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� [=f�x>T&X=XBVJT�[=adt�WY^�V�WDtE[]ce[]sDSL[#fYceS�Z&S&adt
a
T�f�x

b
tE�B�EhQc�hDT)c

(a + b)b = ab + ba �
� -7��?�" ���dHD.#!���-���0�� +�-wHY�¡��¢w� -D!�.���� £¤¥")24+��;�Y!1+JH��*�d!=�>+�-�5§¦Y��!K�=!<�©¨J� �*- £+�-75��{ª��« ��O�����¬-7���'­ ��+&!#-w6
8&:��{!1�>� +��d�K!�� �®")���4HJ.#!<��-¯�e|������ �w�D��~ °&�D�D± ���,+D5��UH�" �;��F'.`:7�
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i7X#S�T�aeX u�q
(a, 1)

[#t�T$tµWYX=�Dce[#WDf_^`WDaLT�XKXIVBWDt�[Kce[ sDS>[#fYceS�Z&S&adt
a
�$R�S,t{hJW�¶´c�hDT)c

c�hJS�tµS�T�aeSPc�hJS�WDfDX]u�t{WYXK�Dce[1WDf�V�T&[#adt&�
jMtµt���b>[=f�Zlc�hDT&cIc�hJS�S�·Y��T&ce[#WDf,hJWYX1xDt�^`WDa

b > 1
q�¶®S�hDT)sDS

ab + ba = (a + b)b =

b∑

k=0

(
b

k

)
ab−kbk > ab + bb q

T�f�x�c�hY��t q
a > b > 1

�lm�S c
d = gcd(a, b)

�zp�S)c
a1 = a/d

T�f�x
b1 = b/d

�M¸7hJS�f
a1 > b1

T�f�x
gcd(a1, b1) = 1

qDT�f�xAc�hJS�Z []sDS&f¹S�·D��T)ce[1WDf,ºJS��*WDb¹S&t

(a1 + b1)
b = ab

1 + da−bba
1

q � � �
WDazS�·D�J[ sYT�X#S�fYceX u,�#T�VJVJX uD[=f�ZLc�hJS>o�[=f�WDb>[=T�XJ¸�hJS�WDaeS�b»T�f�x,xY[]sY[1xY[#f�Z'º�u

b2
1

�*q

dab−1
1 +

(
b
2

)
ab−2

1 + · · · +

(
b

b − 1

)
a1bb−3

1 + bb−2
1 = da−bba−2

1

� �<|¡�

� [=adt�c{q/tE��VJVBWDtµSAc�hDT&c
b1 = 1

��¸7hJS�f
d = b > 1

T�f�x
a1 > b1 = 1

qwT�f�x
S�·Y��T&ce[#WDf¹� � �IºJS��*WDb¹S&t

(a1 + 1)d = ad
1 + dd(a1−1) � �<�¡�

�#[ �$n`^
a1 = 2

q/c�hJS�fUS�·Y��T&ce[#WDfU�<�¡�lº�S���WDb,S�t
3d = 2d + dd �³o��Dclc�hY[#t'[=t�f�W�c

V�WDtµt�[1ºYX1SYq�tE[=f���S
3d > 2d + dd ¶®hJS�f

d = 1
WDa

d = 2
q�T�f�x

3d < 2d + dd¶®hJS&f
d ≥ 3

�
�=[=[ �$n`^

a1 = 3
qIc�hJS&f S�·D��T)ce[1WDf3�`� �Pº�S���WDb,S�t

4d = 3d + (d2)d ��o��DcPc�hY[=tQ[=t
[=b,V�WDtµt�[1ºYX1SYqYtE[=f���S

4d < 3d + (d2)d ^`WDaMT&X=X
d > 1

�



��� |

�=[=[K[]�¹n`^
a1 > 3

q7c�hJS�f_S�·D��T)ce[1WDf��<�¡�@�eT�fJf�W�cLhJWYX#x�º�S��*T&��t{S
a1 + 1 < da1−1

^`WDa
T&X=X

d > 1
�

R�S®�*WDf��*X=�BxJSPc�hDT)c
b1 6= 1

�
�LS���c¥tE��VJVBWDtµS�c�hDT&c

b1 = 2
�(¸7hJS�f

b = 2d
� � ��a4c�hJS�aeb¹WDaeSYq

a1
[=tzWJxJx��#tE[=f���S

gcd(a1, b1) = 1
��qDT�f�x,S�·D��T)ce[1WDf,� � �I�eT�f,ºJS�aeS ¶�ad[KcdceS�f>T�t

(a1 + 2)2d = a2d
1 + 2a1ddd(a1−2) � �=���

�#[ �$n`^
a1 = 3

qJc�hJS&fgS�·D��T)ce[1WDf$�=���Mº�S���WDb,S�t
25d = 9d + 8ddd ��R�SA�eT�f$S&T�t�[=X u

�EhJS����¹c�hDT&clc�hY[#t®S�·Y��T&ce[#WDf³x�WJS&t®f�W�c'hJWYX1x_^`WDa
d = 1

q
d = 2

qIWDa
d = 3

�
n1czxJWJS�t�f�W�czhJWYX#x�^`WDa

d > 3
qDt�[#f��*S

25 < 8d
¶®hJS&f

d > 3
�

�=[=[ �$n`^
a1 = 5

q�c�hJS&f>S�·Y��T&ce[#WDf��=���¥ºJS��*WDb¹S&t
49d = 25d + 32dd3d

�zo��Dc{q�[=fA^1T��ec{q
49d < 25d + 32dd3d ^`WDaMT&X=X

d ≥ 1
�

�=[=[K[]�¹n`^
a1 > 6

q�c�hJS�f,S�·D��T)ce[1WDf,�K���I�*T�fJf�W�czhJWYX1x>º�S��*T&��t{S
(a1 + 2)2 < 2a1

�
R�S®�*WDf��*X=�BxJSPc�hDT)c

b1 6= 2
�

�LW�¶¯t���V�V�WDt{Slc�hDT&c
b1 = 2` ¶'[]c�h

` > 1
�(¸�hJS&f

a1 > 2` qYT�f�x>S�·D��T)ce[1WDf>�<|¡�
º�S���WDb,S�t

dab−1
1 +2`−1d(2`d − 1)ab−2

1 +

(
b
3

)
2`ab−3

1 + · · · +2`(b−2) = 2`(a−2)da−b �

¸�hJS��Badt*c�ceS�aeb WDfLc�hJS@X#S&^=c/tE[#x�S�WY^�c�hY[#tIS�·D��T)ce[1WDfP[#t
dab−1

1 = da2`d−1
1

�w¸7hY[#t
c*S&a*b b���t�czº�S®S{sDS�f�qJtE[=f���SPc�hJSQW�c�hJS&aGceS�aeb,t�[=f�c�hJSQS�·D��T)ce[1WDf,T&X=X��*WDfYceT&[#f>^1T��ec*WDadt
WY^

2
��o��Dc

a1
[#t@WJx�x7q�t�[#f��*S

b1
[#t@S{sDS�f,T�f�x

gcd(a1, b1) = 1
�I¸�hJS&aeS&^`WDaeSYq

a2`d−1
1[#t@WJxJxw�(¸�hY[=t@b,S�T�fJtzc�hDT)c

d
[=t@S{sDS�f�qDtET)u

d = 2d1
���LW�¶	S�·D��T)ce[1WDf,� � �IºJS��*WDb¹S&t

(
(a1 + 2`)2

`−1d1

)4

=
(
a2`−1d1

1

)4

+
(
2`a1d1dd1(a1−2`)

)2 �
o��Dclc�hY[#t®S�·Y��T&ce[#WDfU�*T�fJf�W�c�hJWYX#xUºJS��eT���tµS>c�hJS¹S�·Y��T&ce[#WDf

x4 − y4 = z2
hDT�t�f�W

f�WDf	�*c*ad[]sY[#T&XB[=fYc*S�Z&S�aGt{WYXK�Dce[1WDfJt qYT�tz[#tG¶®S)X=X
��f�W�¶�fw�
n1c(WDfDX u'aeS&b,T&[#fJtw^`WDa���t/c*WPad�JX1S�WY�Dc7c�hJS@�*T�t{SG¶®hJS�aeS

b1
[=t¥T@b>�JX]ce[#VDX1S@WY^Yt{WDb,S

WJx�xgVJae[=b¹S
p
��n<f¹c�hY[#tP�eT�tµSDq�¶®SAb>��t*clhDT)sDS

a1 > b1 ≥ 3
T�f�x

gcd(a1, p) = 1�1t�[#f��*S
gcd(a1, b1) = 1

�µ�Mp&[#f��*S
p
xY[]sY[1xJS�t

b1
qY[KcG^`WYX=X#W�¶�tz^1aeWDb S�·Y��T&ce[#WDf¹�`| �(c�hDT)c

p
xD[ sD[#x�S&t

dab−1
1

�Pp&[#f��*S
a1

T�f�x
p
T�aeSAaeS)X#T)ce[]sDS)X]u¹VJae[=b¹SYqJ¶®SA��WDf��*XK�Bx�S®c�hDT)c

d
[=t

Tgb>�JX]ce[#VDX1S$WY^
p
�Cm�S c

d = pkd1
T�f�x

b1 = p`b2
qw¶®hJS�aeS

d1
T�f�x

b2
T�aeSgS�T��Eh

aeS&X=T&ce[ sDS&X u�V�ad[#b,SLc*W
p
qDT�f�x

k
T�f�x

`
T�aeS�V�WDtE[]ce[]sDSL[#fYceS�Z&S&adt��(¸7hJS�f

b = pk+`d1b2
q

T�f�x,S�·D��T)ce[1WDf,�`| �IºJS��*WDb¹S&t

pkd1ab−1
1 +

(
b
2

)
ab−2

1 +

(
b
3

)
ab−3

1 p`b2 + · · · +

(
b

b − 1

)
a1p`(b−3)bb−3

2

+ p`(b−2)bb−2
2 = p`(a−2)+k(a−b)ba−2

2 da−b
1

� �<�¡�
n<f,c�hJS®T�ºJW�sDSQS�·Y��T&ce[#WDf�qBS�T��Eh�c*S&a*b

tm =

(
b
m

)
ab−m

1 p`(m−2)bm−2
2

^`WDa
m ≥ 2

[#tAxY[]sY[#t�[1ºYX1Sgº�u_c�hJSgVJae[=b¹S$VBW�¶®S&a
pk+1 �U¸�WUtµS�S,c�hY[=t)q¥c�hJS&aeSgT�aeS¹c4¶®WU�*T�t{S&t�ceW

