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10

($1 + $2 + · · · + $10) = 1
10

(
10 × $11

2
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= $5.50 � 3S9;:�E(J01

3�~?14B�3��41 b >?5IE±>Ad�3�/H1�E�EG1SBZFH5 1
26

($1+$2+· · ·+$26) = 1
26

(
26 × $27

2

)
= $13.50
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� JA@;5 � E(J01�3�~?1SB�36�41 b >?5(E�>Ad
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_ �4FH9 b 1�3=/H1�E�EG1SBb >?5IEG5�34EkMN>?5(E

$26 � E(J018MN3 
6FDM8@;M b >?5IEC>Ad
3
/21�E�EI14B�5�FD5
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$(70 + k) � E(J01S9�E(J01�9?@;MÔL01SB�5 b >?5IE $(30 − k)
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n = 26
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SE�1 
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2
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1215
FD98L03S5*1

a
J?3S5rE(J01k~A34/D@Z1

a3 + 2a2 + a + 5
369;:

221
FD9L03S5*1

a
J?3S5�E(J01k~A3S/Q@Z1

2a2 + 2a + 1
_ � >6z �

a3 + 2a2 + a + 5 = (2a2 + 2a + 1)
(
1
2
a + 1

2

)
+
(
−1

2
a + 9

2

) _
�4FH9 b 1

1215(a)
M8@;5IE!L;1�3�M�@0/QEGFDK0/H1�>Ad
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2
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2
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� 9c>?BG:01SBPEG>ÌL01RL;>�E(J|K;1SB�dn1 b E�5*�A@;36BG14583S9;:ÌKZ14BGdn1 b E b @ZL;145�E(J01*<ÌM�@;5(E�L;1KZ14BGdn1 b E�5'F 
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16 = 1 � 26 = 64 � 36 = 729 � 46 = 4096 �
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a3 − b3 = (a − b)(a2 + ab + b2)

_�
 5(FH9;�
a − b = 1 � E(J01��F�~?1498FD9;16�A@;3S/QFQEx<�FD5!16�A@0F�~A34/2149AEáEG>

a2 + ab + b2 ≥ 1
4

_
Ò @;BÓE(J01SBGMÔ>?BG1 � z�1 b 3S9�zPBGF�EI1 a

3S5
a = 1 + b � <AF21�/2:AFH9;�

(1 + b)2 + (1 + b)b + b2 ≥ 1
4

_
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(1 + 2b + b2) + (b + b2) + b2 ≥ 1
4
�

3b2 + 3b + 3
4

≥ 0 �
3
(
b + 1

2

)2 ≥ 0
_
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=
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@;9?FQE b @ZL01S57Õ `

3 × 3 × 3
b @ZL01z�>A@0/2:=J?3�~?1

33 = 27
@;9?FQE b @ZL01S5 � 3S9;:=3 4 × 4 × 4
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43 = 64b @ZL;145 _
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@;9?F�E b @ZL;145�25(FH9 b 1�E(J01SBG1�3SBG1�>?9?/ <

45
@;90K;34FH9AEG16: b @ZL;145kFD9NEI>�E�3S/ �(� FQE�J?3S5�EG>=L;1�57M83S/Q/214BrE(J?369

4 × 4 × 4
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• 20
@;90K;34FH9AEG16: b @ZL;145 � FQd±>?9;1P36: � 3 b 149AErd23 b 1�FH5�K03SFD9AEI1S: �
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>?B
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@;90K;34FH9AEG16: b @ZL;145 � FQd0EÓz�>�3�: � 3 b 1S9AE�d23 b 1S5r36BG1�K03SFD9AEI1S:8��z�J6<�:;>Oz�1�41�E�EÓz�>�36905Gz�1SB�5!J014BG16Õ � �
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@;90K;34FH9AEG16: b @ZL;145 � FQdZE(J?BG161P36: � 3 b 149AEád23 b 1S5�36BG1OK;34FH9AEG16: �

• 9
@;90K03SFD9AEI1S: b @ZL01S5 � FDdZdn>A@;Br3�: � 3 b 1S9AEád23 b 1S5�K03SFD9AEI1S: _� JA@;5 � FDdSz�1�/2143�~?1�EÓz�>�>?K;K;>?5'F�EI1�d23 b 1S5-@;90K;34FH9AEG16:P3S9;:OK;34FH9AE�E(J01�>�E(J01SB�dn>A@;Bqd23 b 1S5 �E(J01S9g143 b J >Ad!E(J01�EÓz�>|@;90K03SFD9AEI1S: d23 b 145ÔJ?36583S/Q/�dn>A@;B�3�: � 3 b 1S9AE�d23 b 145NK03SFD9AEI1S: ���F�~AFH9;��3�EI>�E�3S/�>Ad
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@;90K;34FH9AEG16: b @ZL;145 _� J014BG14dn>?BG1 � 4 d23 b 1S5!>Ad�E(J01O/D36BG�41 5 × 5 × 5

3SBG1PK;34FH9AEG16: � /H1S3�~?FD9;�O3�EI>�E�3S/�>Ad
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b @ZL01S5ázOFQE(J�9;>�K03SFD9AE�>?9�E(J01SM _
� 1 J?3�~?1aMN3S903��41S: EG> 5*>A/ ~?1gE(J01aK;BG>0LA/214M � 1*~?149$zOFQE(J0>A@?EµL;1�FH9;�cEG>A/2:E(J01=5'F��'1=>AdáE(J01=>?BGFH��FH9034/ b @ZL;1 _�` /QFQE�EG/H1=LAFQEP>Adr/H>0��F b 3S/
E(JAFH9;�SFH9;�Ô>S~?14B b 3SMÔ1NE(J?3�E:?F � b @0/�E�< _
� JAFH5�K;BG>0LA/214M�34/H57>�J?3S5�E(J01k9?F b 1�dn1434EG@;BG1!E(J?3�E±z�1 b >A@0/H:�L?@0FQ/2:�3kMÔ>0:014/369;:�3 b EG@;34/D/ <�K;34FH9AE�57>?MÔ1�d23 b 1S5 _�� d b >A@;B�571 � z�1 b >A@0/2:PE(J01S9PzP3�E b JOE(J01�K03SFD9AEá:?Bx< _
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� J01S9C/D365IE;z�1�MN1�E � z�1r/2>0>0�61S:C34EZE(J01�M8@0/�EGFHK?/DF b 3�EGF�~?1�903�EG@;BG1!>Ad�9?@;MNL;14B�5�LS<1 
6K0/H>?BGFD9;��K0BGFDMÔ1�d23 b EG>?BGF��(34EGFH>?9Ô3S9;:NE(J01�dH@;9 b EGFH>?9
d(n) � E(J01�9?@;MÔL01SB!>Ad�:AF�~AFH57>?B�5>AdZ3O9?@;MNL;14B

n
_ Ò >?B�J0>?MÔ1Üz�>?B(� � <?>A@�z�1SBG1�EI> b BG1434EG1�3kEG36L?/H1�3S9;:�/2>0>0��dn>?B�5*>?MN1K;3�E�EI14BI905 _ � 1SBG1�3SBG1�57>?MÔ1�BG1S5(@0/QE�5�<?>A@=M�F2�4J�E!J?3�~?1�dn>A@;9;:=�HFQd�<?>A@Nz�149AE�>?9N/H>?9;�1S9;>A@Z�4J � Ø

8 = 23 3S9;:
d(8) = 4 �

25 = 52 3S9;:
d(25) = 3 �

81 = 34 3S9;:
d(81) = 5

_
� J?34E�FH5kJ?36K0KZ149?FH9;��J014BG16Õ � 365IErEGFHMN1Oz�1�573�z E(J?34E

d(p) = 2
z�J0149

p
FD5k3K;B�FHMN1P9?@;MÔL01SB _ Ö >�<?>A@N5*1S1O3�MN>?BG1��41S9;14B�3S/�B�@0/21O9;>6z�Õ � Bx<�EI> b >?MÔ1�@;K�zOFQE(J�3b >?9 � 1 b EG@;BG1�L014dn>?BG1k<?>A@NBG1S36:N>?9 _� 14BG1P3SBG1P5*>?MN1OMÔ>?BG1OBG145'@0/�EG5�Ø

