
BGF

(0, π)
kìgT3C6

Pn(x) = xn sin α − x sin nα + sin(n − 1)α
q

�T8 � �H:9N;DE3#6KJE8X6�6KJ/3;:93ABG4MNEFEg ?RNEFH3AQHNbgS?EFHNEPZBG8;gsNbaH6KJ/3Aa�NE:9P
f(x) = x2 + ax + b4&^_d&J+6KJE8[6Ia�NE:"3»DE3;:x?

n ≥ 3
k
Pn(x)

B]4MUbBSDbB]4KBT=bgT3)=;?
f(x)

q
��=�� �H:9N[DE3"6KJE8[6_6KJ/3[:931U/N/3;4àFHN�6>3&ò;B]476O8MQHNbgS?EFHNEPZBG8;g

g(x)
Nbac6KJ/3"a�NE:7P

g(x) = x+c4&^_d&J+6KJE8[6Ia�NE:"3»DE3;:x?
n ≥ 3

k
Pn(x)

B]4MUbBSDbB]4KBT=bgT3)=;?
g(x)

q



ncm�l

� Ó;Ûxä;ÉcÕwÚ�
 �WÎxÖ9×OÉ»Û!�sØ/Ò]Ø[Î·ÛGÛxÉCå �`Ó_ÑbÉXÔEå+�cÌ9Ø;ÔOÖ7ÉbÝ
" BG:<4K6��-3-N/=E4»3[:xDE3�6KJE8X6

Pn+1(x) − xPn(x)

= x2 sin nα − x
(
sin(n + 1)α + sin(n − 1)α

)
+ sin nα

= x2 sin nα − 2x sin nα cos α + sin nα

= (sin nα)(x2 − 2x cos α + 1)
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f(x) = x2 +ax+b
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f(x)
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Pn(x)

a�NE:à8;g·g
n ≥ 3

q`ysJ/3;F
f(x)
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Pn+1(x) − Pn(x) = (sin nα)(x2 − 2x cos α + 1)a�NE:I8[gGg

n ≥ 3
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n
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sin nα 6= 0
�
n = 3

NE:
n = 4
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f(x) = x2 − 2x cos α + 1

qL>NEF�DE3[:<4»3XgS?skE4&BGFHdK3
Pn(x) = xPn−1(x) +

(
sin(n − 1)α

)
f(x)

Pn−1(x) = xPn−2(x) +
(
sin(n − 2)α

)
f(x)qqq qqq qqq

P2(x) = 0 + (sin α)f(x)
k

�-3iJE8CDE3
Pn(x) = f(x)

(
sin(n − 1)α + x sin(n − 2)α + · · · + xn−2 sin α

) qyOJb^H4Ck
f(x)
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Pn(x)
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n ≥ 3
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g(x) = x + c
UbBSDbBTU/3;4

Pn(x)
a�NE:M8;g·g

n ≥ 3
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g(x)
UEB DEB]UH3[4

P3(x)
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P3(x) = (sin α)f(x)(x + 2 cos α)
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g(x)
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f(x)
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f(x)
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eiα 8;FHU e−iα q�yOJ/3[:93[a�NE:93bk g(x)
PZ^H476 UEB DEB]UH3

x + 2 cos α
kE8cFHU �-3APi^H4K6tJE8CDE3

c = −2 cos α
qp[B]FHd73

g(x)
UEB DEB]UH3[4

P4(x)
kfBS6ia�NbgGg]N �)4Z6KJE8X6

P4(−2 cos α) = 0
k,�-JbB]d&J?EB]3[g]U/4

3 − 4 sin2 α = 0
qWysJ/3;F

α = π
3

NE:
α = 2π
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P5(x)
q�yOJb^H4Ck

g(x) = x + c
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Pn(x)
�]B·a
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