��WDfJt�[1xJS�a¡�
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pj < m < pj+1

^`WDaMtµWDb¹S'f�WDf	��f�S�Z)T)ce[]sDSP[#fYceS�Z&S&a
j
�

¸�hJS&f
(

b
m

)
= pk+`d1b2·

·p
k+`d1b2 − 1

1
· · · pk+`d1b2 − pj

pj
· · · pk+`d1b2 − m + 1

m − 1
· 1

m

q

¶®hY[1�EhA[#t�T�b>�JX]ce[#VDX1S�WY^
pk+` T�f�xAc�hJS�aeS)^`WDaeS�T®b��JXKce[=VJX#S®WY^

pk+1 �zn1cG^`WYX=X#W�¶�tMc�hDT)c
pk+1 xY[]sY[1xJS�t

tm
�

���������
	�	 ���
m = pj ^`WDaGtµWDb¹S'V�WDtE[]ce[]sDSP[=fYc*S�Z&S�a

j
�

¸�hJS&f
(

b
m

)
= pk+`d1b2 · pk+`d1b2 − 1

1
· · · pk+`d1b2 − pj + 1

pj − 1
· 1

pj

q

¶®hY[1�EhA[#t�T�b��JXKce[=VJX#S®WY^
pk+`−j � � aeWDb9c�hY[#tG¶®S't{S�SPc�hDT)c

tm
[#t@xY[]sY[#t�[1ºYX1S�º�u

pk+`−jp`(pj−2) = pk+`−j+pj`−2` = pk+(pj−1)`−j �
n1cM^`WYXKX1W�¶�tGc�hDT)c

tm
[#t@xY[]sY[#t�[1ºYX1S�º�u

pk+1 �#tE[=f���S
(pj − 1)` − j ≥ 1

�µ�
¸�hY��t qD[=f,º�W�c�h>�eT�tµS�t q�¶®S'tµS�SLc�hDT&c

tm
[=t@xD[ sD[=tE[#ºDX#S�º�u

pk+1 qDT�t��*X=T�[=b¹S�xw�
� aeWDb �<�¡�(¶®S®f�W�¶ t{S�S'c�hDT&c

d1ab−1
1

[#t@TAb��JXKce[=VJX#SAWY^
p
qD¶®hY[#�Eh¹��WDfYc*adT�xD[#�ecet

c�hJS'^1T��ec¥c�hDT&c
a1

T�f�x
d1

T�aeS®S&T��Eh�aeS)X#T)ce[]sDS)X]u�VJae[=b¹SPceW
p
�

i/WDfJtµS�·Y�BS�fYceX u�qwc�hJS�aeS¹T�aeS¹f�W_t{WYXK�Dce[1WDfJtLc*Wgc�hJS$S�·D��T)ce[1WDf_[=f_c�hJS,V�aeWJºYX1S&b
t�cdT&ceS�b,S�fYczW�c�hJS&aIc�hDT�f�c�hJS'V�T&[#adt

(a, 1)
q�¶®hJS�aeS

a
[=t�T�f�u�VBWDt�[Kce[ sDSP[#fYceS�Z&S&a �
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K /�CIHJ/�)�BLA�<J1�.��

MON 4ABC P�Q(R�S!T�U!R c4 = a4 + b4
�

V T�WYX�S9Z�Q\[]S!T�[ 4ABC ^G_`T�acb![dR�T N>e0f R�g �
VIh Wji`R0[cR#kclm^ N R�[]S9R�k�T N>e R(Z�n ∠ACB

�
V a�W ? o�Z�QpadT N Q(R e R N R#k�T f ^
q+R�[cZ cn = an + bn r

s 1�tJu S�^G_wv>kdZ h f R#lpQ�T�_x[]S9Ry_+b h�z R�ad[{Z�n�T�kdR�a]R N [|T�k}[d^~a f R h��m� b>T N _�S9R N;� R N ^ N�� HJ/� *�BGBO/0��/(��A!CIH�/0:EA9CL�O�}.|7�*���)c<9A#B V X�R#v![ �����#" P9v>v �������0������% W �xu S9R�kdR#T�g9R�k�_�S�^LvEl3T �h R`^ N [cR#kdR�_c[cR�g�[dZ�a]Z!l3v>T�kdRw[]S9R`T�v9v>kdZ!T�a+S�[�T���R N h�� � R N Q�^
[]S�[]S!T�[�Z�n!Z�b>k�nIR#T#[db>kdR�g_�Z f U!R�k�P9��S�^Lv$��b>k�[d^G_ �



��� �

������� �@�d|����Y�L���J~�}J��|����)�®�¡� � ���;�B�E�&�(��" ��5'��0L�D+�-7��"M¦76J8¡"µ+D�BH&"µ" ��O&�<�BH�� � .`:7�)-D"µ�
�/�E����2*�Y�

n`^
a
q
b
q
c
T�aeS�V�WDtE[]ce[]sDS'aeS&T�XBfD��b,º�S&adt�t��B�EhQc�hDT&c

abc = 1
qDV�aeW&sDSPc�hDT)c

ab2 + bc2 + ca2 ≥ ab + bc + ca
�

¦�5�!�.������ "3�7���,�g�)-�.��	�3S�TN�*�JX#VJT�
�R�SNZ&WJWY^`S�x�
�¸Y¶®W�WY^Pc�hJSUc�hDaeS�S3^`S&T&ce��aeS�x
t{WYXK�Dce[1WDfJtMceWQc�hY[=t@VJaeWJºDX#S�bgq�¶®hY[1�Eh�T�V�V�S�T�aeS�x�[=f³�e|����)�g�D� � �&��qDT�aeS�
BT ¶®S�x/�

� S�xY�JX#T �®���U��adc<u�q���W&sDS�aµq��&j�qDr�p j�qYT�f�x��/�J^`S)[��&hDT�W7qDt*ce�Bx�S&fYc{q���WDf��U[KX=X=t
i/WYXKX1S�Z [#T)c*S$n<fJt*ce[Kce�DceSDqw¸JWDaeWDfYc*W7q�� �	f�W�ce[1�*S�x$c�hDT&cPp�WYXK�Dce[1WDf³ndnM[#t�
�T)¶®S�xw�¹r@tE[=f�Z
c�hJS i7T��B�Eh�u�°�p��Eh�¶�T�adcd\ n<f�S�·D��T&X=[]c�u WDf c�hJS sDS��ec*WDadt [√

b

c
,

√
c

a
,

√
a

b

] T�f�x
[

1√
b
,

1√
c
,

1√
a

] uD[#S&X#xJt (b

c
+

c

a
+

a

b

) (
1

b
+

1

c
+

1

a

)
≥
(

1√
c

+
1√
a

+
1√
b

)2 q
^1aeWDb9¶®hY[1�EhA[=f�S�·Y��T�XK[Kc<u,� � �IxJWJS�t�f�W�cG^`WYXKX1W�¶,�

�/�J^`S&[��&hDT�W;T�f�x��P�My�[#VJV��µWJhDfJt{WDf�q@o7S�T sDS�a4c*WDf�q��PkIq¥r�p j§[#f�xY[1�eT&ceS�x_c�hDT)c
p�WYX=�Dce[#WDf³ndndnM[#t�
�T)¶®S�x�qwt�[#f��*S��U�J[#a*hJS�T�x� t'¸�hJS�WDaeS�b x�WJS&t'f�W�c@uY[1S)X1xg[#f�S�·D��T&X=[]c�u
�<|¡�@T�t��*X=T�[=b¹S�xw���U�J[#a*hJS�T�x� t'¸�hJS�WDaeS�b t�cdT&ceS�tlc�hDT&cl[K^

x
q
y
q
z

T�aeS>VBWDt�[Kce[ sDS>T�f�x
c�hJSLsDS��eceWDa

[p, q, r]
b>T�!<WDad[K\ES&tMc�hJSLsDS��ec*WDa

[u, v, w]
q�c�hJS�f

∑
"$#&%('*),+(-.+(/ 0�1 xpyqzr ≥

∑
"$#&%('*)�+(-.+(/ 0�1 xuyvzw q

¶®hJS�aeS@c�hJS�aeSlT�aeSlt�[ �LV�S�aeb>�DcdT&ce[#WDfJtG[=f�c�hJSL�eT�tµSLWY^JT
3
° sDS��eceWDa � � WDa/c�hY[#tIV�aeWJºYX1S&b�q

c�hJS�T�ºJW�sDSP[#f�S�·D��T&X=[]c�u>º�S���WDb,S�t
2x3y3z0 + 2x3y0z3 + 2x0y3z3

≥ x3y2z1 + x3y1z2 + x2y3z1 + x2y1z3 + x1y3z2 + x1y2z3 q
^1aeWDb ¶®hY[1�Eh¹[#f�S�·D��T&X=[]c�u��`| ��x�WJS&tPf�W�c@^`WYX=X#W�¶,�32'W�¶®S{sDS�aµq/t�[#f��*S>p�WYX=�Dce[#WDf;ndndnzhDT�t
T�fUT�X]c*S&a*fJT)c*S¹b¹S c�hJWJx³WY^�S&t�cdT�ºYX=[=t{hY[=f�Z¹�<|¡��sD[=T¹c�hJS�j��_°546� n<f�S�·D��T&X=[]c�u7qI[]c't�ce[KX=X
aeS�VJaeS�tµS�fYcdt@TPsYT&X=[#x>T�V�VJaeWDT��Eh/�


���798y�m���������$�>�;:;< P ������"��>������& '�)+*#,-*�.0/�1;2�4�=?>A��}B~AA@CB-*�<J/ED�d<6>4#?GF>�G�IH A0,��D1�.+?�KJ~?ML-8ON��
V T0W`X�S9Z�Q []S!T�[ ^
[`^L_�v>Z!_�_]^ h f R�[cZ g!^ U!^Lg>R�T3ac^Lkdacb f T�k�g�^L_�a�^ N [dZ$nIZ�b>k v>T�k�[�_ Q�^
[]SE[]S9R_�T�l$R�T�kdR#T h�� l$R#T N _ Z�n�[]S!kdR�R f ^ N R�_�R e lER N [�_�Z�n>[]S9R�_�T�l$R f R N>e []S �VIh Wxi`Z9R�_�[]S9R�kdR�RQP�^L_c[�T�_c[ck�T�^ e S�[ R�g e R�T N g(a]Z!l3v>T�_�_xa]Z N _c[ckdb�ad[d^LZ N V ^ N []S9R�a f T�_�_]^~adT f_�R N _�R  []S!T�[|^L_0P�Q�^�[]SmTSR N ^
[dR N b>l h R�kwZ�n�_][dR�v9_cW r
� *�:E:;/�<�CJ2�4y5`AT@�/ s H9)+/0<�A�<�1�89CLA�<IU�A���*�<9?�� A!�}A#BO/0.�CD/0) � *�B
BD/F�!/F?>8!Cd6!'!A9�#BG?J� K ?L-8ON�6

u S9RwnIR�T�[db>kdR�g�_�Z f b![d^LZ N [cZ�v>T�k�[ V~h WJZ�n�[]S�^L_-v9kdZ h f R�l �d������"��������#& T�[�[cR#lEv�[cR�g[cZy_�S9Z�Q []S!T#[ N ZyT�kdk�T N>e R#l$R N [ Z�n f ^ N R�_�[]S!T�[�_+T#[d^G_QR�R�_-v>T�k�[ V T0W�adT N h R�acZ N _][ck�b�ad[cR�gh�� _][ck�T#^ e S�[xR�g e R�T N g�a]Z!l3v>T�_�_ ��u S9R�T�_+_�R#k�[d^LZ N ^ N []S9RyZ!v�R N ^ N>e _][�T#[dR�lER N [xZ�n![]S9RT�k e b>lER N [{^G_wn~T f _�R�P�Q(R h R f ^~R�U!R�P!T N gES9R N a]Ry[]S9R�v>kdZ9Z�nJ^G_w^ N acZ!kckdR�ad[ �



��� �

� WDaMtE��VJVBWDtµS'c�hJSQxY[#tµ�@hDT�t�T�aeS�T
A
���JX#T���S�T�f¹S�·Y�J[=X=T&ceS�adT&X

c*ae[=T�f�Z X#S�hDT)sY[#f�Z¹T�aeS&T
A/4

tµW_c�hDT&c'[]c'[#tA�*S�fYc*aeS�x³[=fUc�hJSgxD[=t{�)�
¸�hY[=t(c*ae[=T�f�Z X#Sz¶'[KX=X�f�W�c�ceWY�B�EhPc�hJSl�*[=ae�*X1SJ��� �&c*S&f�x®S�T��Eh�t�[1xJS���fYce[=X
[Kc�hY[Kcdt�c�hJS��*[#ae�*X#SDq T�t�[#f�c�hJS��BZ ��aeS��/¸7hY[#t(�*WDfJt�c*ad�B�ece[1WDfLVJT�a4ce[Kce[#WDfJt
c�hJSAxY[#tµ��[=fYc*W�^`WY��azV�T�adcdtz¶'[Kc�hAc�hJSQtET�b,S®T�aeS�TDqBºD�Dcz[]c@xJWJS�t�f�W�c
hDT)sDS�T®�EhJWDaex�q�¶®hY[#�EhQc�hJS�V�aeWJWY^/WY^��`º��¥tµT uJtz[=t�f�S��*S�tEtµT�a<uw�

.

..

..

..

.

..

..

..

..

.

..

.

..

.

..

.

..

.

..

.

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..

..
..
..
..
..
..
..
..
..
...
...
...
...
...
...
....
....
....
....
.........

...................................................................................................................
...
...
...
...
...
...
..
.
..
..
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
...
...
...
..
...
.......................................................................................................................

........
....
....
....
....
...
...
...
...
...
...
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.
..
.
..
.
..
.
..
.
..
.
..
.
.
..
..
..
..
..
..
.
..
.

.............................................................................................................................................

...............................................................................................................................................
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
..
.

¸�hJSl�*[=ae�*��b,adT�xD[K��tGWY^�c�hJSlS�·D�J[KX#T)c*S&adT�X�c*ae[=T�f�Z X#S@[=t √
π/(3

√
3)

[K^�c�hJSlWDae[#Z [#fJT&X
�*[#ae�*X#S_hDT�t�adT�xD[K��t

1
� 2�S&f���SYqMc�hY[#tAV�T�adce[#�*�JX#T�aQVJT�a4ce[Kce[#WDfNWY^zc�hJS_xD[=t{�A�*T�fJf�W�cAº�S

��WDfJt*c*ae�B�eceS�x¹¶'[Kc�hgt*c*adT�[#Z&h�cLS�xJZ&S>T�f�x_��WDb>V�T�tµt&�go��Dc@c�hJS&aeS�[#tPt�ce[KX=XwT,VBWDtEtE[#ºD[KX=[]c�u
c�hDT&cMtµWDb¹S�W�c�hJS&aMVJT�a4ce[Kce[#WDf,��WY�JX#x,ºJS'^`WY��f�x/�
¦�5�!�.������ "��7���,�g�)-�.#"��S�YT�a4cL�`º���t{S�S�b>tlc*W�hDT sDSAc4¶®W$X#S�Z []ce[#b>T&ceSA[#fYceS�aeV�aeS ceT)ce[1WDfJt&�
j©fJT�aeaeW�¶´[#fYceS�aeV�aeS ceT)ce[1WDf�[#tLc�hDT)c�c�hJS¹��WDfJt*c*ae�B�ece[#WDf���t{S�x�[=f_V�T�adcP�#T)���eT�fJf�W�cPº�S
b,T�x�SQº�u¹ae�JX#S�azT�f�x¹��WDb>V�T�tµt&��� ���*S�VYcz^`WDaMc�hJS�^`S&T&ce��aeS�x¹t{WYXK�Dce[1WDf�q�T&X=X7tE�BºDb>[]cdc*S�x
t{WYXK�Dce[1WDfJt@�#[=f��*X=�BxY[#f�ZLc�hJS®VJaeWDVBWDtµS�a  te�G�*WDa*aeS��eceX]u>VJaeW�sDS�x�c�hY[#t&�I¸�hJS�b¹WDaeS®Z&S&f�S�adT&X
·D�BS&t�ce[#WDf��³¶®hJS)c�hJS&a�T�f¹T�a*adT�f�Z&S�b,S�fYc@WY^�c�hDaeS�SQS�·Y��T�X�t{S�Z)b¹S&fYcet�c�hDT&c@xY[]sY[1xJS�c�hJS
xD[=t{�M[#fYceW�^`WY��aMV�T�adcdt�WY^wS�·D��T&X�T�aeS�TQ�eT�f¹ºJSQ�*WDfJt�c*ad�B�ec*S�x>��t�[#f�Z����B�*X=[#x�S&T�fAc*WJWYX=t��
aeS�b>T�[=fJt�WDV�S�fw�


�7���	m���������#" �T:���
 P :����#& '�)+*#,-*�.0/�1$2�4 � *�.�H��D*�8!/��~:m�~4#A�?�B�A
� A�.�A�=��G?97�A0,�A�< �
� N []S9R _]^~g9R�_ Z�n T N T�acb![dR��]T N>e0f R�g [ck�^LT N>e0f R ABC P _]^Llm^ f T�k�^L_�Z!_�acR f R�_[ckd^GT N>e0f R�_ DBC P ECA P FAB T�kdR�a]Z N _c[ckdb�ad[dR�gER$P�[dR�k N T f
f � P!_]b�a+S�[]S!T�[

∠DBC = ∠DCB = ∠EAC = ∠ECA

= ∠FAB = ∠FBA = ∠BAC
�

� R�[ M
h R�[]S9Ryl3^Lg��]v�Z�^ N [{Z�n BC P�T N g f R0[ P T N g Q

h R�[]S9R�^ N [cR#k�_�R�ad[d^~Z N _`Z�n DEQ�^
[]S AC T N gEZ�n DF Q�^
[]S AB P!kdR#_�v>R�ad[d^ U!R f � �
� kdZ�U!R�[]S!T#[ MP : MQ = AB : AC