6 = 2 × 3
369;:

d(6) = 4 = 2 × 2 �
18 = 2 × 32 369;:

d(18) = 6 = 2 × 3 �
40 = 23 × 5

369;:
d(40) = 8 = 4 × 2 �

360 = 23 × 32 × 5
369;:

d(360) = 24 = 4 × 3 × 2
_

Ý 3S9{<?>A@U5*1S18z�J?34E�FD5�J?3SK;K;1S9?FD9;��J014BG16Õ Ý 369�<?>A@ b >?MÔLAFH9;1ÔFQEkzOF�E(J�<?>A@;B1S3SBG/QF214B b >?9 � 1 b EG@;BG1�EG> b >?MN1�@;K�zOFQE(J8>?9;1CE(J?3�E�EG36�61S5 b 3SBG1�>Adq34/D/ b 36571S57Õ� 14BG1OFD5!>?9;1PMN>?BG1P571�Er>AdqBG1S5(@0/QE�54Ø
40 = 8 × 5 � d(8) = 4 � d(5) = 2 � 369;:

d(40) = 8 �

12 = 4 × 3 � d(4) = 3 � d(3) = 2 � 369;:
d(12) = 6 �

450 = 18 × 25 � d(18) = 6 � d(25) = 3 � 3S9;:
d(450) = 18 �

120 = 12 × 10 � d(12) = 6 � d(10) = 4 � 3S9;:
d(120) = 12 �

500 = 25 × 20 � d(25) = 3 � d(20) = 6 � 3S9;:
d(500) = 12

_
� J?34E!K034E�EG1SBG9�:0>�<?>A@=�Z9;:�J014BG16Õ � J?3�E�FH5C:AF��±1SBG149AE!FD9NE(J01�/D365IE�EÓz�>N/QFH9;1453�L0>S~?1SÕ � Bx<�EG> b >?MÔ1�@;K�zOFQE(J�3 b >?9 � 1 b EG@;BG1�L014dn>?BG1C<?>A@NBG143�:8>?9 _� 1�E�� 5�EIBx<�EI>�K0@?Er3S/Q/0E(JAFH5rEI>0�41�E(J01SB _

h�
�	Su6Ú�	�� _ Ò >?Bá369�<89?@;MNL;14B n � FDd�F�EG5�K0BGFDMÔ1�d23 b EG>?BGF��(34EGFH>?9�FD5!��F�~?149NLS<
n = pe1

1 × pe2

2 × pe3

3 × · · · × pen

n �E(J01S9
d(n) = (e1 + 1) × (e2 + 1) × (e3 + 1) × · · · × (en + 1)

_



��å

� 1!zOFQ/D/A9;>�E�K;BG>4~?1�E(J01�E(J01S>?BG1SM � LA@?E�B�3�E(J01SB±EIBx<PEG>P@;9;:;14B�5(E�369;:�FQE-@;5'FD9;�k3S91 
S3SMNK?/21 _�Ý >?905'FH:;14B�E(J01 b 3S5*1
n = 24 × 32 × 55 = 450000

_�`�b(b >?BG:?FD9;�OEI>8E(J01E(J016>?BG14M � d(450000) = (4 + 1) × (2 + 1) × (5 + 1) = 5 × 3 × 6 = 90
_
� JA@;5 �

450000
J?3S5

90
:?F ~?FD5*>?B�5��HFD9 b /D@Z:AFH9;�CE(J01CEIBGF ~?FD3S/�:AF�~AFH57>?B�5

1
3S9;:

450000 � _� 9�E(J01N>�E(J014BCJ?369;: � 3S9�<�9?@;MÔL01SB!E(J?34E�FH5�3Ô:?F ~?FD5*>?Bk>Ad 450000 J?365kEI>�L;1>Ad
E(J01�dn>?BGM
2a × 3b × 5c � z�J014BG1 0 ≤ a ≤ 4 � 0 ≤ b ≤ 2 � 369;: 0 ≤ c ≤ 5
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j ≥ 10 �z�1�J?3�~?1

(
j + 1

j

)3

<
(

5

4

)3

< 2
_

� JA@;5 � 2j+1 − 1 > 2j+1 − 2 = 2(2j − 1) > 2j3 > (j + 1)3
_

� >6z � /H1�E�@;5CBG1�EG@;BI9ÔEG>=>A@;B!K;BG>0LA/214M _ �4@;K;K;>?5*1�E(J?34E m ≥ 10
_ 
 5'FD9;�PE(J01/214MNM83�3S9;:N� ä �(� z�1PJ?3�~?1

2m − 1 > m3 =
(

n1 − 1

2

)3

· · ·
(

nk − 1

2

)3 _ � å �
Ò >?Br1S3 b J i � 5(FH9 b 1 ni ≥ 5 � z�1OM8@;5IE�J?3�~?1

(
ni − 1

2

)3

≥ 4 · ni − 1

2
> ni

_

 5'FD9;�O� å �'� z�1�:016:A@ b 1�E(J?3�E 2m − 1 > n1n2 · · · nk � z�JAF b J b >?9AEIB�3�:AF b E�5��n� � _� JA@;5 � E(J014BG1�36BG1P9;>85*>A/Q@?EGF2>?905rzOF�E(J m ≥ 10

_ � ErFH5�1S3S5�<�EI> b J01 b ��E(J?3�ErE(J01>?9?/�<NK;>?5'F�EGF�~?1PFD9AEI1S�41SB
m ≤ 9

dn>?B�z�JAF b JÔ�x� � 3S9;:=� ä � b 369=L01�573�EGFH5(��1S:8FD5 m = 3 �z�JAF b J8��F�~?145
n = 7

_

� >6z z�1�/H>0>0�R34E�BG1S36:;14B�5���57>A/D@?EGFH>?905�EI>|K;BG>0LA/214MN5N>Ad�E(J01 ä ���6� � @;575(FH3S9� 34E(J014MN3�EGF b 3S/ � /�<?MNK?FH36:N��F ~?1S9�FD9%� ä ��� ä ØSÞ ��å 
�Þ � Þ �A_
Ñ _ .;BG>S~?1�E(J?34EkE(J01SBG1=1�
6FD5(E�EI149U:AF��±1SBG149AEOBG143S/á9?@;MNL;14B�5

a1 � a2 � . . . � a10
5'@ b JE(J?34E�E(J01�1S�?@;3�EGF2>?9

(x − a1)(x − a2) · · · (x − a10) = (x + a1)(x + a2) · · · (x + a10)J?365!1 
S3 b EG/�<
5
:AF��±1SBG149AErBG1S34/�BG>0>�E�5 _



� Þ

� �& �� "����?� %; �µ �?+-�&��� ';. ! �&3 3 �	 $�M* � " .2�&34%3�W�>.�,�* �>.,�&� ) 'DA
� 1�E

a1 � a2 � . . . � a10
L;1�:?FD5(EGFD9 b E�BG1S34/±9?@;MÔL01SB�5C5(@ b J8E(J?34E

a1 � . . . � a5
36BG1KZ>?5(FQEGF ~?1 � a6 = 0 � a7 + a8 = 0 � 369;: a9 + a10 = 0

_ Ò >?B k ∈ {6 � 7 � 8 � 9 � 10} �E(J01�d23 b EI>?B
x − ak

> bIb @;B�5C>?9ÔL;>�E(J85'FH:;145k>AdqE(J01���F ~?1S9=1S�?@;3�EGF2>?9Ô3S9;: � J01S9 b 1 � akFH5�3PBG1S34/�BG>0>�Er>AdZE(J01�1S�?@;3�EGF2>?9 _
Ò >?B x /∈ {a6 � a7 � a8 � a9 � a10} � E(J01P16�A@;34EGFH>?98BG16:A@ b 145�EI>

(x − a1)(x − a2) . . . (x − a5) = (x + a1)(x + a2) . . . (x + a5)
_ �x� �

� d
x > 0 � E(J01S9 � dn>?B�143 b J k ∈ {1 � 2 � 3 � 4 � 5} �

|x − ak| = max{x − ak, ak − x} < x + ak = |x + ak| �369;:��n� � b 36909;>�EkJ0>A/2: _�� <=5�<0M8MÔ1�EIBx< � �n� � b 36909;>�EkJ0>A/2:ÔFDd x < 0
_�� 1�FQE(J014Bk:0>01S5�x� � J0>A/H:=FDd x = 0

_�� J01SBG1�dn>?BG1 � �n� � J?365C9;>�BG143S/-BG>0>�EG5 _�� 149 b 1 � E(J01816�A@;34EGFH>?9�FD9E(J01PK;BG>0LA/214M 5IEG3�EI14MÔ149AE�J?365�9;>�BG1S34/ZBG>0>�EG5!L01S5(F2:01S5
a6 � a7 � a8 � a9 � a10