�
8!*�B}�9CL�O*�< 2�4����>@�HJ*���? '�*�BL= � *�:E:���<��}C~4 � *�B
BD/F�!/F??Uy�L< CO/�)��yAA@�/�<!?����#?ML�8 N��

� Z9acT�[cR N Z N []S9R k�T � AC _+b�a+S []S!T#[ AN = FB
� u S9R N AFBN ^G_mTk]S9Z!l h b>_ � X#^ N a]R AE : AN = AC : AB P�Q(R3_�R�R []S!T#[ 4AEN ∼ 4ACB

�
o�R N a]R�P EN = CD T N g EN ‖ CD

� h R�adT�b>_�R�Z�n�R��!b>T f T f [cR#k N T�[cR T N>e0f R�_Q�^
[]S�kdR#_�v>R�ad[-[cZ�[]S9R�[ck�T N _�U!R�k�_+T f CN
&���u S9R#kdR#nIZ!kdR�P ENDC ^G_wT�v9T�k�T fGf R f Z e k�T�l �� Z N _�R���b�R N [ f � P P ^L_�[]S9R l3^Lg��]v�Z�^ N [(Z�n CN

� u S�b>_�P MP = 1
2
BN = 1

2
AF

�
X#^Llm^ f T�k f � P MQ = 1

2
AE

� o�R N a]R�P MP : MQ = AF : AE = AB : AC
�

��� ���������! �"$#&%('*)�+-,/.1032&45�768��+9252:0(;=<��3>:"�?5;/@(A-B�?DCE"GF�,/.1<
+IH/6(JLK�.103<1M$N:4�<=�7OP250=Q3;/4/A-R ��S9��� ;
T
U F*,/.1+9KV, T <�6(+!HW;P)XR �8���3>$A-RLH5�3>:SIY/"�AE?ZH5S B5S!"�,/��� �I"\[5"\;
M��W]=� R ?:;*)^J�; T H���F`_P�7256(.103<ZMa��b1J T H�;
T AE�W>W� R ?D"�?:[('�cd?3B��aR9>�ce;`+ ?3?5��%(A\>5C9f(;���>$��S A-R B�F�O&N M$N�H()�0=05b U ;LgWB��IS-%3�$cdch"\� ;`S YD"ib`"$SIY/"�A-� B�?D#(�EF*B�?D#
SIY/"7]/A8�W]��$��"�A�N

M\B�?D�3>��a;�j7YD�e>$��"$#&A8"$C8S B$?:[3>W� B�A�Ca�5�$A8#$R ?3B:S9"��a;5]���R ?/S ���3>:S�S Y3B:SDY:R ��]/A8�5��k/cdB$f5"��L?/�e>$��"&��k�SIY/"
Ca�$?/#$R!S R!�$?lSIY5B5S 4ABC

R ��B5C8>5S!"(m9B$?:[��I"$#/N76�Y/"7k9"�B:SE>�A8"$#&B�A9[3>�ch"�?DS�C!�!"�B�A-� '�R �7 \B�� R!#1j*"�A8"
∠B

�$A
∠C?D�5SDB:CG>:S9":N76�Y:R ��"$#$RIS9�$ALC-Y/"$C-f5"$#eSIY5B5S=R!S=R �7 �BW� RI#`B�� ���1j7YD"�?

∠A
R ���5%3S->$��"\;�%=>:S�S YD"L]=R!CaSE>�A8"&%3"$CE�$ch"��

C9�!>5S9S9"�A8"$#�j�RISIYZ�: �"�A-� B�]3]=R ?:[�SIA-R B$?:[��I"���NXJ�k�CE�3>$A-��"
∠A

Ca�3>W�!#h?/�5S�%3"eBlA-R [�YDSLB�?5[W�!"\;P%3"$C!B3>���"iS YD"�?
]���R ?/S �

D
;
E
;
F
j*�3>��I#1?D�5S
%3"&#3"\n=?/"$#/N



��� ~

������� �L�d|����&�$� � ��~Jq � ���&�9�B�E�&�(��" ��5¹��0$8&��"{:Y!��A­D�{!1��!10&+�����+Y?@+�"µ+���!=�	�{+ ��+�-/�
4¥[ sDS�f¹c*ae[=T�f�Z X#S

ABC
¶'[Kc�h

AB < AC
q7X#S)c

I
ºJSA[]cetl[#f��*S�fYc*aeS�T�f�x$X1S c

Mº�S�c�hJSLb�[1x �EV�WY[#fYcIWY^
BC

�¥p&��VJVBWDtµS�c�hDT&c
D

[=t¥c�hJSl[#fYceS�adtµS��ece[#WDfAWY^
IM

¶'[]c�h
ABT�f�xAc�hDT)c

E
[=tMc�hJS'[#fYceS�adtµS��ece[#WDf,WY^

CI
¶'[Kc�h®c�hJS�V�S�aeVBS&f�xD[#�*�JX#T�aM^1aeWDb

B
c*W

AI
�

��aeW�sDSLc�hDT&c
DE ‖ AC

�
­D���4HJ.#!<��-���0>�B��.�� ��
w6I�A�J���¥¢�!����#+ � -Y!�%�� �d"�!4.10�� « +��U!1�d+D5Y+&�G� � � � ­ � �

m�S)c
A′ = AI ∩BC

T�f�x
B′ = BE ∩AC

�
m�S)c�c�hJS,X#S�f�Z¡c�hDt®WY^

BC
q
CA

q
AB

qIºJS
a
q
b
q
c
q

aeS�tEVBS��ece[]sDS)X]u/��p&[#f��*S
BB′ ⊥ AIA′ qM¶®S;hDT sDS

AB = AB′ = c
�M2'S�f��*SDq

B′C = b − c
�zp&[#f��*S

EC
ºY[#tµS��ecdt

∠B′CB
q�¶®S®hDT sDS

BE

EB′ =
BC

CB′ =
a

b − c

�
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
..
..
..
.
......................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................

.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....
.....

.

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

..

..

.

..

..

..

..

..

..

..

.

..

..

..

..

. ...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
...
........................................................................................................................................ ..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

..

..

..

..

..

..

..

..

.

..

..

..

..

......................................................................................................................................................................................

...............
.
.
..
..
.
.
..
.
.
.....
.....
.......
.
..
.
.
..
..
.
.
.

A

A′B

B′

C

D

E

I

Mp&[#f��*S
BA′ : A′C = AB : AC

qD¶®S�hDT sDS
BA′ =

ac

b + c

�AoDu �3S&f�S&X=T���t  
¸�hJS�WDaeS�bgq�¶®S�hDT)sDS

BD

DA
=

(
BM

MA′

)(
A′I

IA

)
=




a

2
a

2
− BA′



(

BA′

c

)

=


 1

1 − 2c

b + c



(

a

b + c

)
=

a

b + c − 2c
=

a

b − c

�

¸�hY��t q
BE : EB′ = BD : DA

qG¶®hY[#�Eh3[=b,VDX=[#S�tQc�hDT)c
DE

[#t�VJT�adT&X=X#S&X
c*W

AC
�
��
 ��������
��������������! #"�$&%(')�+*,�-�!%.%)$�/102�&3)��4./�5�6!7�498:�<;=5)0>�-?� #��@& 9AB'�$>%.%&A-*�0�A�@C�+DEA�/

�GF 'HF>$�IKJ 
 JL��5&��6:6!7�6!J /�M)7�
 
 7.�&��
 J���/9@�N#7�J 4.;� #"�0H��@#*�A	OP"�$&01Q�F>'�0>�-DR%)$>S&/P'#6!J ��TL��
 /	U2V#;� #"��WO� HUH0X*��L@Y/
��J �,���&3�6!J9@.�&3)T Z9��6:41@.T 7.TW�[ #��
 
��C\)�C/.Q��YN>
 J 4./���A�/-UP@��2;�]R�-%)*�"�$&0^Q:�-?�AEU�@Y/-U96:�Y3�
 J 4#��4)\���I14)7��GJL3�IK/
��4)4&����6C3.8!_�/2�R3���T�6!J 7Y;+D`F Q�F�@���$>$)?[V9/2aY7Y
LTW�&��I1Ib�C
 /-T�Z#�K?[��T�Z#��6!
 7�49���:;+%)�Ha�"cAEU9/XO#��
 _d #��I1I�3�4)J�T��
 #��
 
��C\)�C/�]`J 49TL��6-"E7.����4./25)%�/-UP@��2;	*��,*#Uba.M#A	?X�-0+U9/H #��I�e7�49�)f��T J /202��I17�4)J 7Y;97�49�1T�Z#�-N#6,�YN�������6�F

*�Z#������
�����6!�=�,Z#�.gE���h7hgXJ��&����7�6!JL��T �i��j^Ib��T�Z#�)������j^����
L�CJ 4.\iT�Z.J �dN#6,�)��
L��IK/�J 498L
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� R�[ S = A1A2A3A4

h R(T�[dR�[ck�T�S9R�g!kdZ N T N g f R0[ M
h Ry[]S9R X�[dR#^ N R�k{v�Z�^ N [  

[]S!T#[`^L_0P9[]S9R�v�Z�^ N [ M ^G_�_+b�a+S3[]S!T#[ 4∑
j=1

AjM ^G_�lm^ N ^Gl3^�q+R�g �bo _�_]b>l3^ N>e []S!T#[ M

^L_�T N ^ N [cR#kd^LZ!k`v�Z�^ N [�Z�n S PJT N g;g>R N Z�[d^ N>e h�� A′
j []S9R ^ N [cR#k�_�R�ad[d^~Z N Z�n AjM Q�^�[]S[]S9R(Z!v>v>Z!_+^�[cRyn~T�a]R�P!v>kdZ#U!Ry[]S!T�[

4∑

j=1

AjM ≥ 3

4∑

j=1

A′
jM

�
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­D���4HJ.#!<��-���0��U!�2e:7�¡�¥¢7+D.1+)!=�K���¡���(�BHD� -J�¥¨��d+�-72���6
¸�hJSgtE��b 4∑

j=1

AjM
qzº�S)[#f�ZgS���c*aeS&b,T&XzT&cPc�hJS$[#fYceS�ad[1WDa�V�WY[#fYc

M
qMtET&ce[=t��BS�t

grad

(
4∑

j=1

AjM

)
=

−→
0
��c�hDT&cG[=t)q
−→u1 + −→u2 + −→u3 + −→u4 =

−→
0

q � � �
¶®hJS�aeS −→uj

xJS�f�W�ceS�tPc�hJS,��fD[]c�sDS��eceWDa −−−→
MAj

MAj

^`WDa
j = 1

q
2
q
3
q
4
�C�E¦J5*�Qn`^¥¶®S>X1S c

M = (x, y, z)
T�f�x

Aj = (xj, yj, zj)
q/c�hJS&f�c�hJS�c*S&a*b>t®WY^MWY��aLtE��b hDT sDS>c�hJS

^`WDa*b
Fj =

√
(x − xj)2 + (y − yj)2 + (z − zj)2

T�f�x
grad(Fj) = −→uj

� �
m�S)c

α1
q
α2

q
α3

q
α4

ºJSPc�hJS�V�WDtE[]ce[]sDSPaeS�T&X7fD��b,º�S&adt@tE�B�EhQc�hDT&c
α1 + α2 + α3 + α4 = 1T�f�x

α1A1 + α2A2 + α3A3 + α4A4 = M
�

� aeWDb 4∑
j=1

αj
−−−→
MAj =

−→
0

T�f�x,� � ��q�¶®S�x�S�xD�B�*S

(α1MA1 − α4MA4)
−→u1 + (α2MA2 − α4MA4)

−→u2

+(α3MA3 − α4MA4)
−→u3 =

−→
0

q
¶®hY[1�Eh$[#b>VJXK[1S&tLc�hDT)c

α1MA1 = α2MA2 = α3MA3 = α4MA4
��¸7hY��t)q/[K^

cx�S&f�W�c*S&tzc�hY[=t��*WDb,b,WDf>VBWDt�[Kce[ sDSlsYT�XK�BSDq�¶®S�hDT sDS
4∑

j=1

MAj = c

4∑

j=1

1

αj

� �<|¡�

� ��a4c�hJS�aeb¹WDaeSYq
(1 − αj)

−−−→
MA′

j = −αj
−−−→
MAj

^`WDa@S&T��Eh
j = 1

q
2
q
3
q
4
� � WDa

S���T�b,VDX1SYqw�*WDfJtE[#x�S&ae[=f�Z
j = 1

qBc�hJS�VBWY[=fYc M − α1A1

1 − α1

=
α2A2 + α3A3 + α4A4

1 − α1[#t,WDf3c�hJS�X=[=f�S
A1M

T�tQ¶®S&XKX@T�t�[=f3c�hJS;VDX#T�f�S
A2A3A4

q�T�f�x3c�hJS&aeS&^`WDaeSYqzc�hY[#t
VBWY[=fYc¹[#t

A′
1

� ¸�hY��t q
(1 − α1)A

′
1 = M − α1A1

q�T�f�x©hJS�f��*SDqP¶®SNWJºYcdT�[=f
(1 − α1)

−−−→
MA′

1 = −α1
−−−→
MA1

�
n1cG^`WYX=X#W�¶�tMc�hDT)c

4∑

j=1

MA′
j = c

4∑

j=1

1

1 − αj

� �<�¡�

� aeWDb»�<|¡�¥T�f�x,�`� ��q�c�hJS'aeS�·Y�BS�t*c*S�x�[#f�S�·D��T&X=[]c�u�[=t@S�·Y�J[]sYT&X1S&fYcIc*W
4∑

j=1

1

1 − αj
≤ 1

3

4∑

j=1

1

αj

� �=���

�LW�¶�q�¶'[]c�hQc�hJS�hJS&X=V¹WY^Bc�hJSLj��_°A2 � n<f�S�·D��T&X=[]c�u7q�¶®S�WJº�ceT&[#f
1

1 − α1

=
1

α2 + α3 + α4

≤ 1

9

(
1

α2

+
1

α3

+
1

α4

) �
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jzx�xY[#f�Z¹c�hY[=tQc*W;c�hJS_��WDaeaeS�tEVBWDf�xY[#f�Z$[=f�S�·Y��T�XK[Kce[#S�tA^`WDa 1

1 − α2

q 1

1 − α3

q 1

1 − α4

q
¶®S®Z&S c

4∑

j=1

1

1 − αj

≤ 3 × 1

9

(
1

α1

+
1

α2

+
1

α3

+
1

α4

) q

T�f�x,�K���(^`WYXKX1W�¶�t&�
��
 ���d����
������ ���=%.�+a�"cAEU9/`O#��
 _� #��I1I�3�4.JLT �  #��
 
��C\)�C/1]`J 49TL��61"E7.����4./c5&%Y/1U�@C�H;+7�49� T�Z#�

N#6,�YN�������6�F
aYZ9�&3`8G��I1Ib��4#T �	T Z&7.T9T�Z#�X6,���Y3Y
LT)I17��`�&�R���&TL��49�&���`TW�+7�4

n � �GJ IcN>
L��� Sn = A1A2 · · · An+1

gXJLT ZbT Z9�`8G��4#8W
L3��GJ���4 n+1∑
i=1

AiM ≥ n
n+1∑
i=1

A′
iM

F
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M n x1 P x2 P x3 P x4 P x5 ≥ 0 T N g x1 + x2 + x3 + x4 + x5 = 1 PJv>kdZ#U!R3Z!kg!^G_�v9kdZ�U!Ry[]S!T�[

x1

1 + x2

+
x2

1 + x3

+
x3

1 + x4

+
x4

1 + x5

+
x5

1 + x1

≥ 5

6

�
8!*�B}�9CL�O*�< 2�4 � H>A�)�BD/F. H{6|5{�~:m�L<><��D/F?ENw<!�!/�BD*$89CLA9CO/ L <!�&@�/�)}.+�DCI4#?{8�A�<INw<!�!/�BD*�? �	� ?L-8ON�6

u S9R�_c[dT�[cR#l$R N [|^L_wn~T f _�R � M n�Q(R f R�[ x1 = .5 P x2 = .4 P x3 = .05 P x4 = .03 PT N g x5 = .02 P�[]S9R N x1 P x2 P x3 P x4 P x5 ≥ 0 T N g x1 + x2 + x3 + x4 + x5 = 1 Ph b![
x1

1 + x2

+
x2

1 + x3

+
x3

1 + x4

+
x4

1 + x5

+
x5

1 + x1

=
.5

1.4
+

.4

1.05
+

.05

1.03
+

.03

1.02
+

.02

1.5
= .829384 . . . <

5

6
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0/, U ��<
O�H:K�0/,/.e6G;
JLS-S!�3ma $�$?Dm
�
>5"�A-RIC-f5" T ?5RI $"�A-�aRISI'W;�)ZBW[5#3"$%=>�A9[�;���"�AEcdB�?='3N

HW]�"$C9YDS�A8"G]��$AGS �7?D>$ch"�A-RIC9BW�
"���]�"�A-R ch"�?DS �*S Y3B:S��W>�[W[5"���S�SIY/"&ceR ?5R c�>$c R �&�5%3S B�R ?D"$#lj7Y/"�?�S!j*�
�W>5CECa"��8�aRI $"& \B��!>5"��

xk
B$?/#

xk+1

B$A8"��\"�A8�=N T ?/#3"�A�SIY:R �LB$�8�W>�c�]�S RI�$?iSIY/"�ceR ?:R c�>�c  \B��!>5"7R �LB�]3]/A8�
�=m
R cdB:S9"\� '

0.8161123672
N

�����������������! #"%$&�('*)+$*$&�&,.-0/21!341�576&8:9*;=<> 6@?BA(6*CEDF/�5�G�H�IJH&K7L	MN H�IO8:P�H�/@Q&A
R 6�S�ITQ!G�H�U�L�VXWYI�L[Z&6\/�52L�C];^1�? > H&/�H�S�6!Z&1�V > H&/�H�S�6!Z&1�V`_Y1�5aI(L�HbH&Ic8edb6\/�f@6\K�1(Z@L]IJH��

g&h7i
a1

)
a2

)
. . .