_
× _ � 1�E

a1 � a2 � . . . � a2000
L;1OBG1S34/�9?@;MNL;14B�5!5'@ b J�E(J?34E

a3
1 + a3

2 + · · · + a3
n = (a1 + a2 + · · · + an)2dn>?BC3S/Q/

n � 1 ≤ n ≤ 2000
_ .;BG>4~?1�E(J?34E�1*~?1SBx<R14/H1SMN1S9AE�>Ad�E(J01Ô5716�A@Z1S9 b 1NFD5P3S9FH9AEG16�414B _

� �& �(&';. %; Nµ �?+-�&��� ';. ! �&3 3 �	 $�M* � " .,�!3!%3�W�&.#,M* �?.2�>� )�' � �>��. ³ � '4. .�'X¶ �?. ��3 �1" ' ���3*µ �4��3+�?� 3
8 �&��� "2"('�* �?.2�>� )�'�A 1�' ,4�:(&'F¶ �?. ��3 �1" ' ����º 3 3
�& �� "����?� A
Ò FDB�5(E
z�1P9;>�EG1�E(J?3�EáFDd ai = i

dn>?B
i = 1 � 2 � . . . � n � E(J01S9

a3
1 + a3

2 + · · · + a3
n =

n∑

i=1

i3 =

(
n(n + 1)

2

)2

=

(
n∑

i=1

i

)2

= (a1 + a2 + · · · + an)2
_

o 	��F� � _ � d
ai = i

dn>?B
i = 1 � 2 � . . . � n

369;: n+1∑
i=1

a3
i =

(
n+1∑
i=1

ai

)2 � E(J01S9
an+1 ∈ {n + 1 � −n � 0} _
³ . �3� � �-��EG3SB�EGFD9;�kzOF�E(J�E(J01���F ~?1S98BG14/D34EGFH>?9 n+1∑

i=1

a3
i =

(
n+1∑
i=1

ai

)2 � z�1P�41�E

a3
n+1 +

n∑

i=1

i3 =

(
an+1 +

n∑

i=1

i

)2

= a2
n+1 + 2an+1

(
n(n + 1)

2

)
+

(
n∑

i=1

i

)2 �
z�JAF b JN5(FHM8K0/QFD�Z1S5�EI>

an+1(an+1 + n)
(
an+1 − (n + 1)

)
= 0

_�� J01 b >?9 b /Q@;5'FH>?9>AdZE(J01O/H1SM8MN3Odn>A/D/H>6zP5 _



���

Ò >?Br1S3 b J�KZ>?5(FQEGF ~?1�FH9AEG16�414B k � /21�E Pk
L01�E(J01 b /H34FHM�Ø

5 �
a1
*

a2
*

. . .
*

ak
�&. ' . '1�! � �&� % '4. 3�3M��),+ " + � " n∑

i=1

a3
i =

(
n∑

i=1

ai

)2
� �?.��4 � 

�$� "('�,�'1.23
n
3M��),+ " +-��"

1 ≤ n ≤ k
*�" + '4�

a1
*
a2
*
. . .

*
ak

�>.�' �$� "('�,�'1.23MA
� 1�zOFD/Q/qK;BG>4~?1 � LS<NFH9;:A@ b EGF2>?9=>?9 k � E(J?3�E Pk

J0>A/H:05!dn>?B�1S3 b J
k
_ Ò FDB�5(E�9;>�EI1E(J?34E P1

J0>A/2:?5 � 5(FH9 b 18E(J01=1S�?@;3�EGF2>?9 a3
1 = a2

1

FHM8K0/QF2145�E(J?34E
a1 ∈ {0 � 1} _ � 1�E

k ≥ 1
L;1N3Ô�/
61S:{FD9AEI1S�41SB � 3S9;:R5'@;K0KZ>?5718E(J?3�E Pi

J0>A/2:?5Pdn>?B
i = 1 � 2 � . . . � k

_
� 1�E

a1 � a2 � . . . � ak+1
L;18BG143S/
9?@;MÔL01SB�5O5(@ b J=E(J?3�E n∑

i=1

a3
i =

(
n∑

i=1

ai

)2 dn>?B�3S/Q/
FH9AEG16�414B�5

n
5'@ b J�E(J?3�E

1 ≤ n ≤ k + 1
_

m �SÛ�	$' _
� J014BG1�1 
SFH5IEG5
i ∈ {1 � 2 � . . . � k + 1} 5(@ b J�E(J?34E ai = 0

_
Ö 14/H1�EG1 ai

d2BG>?M E(J01c5716�A@Z1S9 b 1
a1 � a2 � . . . � ak+1

_�� J01cBG14MN34FH9?FD9;�
k9?@;MÔL01SB�5-FD9kE(J01�5716�A@Z1S9 b 1�5'34EGFD5'dQ<�E(J01�J6<0K;>�E(J01S5(FH5
>Ad Pk

_ �4FD9 b 1 Pk
J0>A/H:05 � 1S3 b J�>AdE(J01S571!9?@;MÔL01SB�5�M8@;5IE
L01!369�FH9AEG16�414B _±� JA@;5 � 3S/Q/�>Ad a1 � a2 � . . . � ak+1
36BG1�FD9AEI1S�41SB�5 _

m �SÛ�	�y _
� J014BG1�1 
SFH5IEG5
i ∈ {1 � 2 � . . . � k + 1} 5(@ b J�E(J?34E ai+1 = −ai

_� J0149
k ≥ 2

_{� J01Ôd23 b ECE(J?34E Pi
J0>A/H:05PFDMNK?/DFH1S5�E(J?34E

a1 � a2 � . . . � ai
36BG1FH9AEG16�414B�5 _�� J0149

ai+1 = −ai
FH5�3S9NFH9AEG16�414B _ � >6z´:;1�/21�EI1

ai
369;:

ai+1
d2BG>?M E(J015*1S�?@Z149 b 1

a1 � a2 � . . . � ak+1
_C� J01�BG14MN34FH9?FD9;�

k − 1
9?@;MNL;14B�5CFD9ÔE(J01�5716�A@Z1S9 b 1573�EGFH5(dQ<{E(J01�J6<?KZ>�E(J0145'FD5�>Ad Pk−1

_ �4FD9 b 1 Pk−1
J0>A/2:?5 � 143 b JU>AdáE(J01S571=9?@;MÔL01SB�5M8@;5IE�L;1P3S9�FH9AEG16�414B _
� JA@;5 � 3S/Q/�>Ad a1 � a2 � . . . � ak+1

3SBG1OFD9AEI1S�41SB�5 _
m �SÛ�	�� _ Ò >?Br143 b J i ≤ k + 1 � z�1PJ?3�~?1 ai 6= 0

369;:
ai 6= −ai−1

_� J0149N369N1S3S5�<�FD9;:?@ b EGFH>?9 � @;5'FD9;�CE(J01O/H1SM8MN3�36L;>4~?1 � 5*J0>6zP5rE(J?3�E ai = i
dn>?B3S/Q/

i ∈ {1 � 2 � . . . � k + 1} _�� JA@;5 � 3S/Q/�>Ad a1 � a2 � . . . � ak+1
36BG1�FH9AEG16�414B�5 _

� JAFD5�149;:05rE(J01OFD9;:?@ b EGFH>?9N5IEI14K � 3S9;:�z�1O36BG1P:;>?9;1 _
� _ .;BG>S~?1CE(J?34E

1
√

1 + x2
+

1√
1 + y2

< x � y ≤ 1
_

� �& �(&';. %; Nµ �?+-�&��� ';. ! �&3 3 �	 $�M* � " .,�!3!%3�W�&.#,M* �?.2�>� )�' � �>��. ³ � '4. .�'X¶ �?. ��3 �1" ' ���3*µ �4��3+�?� 3
8 �&��� "2"('�* �?.2�>� )�'�A 1�' ,4�:(&' ! �!303��� ���º 3 � .2� " '�8R�
� A
� J01PK0BG>0L?/H1SM�5*J0>A@0/H:8BG143�:qØ-K0BG>S~?1CE(J?34E

1
√

1 + x2
+

1√
1 + y2

≤ 2
√

1 + xy

dn>?B
0 ≤ x � y ≤ 1

_
� d

x = 0 � E(J01S9�E(J01NFD9;16�A@;3S/QFQEx<RBG1S:?@ b 1S5OEG> 1 +
1√

1 + y2
≤ 2 � z�JAF b J�FD5EIBG@Z1 � 5(FH9 b 1 y > 0

_ � <�5�<?MNMN1�EIBx< � E(J01�FH9;1S�?@;34/DF�E�<�FH5�34/H57>�EIB�@Z1OFQd y = 0
_

� >6z � 5'@;K0KZ>?571�E(J?3�E 0 < x ≤ 1
369;:

0 < y ≤ 1
_�� 1�E

u ≥ 0
3S9;:

v ≥ 0L;1P5(@ b J�E(J?34E
x = e−u 369;: y = e−v _
� J01S9�E(J01OFD9;16�A@;3S/QFQEx<NL;1 b >?MN1S5

1
√

1 + e−2u
+

1
√

1 + e−2v
≤ 2√

1 + e−(u+v)
�



���

E(J?34EáFD5 �
f(u) + f(v)

2
≤ f

(
u + v

2

) �
z�J01SBG1

f(x) =
1√

1 + e−2x

_ �4FH9 b 1
f ′′(x) =

1 − 2e2x

(1 + e−2x)5/2e4x
� E(J01�dH@;9 b EGFH>?9 fFH5 b >?9 b 3�~?1�>?9N3S98FH9AEG1SBx~A34/ b >?9AEG34FH9?FD9;�

[0, ∞)
_á� J014BG14dn>?BG1 � E(J01P3�L0>S~?1OFH9;1S�?@;34/DF�E�<FH5rEIB�@Z1 _

� _�� J01�FH9 b FDB b /218>Ad-EIBGFD369;��/H1
ABC

zOFQE(J b 149AEIBG1
O
EI>A@ b J0145CE(J01�5'FH:;1

AC
3�E

K
_` 9;>�E(J01SB b FHB b /H1PzOF�E(J8E(J01�5'36MN1 b 149AEIBG1�FH9AEG1SB�571 b E�5C1S3 b JÔ5'FH:;1�34ErEÓz�>ÔK;>AFH9AE�5 _k� J01KZ>AFD9AEG5C>Ad±FH9AEG1SB�571 b EGFH>?9�>?9

AC
3SBG1

B1
369;:

B2 � zOFQE(J B1
b /2>?571SBáEI>

A
_

E
FH5!E(J01KZ>AFD9AE�>Ad?FD9AEI14B�5*1 b EGF2>?9�>?9

AB
b /H>?5*14BqEG>

B � 3S9;: F
FD5
E(J01kK;>AFH9AE�>AdAFH9AEG1SB�571 b EGFH>?9�>?9

BC
b /H>?5*14B�EG>

B
_ � 1�E

P
L01CE(J01PK;>AFH9AEr>Ad�FD9AEI14B�5*1 b EGF2>?98>Ad

B2E
3S9;:

B1F
_ .;BG>S~?1E(J?34E

B � K � 369;: P
3SBG1 b >A/D/QFH9;1436B _

� �& �� "����?� %; �M�>3 +/�:� � ' �$���0 !��* 7 ��� �&30��·>�Q* � �+� �>� A
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� 1�ErE(J01�FD9 b FHB b /H1�MÔ1S1�E
BC

3S9;:
BA

3�E
L
3S9;:

M � BG1S5'KZ1 b EGF�~?1�/�< _ � 1�E r
L;1E(J01�B�36:?FQ@;5k>Ad�E(J01PFH9 b FDB b /21 � 369;:8/H1�E r′ L01OE(J01�B�3�:AFD@;5k>Ad�E(J01�>�E(J01SB b FDB b /21 b 1S9AEIBG1S:34E

O
_ �4FH9 b 1

OK = OL = OM = r
3S9;:

OB1 = OB2 = OE = OF = r′ �369;:85(FH9 b 1
∠OKB1 = ∠OKB2 = ∠OLF = ∠OME = 90◦ � z�1PJ?3�~?1

4OKB1
∼= 4OKB2

∼= 4OLF ∼= 4OME
_

� 149 b 1 � KB1 = KB2 = LF = ME
_ �4FD9 b 1

AK = AM
3S9;:

KB2 = ME �z�1�J?3�~?1
AK : KB2 = AM : ME

_�� JA@;5 � MK ‖ EB2 �
E(J?3�ErFH5 � MK ‖ EP

_� J0149 � LS<85�<?MNMN1�EIBx< � LK ‖ FP
_�4FHM�FD/D36B�/�< � 5'FD9 b 1 BM = BL
369;:

EM = FL � z�1�>0LAE�3SFD9 ML ‖ EF
_ � 9EIBGFD369;��/H1S5

KLM
3S9;:

PFE � z�1OJ?3�~?1 KM ‖ PE � KL ‖ PF � 369;: ML ‖ EF
_

� E�dn>A/D/H>6zP5!E(J?3�E
KP � LF � 369;: ME

3SBG1 b >?9 b @;BIBG149AE _C� J01SBG1�dn>?BG1 � B � K � 3S9;: P36BG1 b >A/Q/DFD9;1S3SB _
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 ä6åM�A_
Ñ _ .;BG>4~?1PE(J?3�E�dn>?B�369�<NK;B�FHMN1

p � E(J014BG1�1 
SFH5IErFH9AEG16�414B�5 x � y � z � 3S9;: w
5'@ b J�E(J?3�E

x2 + y2 + z2 − wp = 0
369;:

0 < w < p
_

� �& �(&';. %; ³ � '4. .�' ¶ �?. � 3 �1"(' �$�)* µ �4��3+�?� 3
8 �&��� "2"('�* �?.2�>� )�' � �&� . ! ),+��	 � '4�!3
� ��� ' � ��·3�M���W�4 :�>3 * 34"/�).-'1� "0*�4��?. � '  	 � ����(&'4. 3 �("I M*�52" +-�/)2�M* >��3* � � ! AU1�' ,!��(&' " + '
(&'4. 3 ���?�&� � � ��� ' � ��·3�M���W�4 :�>3MA

Ò >?B p = 2 � z�1O5*1�E x = y = w = 1
369;:

z = 0
_

Ò >?B p
>0:0: � z�1O9;>�EI1CE(J?34E�E(J01O9?@;MÔL01SB�5

1 + 02 � 1 + 12 � . . . � 1 +
(

p − 1

2

)2

/2143�~?1
(p + 1)/2

:?FD5(EGFD9 b ErBG14MN34FH9;:01SB�5�@;K;>?9Ô:AF�~AFH5(F2>?98LS<
p � 3S5!:;>�E(J01O9?@;MÔL01SB�5

− 02 � − 12 � . . . � −
(

p − 1

2

)2 _
� 9;:;1S16: � FDd 0 ≤ a � b ≤ (p − 1)/2 � E(J0149 p

:?F ~?FH:;145
a2 − b2 = (a − b)(a + b)FDdq3S9;:N>?9?/�<�FQd

p
:AF�~AF2:01S5

a + b
>?B

a − b � z�JAF b J�FD5�FHM8KZ>?5'5'FHL?/H1�FDd a 6= b
_� JA@;5 � E(J014BG1P3SBG1P3�Eá/214365IE�EÓz�>�FH9AEG16�414B�5 0 ≤ x � y ≤ (p − 1)/2

5(@ b J�E(J?34E
1 + x2 ≡ −y2 (mod p)

_
� 149 b 1 � x2 + y2 + 1 = wp

dn>?Bá57>?MÔ1�FH9AEG16�414B
w
_ �4FH9 b 1

0 < x2 + y2 + 1 ≤ 2
(

p − 1

2

)2

+ 1 < p2 �
z�1�J?3�~?1

0 < w < p � 365!:;145'FDBG16: _¸ _ Ö 1�EG1SBGM8FD9;1O34/D/0dH@;9 b EGFH>?905 f
d2BG>?M�E(J01O571�Eá>Ad�BG1S34/Z9?@;MNL;14B�5rEI>�F�EG5714/Qd�5(@ b J�E(J?3�Edn>?B�1*~?14Bx<

x
3S9;:

y �
f(x2 − y2) = (x − y)

(
f(x) + f(y)