)
a100 j h�k�h!l&m0n(o�p j h&k�qXq�l!i�rsq�tvu�r�n�w "

a1 ≥ a2 ≥ · · · ≥ a100 ≥ 0 x
a2

1 + a2
2 ≥ 200 x

a2
3 + a2

4 + · · · + a2
100 ≥ 200

�
y{z l!i|rsq}i z h�p^r�n(rspEo�p�~�l!mso0h���t

a1 + a2 + · · · + a100 �
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� [=adt�c�¶®S>f�W�ceS�c�hDT)c
a2 > 0

�/^`WDaLW�c�hJS�a�¶'[#tµSDq
a3 = a4 = · · · = an = 0T�f�xAc�hJS���WDf�xY[Kce[#WDf

a2
3 + a2

4 + · · · + a2
100 ≥ 200

^1T�[KX#t&�
p&[#f��*S

a2 ≥ aj
^`WDa

j = 3
q
4
q
. . .

q
100

q�¶®S�hDT sDS

a2(a3 + a4 + · · · + a100) ≥ a2
3 + a2

4 + · · · + a2
100 ≥ 200

q
¶®hY[1�Eh�[=b,VDX=[#S�t¥c�hDT)c

a3 +a4 + · · ·+a100 ≥ 200/a2
�¥r@t�[#f�Zzc�hY[#tI[=f�S�·Y��T�XK[Kc<u�q�c�hJS

^1T��ecIc�hDT)c
a1 ≥ a2

qDT�f�xQc�hJSLj��_°546� n<f�S�·Y��T�XK[Kc<u�q�¶®S�WJºYcdT�[=f

a1 + a2 + · · · + a100 ≥ a1 + a2 +
200

a2

≥ 2a2 +
200

a2

≥ 2

√
(2a2)

200

a2

= 40
�

n<fJtµV�S��ece[=f�ZPc�hJS'[#f�S�·D��T&X=[]ce[1S&t@T�ºJW�sDSYq�¶®S ��f�x�c�hDT)c
a1 + a2 + · · · + a100

T)cdceT&[#fJt
[Kcdt>b>[=fD[#b���b�sYT&X=�BS;WY^

40
[=^�T�f�xNWDfDX]u3[K^

a1 = a2 = a3 = a4 = 10
T�f�x

a5 = a6 = · · · = a100 = 0
�

��
 ��������
������m���(0H�: #"X�+0HD �:Fc"[$)@�@�/^097�498WZ9�mO)7Y
L��� M#��6,�&���G/  ���/dUP@��2;c7�4#� ]+�+%.*."[$>0
QG�X?�A`UP@�/XUP6:�Y3Y
 J 49��4.\���I14&7��GJW3�IK/2� 4&4)����6C3)8W_�/&�+3���T 6!J 7&F+*�Z#��6,�`g-7��R��49�+J 498:��IcN>
L��TL�R����
L3)T JL��4PF

"����,�-�Y3Y\�\.����TW���^T Z9�RjW��
 
L�.gXJ 4)\`\)��4#��6!7�
 J �G7.T J���4���j�T Z9�+N#6,�)��
���I��	� j
a1

/
a2

/
. . .

/
an

7�6,�E6,��7Y

4P3�Ib�&��6!�G/��&49�1T Z9�RIKJ 4)J I�3�I ��7Y
W3.�[��j

a1 + a2 + · · · + an
�Y3)�
	G��8GTHTL�KT�Z#�[8:��49��J�T J���4&�

a1 ≥ a2 ≥ · · · ≥ an ≥ 0 �
a2
1 + a2

2 + · · · + a2
m ≥ A �

a2
m+1 + a2

m+2 + · · · + a2
n ≥ B �

"��[T Z9��4�N#6,�)8G�����&���KTL�K��J ��8,3��,�X����Ib�-N#7�6<T J�8<3Y
 7�6-8W7������R��j2T�Z#�+\.��49��6!7Y
�
>3)����T JL��4PF
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� R�[ n ∈ � Q�^�[]S n > 1 P!T N g f R0[
Tn =

{
x = (x1, . . . , xn) ∈ � n

∣∣∣ xj > 0 nIZ!k j = 1 P . . . P n P9T N g n∑
j=1

xj = 1

} �

� R�[ p P q P r ∈ Tn _+b�a+S []S!T#[ n∑
j=1

√
qjrj <

n∑
j=1

√
pjrj

�
� kdZ�U!R�Z!kwg�^L_+v>kdZ#U!R �

V T�W n∑
j=1

√
qj (rj + pj) <

n∑
j=1

√
pj (rj + pj) P

VIh WmnIZ!k|T f
f λ ∈ [0, 1] P
n∑

j=1

√
qj (λrj + (1 − λ)pj) <

n∑

j=1

√
pj (λrj + (1 − λ)pj)

�
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λ = 1

2

�,¸7hY[#t�·D�BS&t �
ce[1WDf�[#t��*WDfJf�S��eceS�xQ¶'[Kc�h�V�aeWDV�S�a4ce[1S&tlWY^Bc�hJS®p�hDT�hDtµhDT�hDT�fD[�b¹S c*ae[#�@WDf

Tn
qJT®b¹S c*ae[#�

[#b>VBWDa4ceT�fYcM^`WDaGV�WDVJ�JX=T&ce[#WDf,Z&S�f�S ce[1�et�� �
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R�Slt{hJW�¶vc�hDT&c¥�`º���[#t(c*ae�BS�¶®hJS�f
n = 2

q)¶®hY[1�Eh�[=b,VDX=[#S�t(c�hDT&cI�#T)�7[#tIT�X=t{WPc*ad�BS
¶®hJS�f

n = 2
�(R�Slc�hJS�f�tµhJW�¶�hJW�¶�c*WA��WDfJt*c*ae�B�ecMS���T�b>VJX#S�tGc*WQV�aeW&sDSLc�hDT)cM�1T �(T�f�x

�`º��IT�aeS'^1T&X#tµSl¶®hJS�f
n ≥ 3

�
� WDa

p
q
q ∈ � n qYX1S c

p · q
xJS�f�W�ceSPc�hJS't�cdT�f�xDT�aex�[#fJf�S&aMVJaeWJxD�B�ecG[#f � n ��m�S c

Sn =

{
x = (x1, . . . , xn) ∈ � n

∣∣∣ xj > 0
^`WDa

j = 1
q
. . .

q
n
qDT�f�x n∑

j=1

x2
j = 1

} �

�YT�a4cz�`º��([#t@S�·D�J[ sYT�X#S�fYcIc*WQc�hJS'V�aeWDV�WDtE[]ce[1WDf>º�S)X1W�¶>�
��������� ��	 	+	 ��

� m�S c

n ∈ � ¶'[]c�h
n > 1

�'n`^
p
q
q
q
r ∈ Sn

t��B�Eh>c�hDT)c
q · r < p · r

q
T�f�x¹[=^

s ∈ Sn
¶'[Kc�h$��WDb>VBWDf�S&fYcetPZ []sDS&f�º�u

sj =
√

λr2
j + (1 − λ)p2

j

^`WDa@t{WDb,S
λ ∈ [0, 1]

q�c�hJS&f
q · s < p · s

�
R�S �Badt*czt{hJW�¶§c�hDT)cGc�hJS®VJaeWDVBWDt�[Kce[#WDf>[=tzc*ae�BS'^`WDa

n = 2
� � WDa��*WDf�sDS�fD[#S�f��*SDq

¶®SPaeS�Z)T�aex>S�T��Eh
p ∈ � n º�W�c�hQT�tzTlsDS��ec*WDaIT�f�xAT�tzT'V�WY[#fYc �wR�hJS�f

n = 2
q�¶®SPtµS�S

c�hDT&c
p
q
q
q
r
q
s
T�aeS�T�XKX�WDfLc�hJS���fD[Kcw�*[=ae�*X1S�T�f�xP[=fLc�hJS�[=fYc*S&ae[#WDawWY^�c�hJS��Badt*cw·D��T�xJadT�fYc �

m�S)c
p̂q

x�S&f�W�c*S�c�hJSAT��*�DceSAT�f�Z X#S�ºJS)c4¶®S�S�f>sDS��eceWDadt
p
T�f�x

q
�L¸7hJS�f

q · r < p · r[=^wT�f�x$WDfDX u>[=^
cos
(
p̂r
)

> cos
(
q̂r
) qBWDa�S�·Y�J[]sYT&X1S&fYceX]u7q

p̂r < q̂r
qY¶®hY[#�Eh>[#t�c*ad�BS®[K^

T�f�x�WDfDX u®[=^
r
[#tM�*X1WDtµS�awceW

p
c�hDT�f®c*W

q
�¥p&[=f���S

min{pj
q
rj} ≤ sj ≤ max{pj

q
rj}^`WDa�T&X=X

j
qD¶®S®t{S�S�c�hDT)c

s
[=tlWDf>c�hJSQT�ae��ºJS)c4¶®S�S�f

p
T�f�x

r
�@¸7hY��t)q

s
[=tl�*X1WDtµS�aGceW

pc�hDT�fAc*W
q
�YhJS�f��*SDq

q · s < p · s
�

�LW�¶´¶®S$�*WDfJt�c*ad�B�ec'T�f³S���T�b,VDX1S>c*W_t{hJW�¶´c�hDT&cLc�hJS$VJaeWDVBWDt�[Kce[#WDfUT�º�W&sDS¹[=t
^1T�X=t{S@^`WDa

n = 3
�w¸DT ��S

p =

(
1√
6
,

1√
2
,

1√
3

) q
r =

(
1√
3
,

1√
3
,

1√
3

) q�T�f�x
λ = 1

2

�
¸�hJS&f

p
q

r
qMT�f�x

s =

(
1

2
,

√
5

2
√

3
,

1√
3

) T�aeSgT�XKX�WDfUc�hJSg��fD[]c®tµV�hJS�aeS�T�f�x³[#fUc�hJS
[#fYceS�ad[1WDa�WY^/c�hJS ��adt�c�WJ�eceT�fYc{��c�hDT&c�[#t q�c�hJS{ugT�aeSAT�XKX/[#f