) _
� �& �(&';. %; !µ �?+ �>��� '�. ! �&3 3 �	 $�M* � " .2�&34%3�W�>.�,�* �>.,�&� ) ' � µ � ),+ '  C¶ � "��!�	 � '+*-$��W��'1�3*
�?.2�>� )�' � ³ � '4. .�'�¶ �?. ��3 �1" ' ���3* µ �!��3
�?��3M8��&��� "2" '+* �?.2�>� )�' � �&� . ! ),+��	 � '4�!3
� ��� ' � ��·3�M���W�4 :�>3 * 34"/�).-'1� "0*24��?. � '  � � �/�:(&'1.23�� "0 �*252" +-�/)2�M* >��3* � � ! A 1�' � '4��"/�>.�'
¶ �?. � 3 �1"(' �$�xº 3 (&'1.23��:�?� A

� J01P57>A/D@?EGFH>?9�FH5rE(J01P571�Er>Ad�/QFH9;1436B�dH@;9 b EGF2>?905�K;3S575(FH9;�kE(J?BG>A@Z�4J�E(J01�>?BGFH��FH9 _
� 1�E

f
L;1=3=dH@;9 b EGFH>?9U573�EGFH5(dQ<?FD9;��E(J01���F ~?1S9µdH@;9 b EGFH>?903S/�1S�?@;3�EGF2>?9 _ �61�E�EGFH9;�

x = y = 0
FD9NE(JAFD5C1S�?@;3�EGF2>?9N/2143�:?5!EG>

f(0) = 0
_!� J0149 � 5*1�E�EGFH9;� y = −x

��F ~?1S5
0 = f(0) = 2x(f(x) + f(−x)) � d2BG>?M z�JAF b J�z�1�:;1S:?@ b 1ÔE(J?34E

f
FH5�369U>0:;:dH@;9 b EGF2>?9 _
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Ò >?Bá3S/Q/ x 3S9;: y � z�1PJ?3�~?1
f(x2 − y2) = (x − y)

(
f(x) + f(y)

)

369;:834/H57>��2BG14K0/D3 b FD9;�
y
LS< −y

369;:�9;>�EGFH9;�kE(J?3�E
f(−y) = −f(y) �I�

f(x2 − y2) = (x + y)
(
f(x) − f(y)

) _
� 149 b 1 �

(x − y)
(
f(x) + f(y)

)
= (x + y)

(
f(x) − f(y)

)
�E(J?34E�FH5 � xf(y) = yf(x)

_ �61�E�EGFH9;�
y = 1 � z�1N�41�E f(x) = xf(1)

_�� JA@;5 � f
FH5/DFD9;1S3SB _Ý >?9�~?14B�5*1�/�< � FQE�FD5�14365�<�EG>O~?1SB�FDdQ<�E(J?3�Eá3S9�<�/DFD9;1S3SB�dH@;9 b EGF2>?9�K0365'5'FD9;�!E(J?BG>A@Z�4JE(J01�>?BGFH��FH9�FH5�3P5*>A/Q@?EGF2>?98>AdZE(J01OK;BG>0LA/214M _

º _ � 1�E
p
L;1P3PK0BGFDMÔ1O5'@ b J�E(J?34E

p ≡ 1 (mod 4)
_�� ~A3S/Q@;34EG1

p−1∑

k=1

(⌊
2k2

p

⌋)
− 2

(⌊
k2

p

⌋) _
� �& �(&';. %; µ �?+ �>��� '�. ! �!303��� ���* � " .,�!3!%3�W�&.#,M* �?.2�>� )�' � ³ �('1. . ';¶ �?. ��3 �1" ' ���3*
µ �4��3+�?� 3
8 �&��� "2"('�* �>.,�&� ) ' � �&� . ! ),+/�� 	 ('1�&3 � ��� ' � ��·3�M���W�4 :�>3 *�34"/�).-'1� "0* 4��?. � '  � 
� �/�:(&'1.23�� "0 �* 5," + ��) ��*�>��3* � � ! A 1�' ,4�:(&' " + '�� .2�("(';89�+� � � ! �!303��� ��XA

� 1�E {x} :01S9;>�EG1�E(J01Od2B�3 b EGF2>?9034/ZK;3SB�E�>Ad x �
E(J?3�EáFH5 � {x} = x − bxc _�� J01S9

⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋
=

(
2k2

p
−
{

2k2

p

})
− 2

(
k2

p
−
{

k2

p

})

= 2

{
k2

p

}
−
{

2k2

p

} _
� d {k2

p

}
<

1

2
� E(J0149

2

{
k2

p

}
−
{

2k2

p

}
= 2

{
k2

p

}
− 2

{
k2

p

}
= 0

_
� d {k2

p

}
≥ 1

2

E(J0149

2

{
k2

p

}
−
{

2k2

p

}
= 2

{
k2

p

}
−
(
2

{
k2

p

}
− 1

)
= 1

_
� 149 b 1 � p−1∑

k=1

(⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋) FD5!1S�?@;34/0EI>�E(J01O9?@;MÔL01SB�>Ad
k ∈ [1, p − 1]

5'@ b J
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E(J?34E {k2

p

}
≥ 1

2
�
E(J?34E�FD5 � E(J01�9?@;MÔL01SB�>Ad�9;>?9;}G�'1SBG>ÔBG145'FH:?@Z145 k

MN>0:?@0/H>
p
5'@ b J

E(J?34E
k2 FH5 b >?9;��BG@Z149AEáEI>�5*>?MN1O9?@;MÔL01SBáFH9 [p + 1

2
, p − 1

] _
� JA@;5 �
p−1∑

k=1

(⌊
2k2

p

⌋
− 2

⌊
k2

p

⌋)
=

p − 1

2

_
� _ .;BG>S~?1NE(J?3�EP369

m × n
BG1 b E�369;��/H1 b 369|L01 b >?905IEIBG@ b EG16:R@;5'FD9;� b >?K?F2145�>AdrE(J01dn>A/D/H>6zOFH9;�C5*J?3SKZ1�FDdq3S9;:N>?9?/ <�FQd
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� >�MN36�61�E(J01 b >?9 b /D@;5(F2>?9 b >?BGBG1 b E � z�1CM8@;5IE�3�:0:PE(J01 b >?9;:AFQEGFH>?9�E(J?3�E m > 1369;:
n > 1

_Ý 34/D/S3��Z��@;BG1!>AdSE(J01!��F�~?149O57J?36K;1�3 " '?" .2�>����� � _±� 1ázOFQ/D/4K;BG>4~?1�E(J?3�Eq369
m×nL;>?3SBG:836:0M�FQE�5�3 �;'4. � '>)0";)'�D(&'4.rLS<�EG1�EIB�3SM8FD9;>?5�FDd�3S9;:8>?9?/�<�FDd

m > 1 � n > 1 � 3S9;:
8 | mn

_� 1C�ZB�5IEá57J0>6z$9;1 b 14575(FQEx< _ �4@;K;K;>?5*1�369
m × n

L0>?36BG:�J?365�L;1S1S9 b >S~?14BG16:�LS<1 
S3 b EG/�<
t
EI1�EIB�36M�FH9;>?5 _k� J01S9

mn = 4t � z�JAF b JNFDMNK?/DFH1S5�E(J?34E 4 | mn
_ �4@;K0KZ>?571 �EI>�E(J01 b >?9AEIB�3SBx< � E(J?34E 8 - mn

_�� J01S9
t
FH5!>0:0: _� 1�9;>6z b >A/2>A@;B0E(J01�BG>6zP5->Ad4E(J01�L0>?36BG:kFD9C369C34/QEG1SBG9034EGFD9;�rM836909;14B�5*>�E(J?34E�3S/Q/E(J01�>0:;:�9?@;MÔL01SBG1S:NBG>6zP5�3SBG1 b >A/2>A@;BG1S:�z�JAF�EI1O3S9;:83S/Q/0E(J01�1*~?149N9?@;MNL;14BG16:8BG>6zP536BG1 b >A/2>A@;BG1S:�L?/D3 b � _ �4FH9 b 1�34E±/H1S3S5(E
>?9;1k>Ad

m
3S9;:

n
FH5�1*~?149 � E(J01�EI>�E�3S/�9?@;MÔL01SB
>Ad�H@;9?F�E � z�JAF�EI1P5*�A@;36BG145�M�@;5(E�L01�1*~?149=�H369;:�E(J01OEG>�EG34/�9?@;MÔL01SB�>Ad-LA/H3 b ��57�?@;3SBG1S5!FD53S/D5*>81*~?149 � _ � ErFD5!3S/D5*> b /21436B�E(J?3�E�3OEG1�EIB�3SM8FD9;> � BG1S��36BG:A/214575�>Ad�FQE�5!KZ>?5(FQEGFH>?9N>?9�E(J01L;>?3SBG: � M�@;5(E b >?9AEG34FH9�14F�E(J01SB±E(J?BG161!z�JAF�EI1k5*�A@;36BG145r3S9;:�>?9;1�LA/H3 b �O57�?@;3SBG1��DEx<0K;1 � �>?B;E(J?BG161�L?/D3 b �!5*�A@;36BG145-369;:�>?9;1áz�JAF�EI1�57�?@;3SBG1!�QE�<?KZ1 �2� � _/� 1�E t1 3S9;: t2