S3
� �lW�c*S®c�hDT)c

s
[#tLf�W�c�WDf

c�hJS�Z)aeS&T&cM�*[#ae�*X#Slc�hDT&cMZ&WJS&tGc�hDaeWY�BZ&h
p
T�f�x

r
qYtE[=f���Slc�hJS�tµSlc�hDaeS�S'V�WY[#fYcdtzT�aeSPT�XKXBWDf

c�hJS�tµT�b¹SPX=T&ce[]ce�Bx�Sl¶'[Kc�h
x3 = 1√

3

�
i/WDfJt�[1xJS�awc�hJSP�*[#ae�*X#S

C1
WDf

S3
¶'[]c�hA�*S�fYc*aeS

r
V�T�tµt�[#f�Z�c�hDaeWY�BZ&h®c�hJSLV�WY[#fYc

p
�

� �lW�c*SGc�hDT)c
C1

f�S�S�xLf�W�cBXK[1SzS�fYce[=aeS&X uPWDf
S3

t�[#f��*S
S3

[#twWDfDX]u 1
8

WY^&c�hJSM��fD[Kc7tµV�hJS�aeSJ� �
¸�hY[=t¥�*[=ae�*X1S�xD[ sD[#x�S&t

S3
[#fYceW�c4¶®WLaeS�Z [1WDfJt q�WDf�S��µ[#fJt�[1xJS��(c�hJS��*[#ae�*X#S@�Kc�hY[#f	�lWY^�T�VBWYX=T�a

�*T�VY�IT�f�x¹WDf�S��¡WY�Dcet�[1xJS�����p&[=b>[KX#T�aeX u�qYc�hJSQ�*[=ae�*X1S
C2

WDf
S3

¶'[]c�h,��S&fYc*aeS
s
VJT�tEtE[=f�Z

c�hDaeWY�BZ&h,c�hJSQVBWY[=fYc
p
xD[ sD[#x�S&t

S3
[#fYceW>c4¶®W,aeS�Z [1WDfJt&�Pp&[=f���S

p
q
r
q
s
xJW¹f�W�czX=[#SAWDf

TAZ)aeS�T)c@�*[=ae�*X1SYq
C1

T�f�x
C2

T�aeS®f�W�cGceT�f�Z&S�fYc�T)c
p
�M¸7hY��t)qDc�hJS�aeS®T�aeS®VBWY[=fYcetlWDf

S3T�a*ºD[]c*adT�ad[=X u>�*X#WDt{SlceW
p
c�hDT)cGT�aeS'WY�Dcet�[1xJS

C1
T�f�xA[#fJt�[1xJS

C2
�IiBX1S&T�adX]u7q

q · r < p · r[=^(T�f�xgWDfDX u¹[=^
q
[#tLWY�Dcet�[1xJS

C1
q7T�f�x

q · s > p · s
[=^(T�f�xgWDfDX u¹[K^

q
[#t�[#fJt�[1xJS

C2
�

2�S&f���SYqD[]cMt����$�*S�tMc*WQcdT ��S
q
c*W>ºJS�T�f�u>t��B�Eh�VBWY[=fYc �

n<f��*X#WDtE[=f�Z�qD¶®SQaeS�b>T�a �Ac�hDT)czc�hY[#tlb,S)c�hJWJx�¶®WDa���t�^`WDa�T�f�u � ��S�x
λ ∈ (0, 1)T�tG¶®S&XKX�qYT�f�x,�*T�f,º�S'^#��a4c�hJS�azS���ceS�f�xJS�xAceW�T�f�u

n > 3
�
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�7���=�<� OY� �z�A�¡�K�=!#-JOD.���-D�¥����?N�Y� +&�#+�-757�

m�S)c
a
q
b
qDT�f�x

c
º�S'VBWDt�[Kce[ sDS'aeS�T&XBfD��b¹ºJS�adt&�M��aeW�sDSLc�hDT&c

a4 + b4 + c4 + 2
(
a2b2 + b2c2 + c2a2

)
≥ 3

(
a3b + b3c + c3a

) �

�7���A�(��"E!�.�� ��F'+)�1�g��").P!�5�� -/.#!<2d+)�P")���4HJ.#!<��-J"U��0��D+&"E!K���N���� �{.���+��E�¡� � -D!<%��)�4"E!�.`0v��F
�J����!<� ").#!#� �(���,+�-Y!1+ � +�-75 
BH&F4�{!/��:J+D���("&.eHY5��)-�.1���l��-;�U!=�K�#"A�7���K���¡O&!#+J.<�
	<-D"&.#!�.eHJ.<� �
8�������-/.<���G¤z�Q6

�LW�ceSPc�hDT)cIc�hJS®Z [ sDS�f�[#f�S�·D��T&X=[]c�uA[#t@S�·D�J[ sYT�X#S�fYcIceW

(a2 + b2 + c2)2 − 3(a3b + b3c + c3a) ≥ 0
�

m�S)c
E = (a2 + b2 + c2)2 − 3(a3b + b3c + c3a)

��m�S)c

a = x
q

b = x + p
q T�f�x

c = x + q
�

¸�hJS&f�qJT&^=c*S&aMt{WDb,S'tE[=b,VDX=[ �7�eT&ce[#WDfJt)q�¶®S ��f�xAc�hDT&c

E = E(x) = (p2 − pq + q2)x2 − (p3 − 5p2q + 4pq2 + q3)x

+(p4 − 3p3q + 2p2q2 + q4)
�

k�S�Z)T�aexD[=f�Z
E(x)

T�t@T®·Y��T�xDadT&ce[#�z[=f
x
qY[]cet@xD[=t{��ad[#b�[#fJT�fYcG[=t

∆ = (p3 − 5p2q + 4pq2 + q3)2

− 4(p2 − pq + q2)(p4 − 3p3q + 2p2q2 + q4)

= −3(p6 − 2p5q − 3p4q2 + 6p3q3 + 2p2q4 − 4pq5 + q6)

= −3(p3 − p2q − 2pq2 + q3)2
�

p&[#f��*S
∆ ≤ 0

T�f�x
p2 − pq + q2 ≥ 0

q�[Kc@^`WYX=X#W�¶�tlc�hDT)c
E(x) ≥ 0

^`WDa�T�XKX
aeS�T&X

x
�
��
 ���k����
������ ���d]R�-%)*�"�$&0dQ:�-?�AEU�@Y/[UP6:�Y3Y
 J 49��4.\���I14&7��GJW3�IK/+��4)4&����6C3.8!_�/H�+3���T 6!J 7�;-7�49� T�Z#�

N#6,�YN�������6�F-*YZ9��6,�+gE��6,�	�GJ �RJ 498:��6:6,��8,T&����
W3.T J���4&�H7�4#�c��4#�	J 4#8G��IcN>
���TW�X����
L3)T JL��4PF�5&�&3�6	��j9T Z9�	J 498:��6:6,��8,T
����
W3.T J���4&�cI17.�&��T Z9�b8G��4#����4.JL��4#T-7��,�Y3�IcN�T J���4�T Z&7.T

a ≤ b ≤ c
/Eg-Z.JL8WZ�J �^TL��8!Z)4)J�8W7Y
 
 �kJ 4#8G��6:6,��8GT /

�GJ 4#8G�ET Z9�X6!J \�Z9T>�GJ��&�E��jPT Z9�	\�J�����4[J 4#� 
>3�7Y
 J�T��-N����,�����,�����X��4.
 �[8!��8W
 JL8P�,��I1Ib��T 6:�R6!7.T�Z#��6	T�Z)7�418G��IcN>
���TW�
�,��I1Ib��T 6:�>FX*YZ&6,���	����
L3)T JL��4)��\�7.���

(
gXJ�T�Z#�&3)T.N#6,�)��j

)
T Z9�-g-6,��4.\+��T 7.TW��Ib��4#T9T Z&7.T9� 
>3�7Y
 J�T��-Z9��
�����J j)7�49�

��4)
 �1J j
a = b = c

/+������4�T Z9�&3Y\�Z=T Z9�[\�J�����4kN#6,�)��
L��I ��J��k4#�)T	7��,_kjW��6`T�Z#�^�&��TL��6:IKJ 4)7)T JL��4���jXT�Z#�
� 
>3�7Y
 J�T��c8W7�������F

�!T#J �+8W
���7�62j 6,��I T Z9�-jW��7.T:3�6,���[����
L3)T JL��4kT Z&7.T2T�Z#�+7��,�Y3�IcN�T JL��4kT Z&7.T
a
/
b
/#7�49�

c
7�6,�XN����GJLT JL���-J �

�Y3YN���6��P3)�&3���F	'23)T /9��T 6!7�4.\)�C
 �K��4#�&3�\�Z)/94#�1��4#�-N���J 4#TW���KT�Z.J �R�&3.TH����N>
 JL8LJLT 
 �&F
*�Z#�EN#6,�YN�������6	\�7)���[7cIb��6,�c8:��IcN>
 J�8W7.TW���K7�49�K���YN#Z)J ��T J�8W7.TW����N#6,�)��j	3��GJ 4)\^8:��IcN>
L���K493�Ib�&��6!�

7�4#�cN#6!J IKJ�T J����E6,�)�)T �`��jX3�4)J�T��&F^UP�GJ 4)\1T�Z.J �+7YN&N#6,��7.8!Z./HZ#��g-7��R7.��
L�cTL�k�&��TL��6:IKJ 4#�cT Z&7.T	T�Z#�c� 
>3�7Y
 J�T��
Z9��
����EJ jH7�4#� ��4.
 �KJ jX�CJ�T�Z#��6

a = b = c
��6!/HjW��6+����Ib�18G��4)��T 7�49T

k
/XgE��Z&7.���

a = k(1 + z + z)
/

b = k(1 + wz + w2z)
/97�49�

c = k(1 + w2z + wz) (
J 417�4>�c8!��8W
 JL8	��6,�&��6

)
/Pg-Z9��6,�

w = e2πi/3
/

z = 1√
7

cos θ
/�7�4#�

θ = −1
3

Arg(2 + 6w) = −1
3

Arg(−1 + 3
√

3i)
F�� jHgE�KT 7�_)�

k = 1
7�49�

3����cT Z9�`7�N&N#6,�
��J I17.TW�c�C7�
L3)�
θ ≈ 33.63◦ /HgE�`������T�Z)7)T (a, b, c) ≈ (1.629, 1.048, 0.323)

��6X7�4&�
8!��8W
 JL8�N���6:I�3.T 7.T J���4kT�Z#��6,����j:F
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��J ZHe7�
 �^'���498 �C�C/	'#6!7����.��/�02��I17�4.J 7Y/H����4#T�J 4k7^8:��I1Ib��49T�J 49��J�8W7.T J 4)\^T Z&7.T�J 4 ��4#�K��j�T Z9���������
J �,�Y3.���K��jRA	8,TL��\)��4=�=7.T�Z#��I17)T JL8L7�
	�=7�\�7 �:J 49�C/-Z#��N#6,�.�����dT Z9��jW��
 
��.gXJ 4.\kIb��6,��\)��4#��6!7�
2J 49� 
>3�7�
 JLT � �
� j

xk > 0
jW��6

k = 1
/
2
/
. . .