:01S9;>�EG1rE(J019?@;MÔL01SBá>Ad?EG1�EIB�3SM8FD9;>?5�>Ad?Ex<0K;1S5 � 3S9;: �2� � BG1S5'KZ1 b EGF�~?1�/�< _-� J0149 t1 + t2 = t
_ �4FH9 b 1

t
FH5�>0:;: � z�1�:;1S:?@ b 1CE(J?3�E t1

369;:
t2
J?3�~?1O>?K;K;>?5'F�EI1CK036B�FQEx< _
� J01kEI>�E�3S/09?@;MÔL01SBá>Adz�JAFQEG1P57�?@;3SBG1S5�FH5

3t1 + t2 � z�JAF b J�FH5!>0:0: _
� 1PJ?3�~?1P3 b >?9AEIB�3�:AF b EGFH>?9 _� 1�9;>6z�1S5IEG36L?/QFH57JNE(J01�5'@�� b F2149 b < _ Ò FHB�5IE�9;>�EI1�E(J?34E�3 2 × 4
L0>?36BG:=369;:�3

3 × 8
L0>?36BG:=L0>�E(JÔ3�:?M8F�E!K;1SB�dn1 b E b >S~?14B�5CLS<NEG1�EIB�3SM8FD9;>?5 � 3S5k57J0>6zP9�LS< Ò FH��@;BG18�369;: Ò F2��@;BG1 ä � BG1S5'KZ1 b EGF�~?1�/�<qØ
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� >6z b >?905'FH:;14B�369
m × n

L;>?3SBG:�z�J014BG1
m > 1 � n > 1 � 3S9;: 8 | mn

_
� < b >?905'FH:;14BGFD9;�!E(J01�" .2�>��3'���>31'k>Ad?E(J01OL0>?36BG: � FDd;9;1 b 1S5'573SBx< � z�1CMN3�<�3S575(@;MÔ1�E(J?3�E14F�E(J01SBC�HF � 2 | m

3S9;:
4 | n

>?BC�HFQF � 8 | n
_ � 9 b 36571N�HF �(� 3NK;1SB�dn1 b E b >S~?14BCM83�<{L;1>0LAE�3SFD9;16:�@;5(FH9;� mn

8

b >?K?F2145!>Ad Ò FH��@;BG1�� _Ò >?B b 3S5*1��HFQF �I� z�1PFH9�~?>0�61�3Oz�14/Q/2}'��9;>6zP9NBG1S5(@0/QE!>Ad Ò BG>0L;149?FD@;5�z�JAF b JÔ5IEG3�EI145E(J?34E � FDd a � b ∈ �
5'@ b J�E(J?34E

(a, b) = 1 � E(J0149æ369�< 903�EG@;B�3S/�9?@;MÔL01SB
m ≥ (a − 1)(b − 1)

b 3S9=L01�zPBGF�E�EI149Ô3S5
m = ra + sb

z�J014BG1
r � s ∈ � ∪ {0} _� 9ÔK036BÓEGF b @0/D36B � FQd a = 2

369;:
b = 3 � E(J0149N369�<8903�EG@;B�3S/�9?@;MÔL01SB m � 1 
 b 1SKAE 1 � b 369L;1CzPBGF�E�EI149N365

m = 2r + 3s
dn>?Br5*>?MN1P9;>?9;}'9;1S��34EGF ~?1PFD9AEI1S�41SB�5

r
3S9;:

s
_á� J01S98F�EFH5 b /H1S3SB
E(J?34E nr

4

b >?K?F2145�>Ad Ò FH��@;BG1��kEI>0�41�E(J01SB-zOF�E(J ns

8

b >?K?F2145�>Ad Ò F2��@;BG1 ä z�>A@0/2:K;BG>4~?FH:;1P3PKZ14BGdn1 b E b >4~?1SB _
� _�� J01�BG1S34/-9?@;MÔL01SB�5

a � b � c � x � y � 369;: z
3SBG1�5'@ b JNE(J?3�E

a > b > c > 0
369;:

x > y > z > 0
_ .;BG>4~?1�E(J?3�E

a2x2

(by + cz)(bz + cy)
+

b2y2

(cz + ax)(cx + az)
+

c2z2

(ax + by)(ay + bx)
≥ 3

4

_
� �& �(&';. %; µ �?+ �>��� '�. ! �!303��� ���* � " .,�!3!%3�W�&.#,M* �?.2�>� )�' � ³ �('1. . ';¶ �?. ��3 �1" ' ���3*
µ �4��3+�?� 3
8 �&��� "2"('�* �>.,�&� ) ' � �&� . ! ),+/�� 	 ('1�&3 � ��� ' � ��·3�M���W�4 :�>3 *�34"/�).-'1� "0* 4��?. � '  � 
� �/�:(&'1.23�� "0 �* 5," + ��) ��*�>��3* � � ! A 1�' ,4�:(&'F¶ �?. ��3 �1" ' ����º 3 3+�& #��"��:�?� A

� 1rzOFD/Q/6K;BG>4~?1�E(J01���F ~?1S9OFD9;16�A@;3S/QFQEx<�@;9;:;14BqE(J01!5'/QF2�4J�EG/ <kz�143��614B-J6<0K;>�E(J01S5(FH5E(J?34E
a ≥ b ≥ c > 0

3S9;:
x ≥ y ≥ z > 0

_ Ò >?B b >?9�~?1S9?FH1S9 b 1 � z�1P/21�E S
:;149;>�EI1E(J01�1 
6K;BG14575(F2>?98>?9�E(J01O/H14dDEr5(F2:01P>AdZE(J01OFD9;16�A@;3S/QFQEx< _

Ò BG>?M a ≥ b ≥ c > 0
369;:

x ≥ y ≥ z > 0 � z�1�:016:A@ b 1�E(J?3�E
a2x2 ≥ b2y2 ≥ c2z2 _ �x� �� >?BG16>4~?1SB �

0 < by + cz ≤ cz + ax ≤ ax + by369;:
0 < bz + cy ≤ cx + az ≤ ay + bx

_
� J0149

1

(by + cz)(bz + cy)
≥ 1

(cz + ax)(cx + az)

≥ 1

(ax + by)(ay + bx)
> 0

_ � ä �
Ò BG>?M �x� �(� � ä �(� 369;: Ý J016LS<?5*J01*~�� 5 � 9;1S�?@;34/DF�E�< � F�Eádn>A/D/H>6zP5áE(J?34E

S ≥ 1
3
(a2x2 + b2y2 + c2z2) ·

·
(

1

(by + cz)(bz + cy)
+

1

(cz + ax)(cx + az)
+

1

(ax + by)(ay + bx)

) _



�6���


 5'FD9;�kE(J01 `�� 
 ��� � 9;16�A@;3S/QFQEx< � z�1P�41�E
1

3

(
1

(by + cz)(bz + cy)
+

1

(cz + ax)(cx + az)
+

1

(ax + by)(ay + bx)

)

≥ 3

(by + cz)(bz + cy) + (cz + ax)(cx + az) + (ax + by)(ay + bx)

_
� 149 b 1 �

S ≥ 3(a2x2 + b2y2 + c2z2)

S′ � � å �z�J01SBG1
S′ = (by + cz)(bz + cy) + (cz + ax)(cx + az) + (ax + by)(ay + bx)

= a2(xy + xz) + b2(yz + yx) + c2(zx + zy)

+ (ab + ac)x2 + (bc + ba)y2 + (ca + cb)z2 _
� >�EG1�E(J?3�E

xy + xz ≤ 1
2
(x2 + y2) + 1

2
(x2 + z2) = x2 + 1

2
(y2 + z2) � zOF�E(J16�A@;3S/QFQEx<�FDd�369;:R>?9?/ <�FQd

x = y = z
_ 
 5'FD9;��E(JAFH5O369;:�5'FDM8FQ/H3SB�FH9;1S�?@;34/DF�EGF2145 � z�1:;1S:?@ b 1OE(J?3�E

S′ ≤ a2
(
x2 + 1

2
y2 + 1

2
z2
)
+ b2

(
1
2
x2 + y2 + 1

2
z2
)

+ c2
(
1
2
x2 + 1

2
y2 + z2

)
+
(
a2 + 1

2
b2 + 1

2
c2
)
x2

+
(
1
2
a2 + b2 + 1

2
c2
)
y2 +

(
1
2
a2 + 1

2
b2 + c2

)
z2

= (a2 + b2 + c2)(x2 + y2 + z2) + a2x2 + b2y2 + c2z2 �zOFQE(J�1S�?@;34/DF�E�<ÔFDd
369;:�>?9?/ <ÔFDd
x = y = z

3S9;:
a = b = c

_ 
 5(FH9;� Ý J016LS<?5*J01*~�� 5
� 9;16�A@;3S/QFQEx<83���34FH9 � z�1P�41�E

S′ ≤ 3(a2x2 + b2y2 + c2z2) + a2x2 + b2y2 + c2z2

= 4(a2x2 + b2y2 + c2z2)
_ �DÞ �

Ò BG>?M � å � 3S9;:c�DÞ �(� z�1R:;1S:?@ b 1�E(J?34E S ≥ 3
4

_ � �?@;34/DF�E�< > b(b @;B�58FQdk369;:c>?9?/ <ÌFQd
x = y = z

369;:
a = b = c

_

� 1 b >?9 b /Q@Z:;1kE(JAFD5�9?@;MÔL01SBr>Ad0E(J01 4��?. � '1.±zOFQE(JPE(J01O>?9?/�<�57>A/D@?EGFH>?9Pz�1OJ?3�~?1>?9R�;/H18EI>{K;BG>0LA/214MN5�>AdáE(J01 ä �6���!EáFH1�EI903SMÔ145*1 � 3�E(J01SM834EGF b 34/ � / <0M8K0FD3�:µ��F ~?1S9
� ä ��� å Ø ä Þ;
 ä��
�?_�� 1SBG1CFD5r369�>?K0KZ>?BÓEG@;9?FQEx<�dn>?B�BG1S36:;14B�5áEI>�BGFD5*1�EG>PE(J01 b J?34/D/H1S9;�41�>Ad�;/Q/DFD9;�CFH9�E(J01P��36K05 "
º _ Ò >?Bg1*~?14Bx<æFD9AEI1S�41SB

n ≥ 3
3S9;: 3S9�<°��F ~?1S9 3S9;��/21

α
FD9

(0, π) � /21�E
Pn(x) = xn sin α − x sin nα + sin(n − 1)α

_
�23 � .;BG>S~?1CE(J?3�E�E(J01SBG1OFD5!>?9?/ <N>?9;1OK;>A/�<?9;>?M8FD3S/�>Ad;E(J01Odn>?BGM f(x) = x2 + ax + b5'@ b J�E(J?34Eádn>?Br1*~?1SBx<
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+ sin nα
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x + 2 cos α � 369;:�z�1OM�@;5(E�J?3�~?1 c = −2 cos α
_�4FH9 b 1

g(x)
:?F ~?FH:;145

P4(x) � F�E�dn>A/D/H>6zP58E(J?3�E P4(−2 cos α) = 0 � z�JAF b J<?FH14/H:05
3 − 4 sin2 α = 0

_U� J01S9
α = π

3

>?B
α = 2π

3

_ � @?E�FH9|143 b JU>AdrE(J0145*1b 3S5*145 � −2 cos α
FH5�9;>�Er3PBG>0>�Er>Ad

P5(x)
_
� JA@;5 � g(x) = x + c

b 36909;>�E�:AF�~AF2:01O3S/Q/
Pn(x)

�HFQd
c
FD5�BG1S34/ � _

� J?3�E b >?MNK?/21�EI145�E(J01 4��?. � '1.
dn>?B-E(JAFH5áFH5'5'@Z1 _ �61S9;:�MN1�<?>A@;B � / <0M8K0FD3�: b >?9;}EI145(E�MN3�EI14BGFD3S/D5á369;:O<?>A@;B�9?F b 1C5*>A/Q@?EGF2>?905á3S9;:��4149;1SB�34/DF��(34EGFH>?905�EI>�K;BG>0LA/214MN5áFD9�E(J01
4��?. � '1. _



�6� å
� � � � � ��� 
���� �
�-� ��) �| 
k)�"��	��
���� ���O&'%7)

� � � ":� � �& �(&' 52" �W! > '
�	!�3O�;'>)0" � � µ ��" + '1��� "�� )2�4 �µ '?" +��3.
( ��
�� ´X.�A )LS< � 1S>?BG�41 .�=>A/�<A3 �QzOF�E(J$3a9;1Üz dn>?BG1�z�>?BG: LS< B7>0J?9 Ý >?9�zP3�< �I� K0@ZLA/DFD5*J01S:�LS<.;BGFD9 b 1�EI>?9 
 9?F�~?14B�5'F�E�<�.;BG1S5'5 � ä �6�4Þ� � � � ��} � � �6}7��� ���6� }�� � K036K;1SB � ä���� K03��4145 � 
 � 	6� �;_ �A�0_$#'M( �('�� ';. %� ����������������� 3* 4��-% '����!��.p´3.���) � "����?�-�4 4 '4� " . '�* �4.��&. �;*�> �;_� BGFH��FH9034/D/ <PK0@ZLA/DFD5*J01S:PFH9�� � Þ � � E(J01�.;B�FH9 b 1�EG>?9�� b F2149 b 1 � F2L?B�36Bx<�J?3S5�BG1 b 1S9AEG/ <:;1 b F2:016:8EG>NBG16}(BG14/H1S3S5*1 � 16>?BG�41Ô.�=>A/�<A3�� 5!5'FH��9034EG@;BG1�K0FH1 b 1 � � � � ":� � �& �(&' 5," _�� JAFH5:;1 b FH5(F2>?9 b >?MÔ145�34Eá3P�4>0>0:�EGFDMÔ1 � 5'FD9 b 1kE(J01SBG1�FD579�� Eá369;>�E(J014BrL;>0>0��>?9�E(J01OM836BI�61�E�?@0F�EI1O/DFH�61OF�E _�� JAFD/H1PK0BG>0L?/H1SM85!3SBG1OFH9AEG1SBGM8F 
616:�FD9AEI>�E(J01 b >?M8MÔ149AEG3SBx< � E(J01�L;>0>0�BG1S34/D/ <�FD5!9;>�Er3�L0>A@?E�E(J01PK;BG>0LA/214MN5�E(J014MN5714/ ~?1S5 _ � 3�E(J01SB � E(J01P36K0K;BG>?3 b J�E(J?3�E�>?9;1EG36�61S5�FH9857>A/�~AFH9;��E(J01S571PK0BG>0L?/H1SM85�FD5rE(J01Odn> b @;5!>AdZE(J01PL;>0>0� _� J?34EqFH5-E(J01�@;9;�69;>6zP9;Õ � J?3�E-3SBG1�E(J01�:?34E�3�Õ � J?3�E±FD5-E(J01 b >?9;:AFQEGFH>?9;ÕN.�=>A/�<A3BG1SK;1S3�EG5rE(JAFD5�MN3S9AEIB�3�E(J?BG>A@Z�4J0>A@?E�3S5�3P��@0F2:014/QFH9;1�dn>?Bá3�E�EG3 b �6FD9;��3S9�<�K;BG>0LA/214M�E(J01FH9AEIBG14K0FH:ÔMN3�E(J01SM834EGF b FH3S9ÔMN3�<=149 b >A@;9AEG1SB _ � 1�>A@?EG/QFH9;145�3�571�E�>Ad
��@0F2:014/QFH9;145k3S9;:K;B�3 b EGF b 1S5
E(J?3�E-BG1S36:;14B�5�MN3�<O@;5*1�EI>CE�3 b �S/21�3S9�<PK0BG>0L?/H1SM$E(J01*<�1S9 b >A@;9AEI14B � B�369;��FD9;�d2BG>?M�FH57>A/H3�EGFH9;��E(J01�@;9;��9;>6zP9�~A34/D@Z1CEI>�5*1436B b JAFD9;��dn>?Bá3PBG14/D34EG16:�K;BG>0LA/214M _� J018L0>0>0��� 5�K;B�FHM836Bx<�K?@;BIK;>?5*1�FH5C3S5�3�EG>0>A/-dn>?B�E(J01�MN3�E(J01SM834EGF b 5kEG1S3 b J01SB _� J01��;B�5(EqK036BÓE->AdSE(J01!L0>0>0�k:01S34/H5
1S9AEGFDBG14/ <�zOF�E(JC5*>?MN1�3SK;K0BG>?3 b J0145
369;:kEG1 b J?9?FH�?@Z145z�JAF b JkEG1S3 b J01SB�5
M83�<k@;5*1�FD9CE(J01 b /D365'57BG>0>?MaEG>OJ01�/HKP:01*~?14/H>?KCE(J01�K;BG>0LA/214MÔ}(5*>A/ ~?FD9;�5*�SFD/Q/H5�>AdrE(J014FDB�5IEG@Z:;149AEG5 _ .�=>A/ <A3=@;5*145�E(J01=dn>A/D/H>6zOFH9;�ÔK;BG>0LA/214M�365�3S9Ì1 
S3SMNK?/21?Ø