/
n
7�4#�

α
/
β > 0

/2T Z9��4

α
n∑

k=1

x4
k + β

n∑

k=1

x2
kx2

k+1 ≥ (α + β)
n∑

k=1

x3
kxk+1 �

g-Z9��6,�
xk+1 = x1

F+*�Z#�[8<3�6:6,��49T>N#6,�)��
���I J �RT Z9�R�:N���8LJ 7Y
P8W7����`g-Z9��4
n = 3

/
α = 1

/97�49�
β = 2

F
 ��	 6<TL��7 	G�-7�49�`7�49�)T Z9��62����
L����626,��I17�6:_&����T Z&7.T�T Z9�	\�J�����4[J 4#� 
>3�7Y
 J�T��+jW��
 
L�.g-�2j 6,��I T�Z#�XJ��&��49T JLT �

4(a2 + b2 + c2 − ab − bc − ca)
(
(a + b + c)2 − 3(a3b + b3c + c3a)

)

= (A − 5B + 4C)2 + 3(A − B − 2C + 2D)2 �
g-Z9��6,�

A = a3 + b3 + c3
/
B = a2b + b2c + c2a

/
C = ab2 + bc2 + ca2

/�7�49�
D = 3abc

F
 .
L��7�6!
 �Y/X����6!J j��YJ 4.\kT Z)J �+JL�&��4#T J�T��^���KZ)7�4#�1J �R7cjW��6:IKJL��7.��
L�cT 7��,_9F^*�Z#�K����JLTL��6ET:3�6:49���bTL�^� �+OP%.$1jW��6
Z9�C
 Nb7�49��jW�&3�49�^T Z9�+JL�&��4#T J�T��cTW�1�&�[8G��6:6,��8GTGF`UP4.jW��6<T:3�4&7.TW�C
 ��/2T�Z#�E����
�����6!�R��JL��49�)TH����N>
 7YJ 4KZ9�.gmT Z9���
7�6:6!J������[7)THT Z)J �X7�I17 �:J 4)\`JL�&��4#T J�T��&F

 ��	 6<TL��7 	G�-Ib��49T JL��4#���cT�Z)7)TPT�Z#�-\YJL����4�J 49� 
>3�7�
 JLT �EZ)7���7YN&N���7�6,���c�&�CjW��6,�-7��HN#6,�)��
���I�

���������c��4N#7�\.�����
�+��j��97 �C��T 7[�=7.TW��I17.T J�8W7�� � ��/�������� ( J 4102��I17�4.J 7�4 ) />J 41T�Z#�XjW��
 
L�.gXJ 4)\ (
� 
>3YJL�C7�
���49T

)
jW��6:I��2� j

a
/
b
/#7�4#�

c
7�6,�R6,��7Y
>4P3�Ib�&��6!�G/2T Z9��4

a2(a − b)(a − 2b) + b2(b − c)(b − 2c) + c2(c − a)(c − 2a) ≥ 0 �
"��.gE������6!/9Z#�R��T 7.TW���KT�Z)7)T97[����
L3)T JL��4kg-7��X49�)T>N23)��
 J �,Z#���1T Z9��6,�.F
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u S9R#_�REg9T � _0PJQ�^
[]S � �L<�1>/0)+/�BGBLA���� T N g []S9R ��>/0<�>A�)�C{.c,�H�/0)+/���� T�[yS!T N g�P Z N RacT N g>Z�T�ad[db>T f _�v>S9R�k�^~adT f acZ N _][ck�b�ad[d^~Z N _0P�b>_]^ N>e T _+v�S9R#kd^LacT f kdb f R�k�[dZyg9k�T0Q []S9R acZ!l �v f R�[dR e kdR�T�[ ac^Lkda f R�[]S!kdZ�b e SEv�Z�^ N [d_ A T N g B P>T N g$_+v�S9R#kd^LacT f a]Z!l3v>T�_�_�R�_w[cZEg!k�T�Q[]S9R(ac^Lkda f R�Q�^
[]S3acR N [ckdR A T N g3k�T�g!^
b>_ BC
V
≤ π

2
P!_�T � P!Z N T�b N ^�[{_�v>S9R�kdRFW �� ^ U!R�T(_]^Ll3v f R�_�v>S9R�k�^~adT f acZ N _][ck�b�ad[d^~Z N nIZ!k []S9R�U!R�k}[d^~acR�_ Z�n�T(kdR e b f T�k|^~acZ!_�T��S9R�g!kdZ N ^ N _�a]kd^ h R�gm^ N []S9R�_+v�S9R#kdR �8!*�B}�9CL�O*�< 2�43CIHJ/�,�)+*#,-*�.0/�)}.��
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b>_ KZ = KA
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T�aeS'f�S&[#Z&hJº�WY��ad[#f�ZlsDS&adce[#��S&t�WY^7T�f�[=fJt{��ad[1ºJS�x�[#��WDtET�hJS�xJaeWDfw�
�B�E�J��FG��Fz.`:7��24�1+)!1� �lm�WJW ��T&cG¶®hJS�aeS®c�hJSAVDX#T�f�S�tltE��VJVBWDa4ce[#f�Z'c�hJS�sYT�ae[#WY��tP�*[=ae�*X1S&t
WY^¥c�hJS¹�*WDfJt�c*ad�B�ece[1WDf_b¹S�S)c�c�hJS�� S�·D��T)c*WDad[#T&XIVDX#T�f�ST 

AY BW
�>¸�hJS,tEVBhJS&aeS>[Kcdt{S)X=^

c*adT��*S�t'c�hJSgS�·Y��T&ceWDa
λ
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fn(x) =

n−1∑

k=1

sin(kπ/n)

sin
(
(kπ/n) − x
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(sin x)fn(x) =
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cot x − cot(kπ/n)
=

P ′
n−1(cot x)

Pn−1(cot x)
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n−1(z) = (n − 1)Pn−2(z)

�3¸�hJS¹\ES&aeWJS�tAWY^
P ′

n−1(z)
T�aeS,c�hJS¹\ES�aeWJS&t

WY^
Pn−2(z)

qwfJT�b,S&X u�q�c�hJS>fD��b,º�S&adt
cot

(
kπ

n − 1

) ^`WDa
k ∈ {1

q
2
q
. . .

q
n − 2} �¸�hJS&t{S�fD��b¹ºJS�adt@T�aeS�f�W�cI\ES�aeWJS&t�WY^

Pn−1(z)
�I¸�hJS&aeS&^`WDaeSYqDc�hJS{u>T�aeS'c�hJSP\ES&aeWJS�t@WY^

P ′
n−1(z)/Pn−1(z)

�
R�S®�eT�f>f�W�¶ �*WDf��*X=�BxJSPc�hDT&cIc�hJSP\ES�aeWJS&t@WY^

fn(x)
T�aeSPc�hJSLsYT�XK�BS�t@WY^

x
tE�B�Eh

c�hDT&c
cot x = cot

(
kπ

n − 1

) ^`WDa
k ∈ {1

q
2
q
. . .

q
n − 2} �¥¸7hJS�tµS'T�aeSLc�hJS'fD��b¹ºJS�adt

mπ

n − 1

q�¶®hJS&aeS
m

[#t�T�f�u�[#fYceS�Z&S&aMf�W�czxY[]sY[#t�[1ºYX1S�º�u
n − 1

�
��
 ���h����
������ ��� ]+�+%.*."[$>0 QG�X?�A`UP@�/�U96:�Y3�
 J 4#��4)\���I14)7��GJL3�IK/ ��4)4&����6C3.8!_�/ �+3���T 6!J 7�;�7�49�

%)�9a�"�A`U#/2O#��
 _k #��I1I�3�4)J�T��K #��
 
��C\)�C/�]`J 49TL��6-"R7)����4)/25)%�/-UP@��RF�*YZ9��6,�Eg-7��R��4#�+J 4#8G��6:6,��8GTP����
L3)T JL��4PF
QC7�49�&3��-7�49�[aYZ#�&313������1T Z9�-JL�&��4#T J�T��

fn(x) =
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A1(− cos α, sin α)
q

A2(cos α, sin α)
q

B1(− cos β, sin β)
q

B2(cos β, sin β)
q

C1(− cos γ, sin γ)
q

C2(cos γ, sin γ)
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