# Ò FD9;:�E(J01N:?FD3��4>?9034/�>Adá3NBG1 b EG3S9;��@0/H3SBCK036B�34/D/H14/H1SK?FHK;16:{>Ad
z�JAF b J=E(J01�/2149;�ÜE(J � E(J01zOF2:�E(J � 3S9;:NE(J01�J01�F2�4J�E!3SBG1�3S/Q/-�69;>6zP9 _ % � JAFD/H1�FD9AEIBG1SK?F2:ÔMN3�E(J01SM834EGF b 5!EG1S3 b J01SB�5MN3�<ÌL01�36L?/H1=EG>U5*>A/ ~?1ÔE(JAFD58L?365(F b K;BG>0LA/214M >?9µE(J01�FHB�>6zP9 � E(JAFD5�FH5�9;>�EN.�=>A/�<A3�� 5b >?9 b 1SBG9 _�� 905(EG1S36: � J01�:?FD5 b @;5'5*145rMN1�E(J0>0:?5áE(J01CMN3�E(J01SM834EGF b 5�EG1S3 b J01SB�M83�<�@;5*1�EG>365'5'FD5(Eá3�5(EG@Z:01S9AErFD9Ô:01�EG1SBGM8FD9?FH9;�PJ0>6z�EI>�E�3 b �S/21�E(J01PK0BG>0L?/H1SM _�� J?BG>A@Z�4J�E(J01O@;5*1>Ad�5'36M8K0/H1O:?FD3S/H>0��@Z1S5 � EG1S3 b J01SB�5�3SBG1�5*J0>6zP9�J0>6z EG>�J014/DK85IEG@Z:;149AEG5áEIB�3S905'dn>?BGM�E(J01K;BG>0LA/214M�FH9AEG>�57>?MÔ1�E(JAFH9;��E(J01*< b 369�5*>A/ ~?1 � zOF�E(J0>A@?E±1 
6K0/QF b F�EG/�<�EG14/Q/DFD9;�áE(J01�5(EG@Z:01S9AE�5E(J01�5IEI14K;5�FH9�~?>A/ ~?16: _�� E
FH5�E(JAFH5áK;BG>0LA/214MÔ}(5*>A/ ~?FD9;�kK0BG> b 14575
z�JAF b JN.�=>A/ <A3 b J01SB�FH57J01S5 _� @ b J�>Ad�E(J01kL;>0>0��FH5�3C:AF b EGFH>?9036Bx<P>Ad;J01�@;BGFD5(EGF b EI14BIM�FH9;>A/H>0�*< � z�JAF b JP57J0>A@0/2:L;1�>Ad�FD9AEI14BG1S5IEáEG>�E(J01PBG143�:01SB _ 
 9?dn>?BÓEG@;9034EG14/ < � E(JAFH5�FH5�K;BG145*149AEI1S:�FH983S/DKZJ?36L;1�EGF b 3S/>?BG:;14B
�
3S5á5'@ b J � FQE±EI149;:05�EI>P/D3 b � �Z>6z 3S9;: b >0J01S5(F2>?9���.�=>A/�<A3CJAFHM85*1�/Dd0BG1 b >?MNMN1S9;:?5E(J?34E
F�E�9;>�E�L;1kBG1S36:PEG>0>��A@0F b �S/�< � _�� 1*~?14B�E(J01�/214575 � E(J01k5*1 b EGF2>?9PFD5áBGFQdn1�zOFQE(JP573SMNK?/21K;BG>0LA/214MN5 _�� 9;1�1�
S36M8K0/H1�d2BG>?M�E(J01 $#'�.���)0"���� �). ��%>3��&. .��&� :;1��Z9?F�EGF2>?9�FH5±EG>�zPBGF�EI19?@;MÔL01SB�5á@;5'FD9;�k1S3 b J�>Ad?E(J01!EI149�:AF2��F�EG5r1�
S3 b EG/ <�>?9 b 1 � FH9�5'@ b J�3!zP3�<OE(J?34E-E(J01k5'@;M>Ad;E(J01O9?@;MNL;14B�5�FD5�1 
S3 b EG/�<

100
_ Ò >?Bá1�
S36M8K0/H1 � >?9;1 b >A@0/2:�36BGB�369;�41CE(J01CEG1S98:AF2��F�EG5365Cdn>A/Q/2>6zP5�Ø

19 + 28 + 30 + 7 + 6 + 5 + 4 = 99
_�� >6z�1*~?14B � E(JAFD5kEG>�EG34/-d234/D/D5>?9;185*J0>?BÓE�>Ad

100
_�` dDEI14Bk5*1*~?14B�3S/
d234FD/H16:�3�E�EI14MNKAEG5 � E(J0185(EG@Z:01S9AE�5OMN3�<{L;1S��FH9�EG>5'@;5'KZ1 b E�E(J?3�E�E(J014BG1ÔFH5�MÔ>?BG18EI>�E(JAFD5�K;BG>0LA/214M E(J?369{E(J01*<U>?BGFH��FH9034/D/ <µ5(@;57K;1 b EG16:

�FH5�F�EkFD9;:;1S16:{1*~?1S9{KZ>?5'5'FHL?/H1�EG>�3SBIB�3S9;�41�E(J01Ô:AF2��F�EG5O5(@ b J=E(J?34E�E(J01*<�5'@;M°EG>
100

Õ
� 5�E(J014BG1P3CzP3�<�EI>�K;BG>4~?1�E(J?34E�E(JAFD5�FD5�9;>�ErK;>?575(F2LA/21SÕ� J01{L;>0>0� b >?9 b /D@Z:01S5�zOF�E(J ä �RM834E(J014MN3�EGF b 5�K;BG>0LA/214MN5�34EOE(J01�/21*~?1�/!>Ad�3JAF2�4JO5 b J0>0>A/65(EG@Z:01S9AE � >?B±K;>?575(F2LA/�<�3k�4>0>0:�M8FH:;:A/21�5 b J0>0>A/65IEG@Z:;149AE � b >?M8K0/H1�EG1rzOF�E(J



�6��Þ

>?K?EGFH>?903S/AJAFH9AE�5�3S9;:P5*>A/Q@?EGF2>?905±EI>�dH@;BÓE(J01SB
14MNK;J?365(FQ�'1O.�=>A/ <A3 � 5�MN1�E(J0>0:�>AdAK;BG>0LA/214M5*>A/ ~?FD9;� _ Ò >?BC1�
S36M8K0/H1 � �?@Z145(EGFH>?9 �AÞ�5(E�34EG1S5 # � >�9?@;MÔL01SB!E(J018K;36�41S5P>Ad�3ÔLA@0/2��<~?>A/D@;MN1 � E(J01=K0BGFD9AEI14B�@;5716: 2989
:AF2��F�EG5 _ � >6zæM8369�<RK;36�41S5�J?3S5OE(J018~?>A/Q@;MÔ1SÕ %� J01µJAFH9AE�5Ô5(@Z�4�41S5IE�E(J?3�E�E(J01RBG1S36:;14B��;9;:c3µK0BG>0L?/H1SM BG14/D34EG16:|EI>UE(JAFH5Ô>?9;1

�
dn>?B1 
S3SMNK?/21 � J0>6z$MN3S9�<N:?FH��FQE�5rz�>A@0/H:NL01PBG1S�?@0FDBG16:�EI> b BG1S3�EI1P3C~?>A/Q@;MÔ1�>Ad 9 K;36�41S57Õ

99
K;36�41S57Õ � <g57>A/�~AFH9;��E(J01S571U5(FHM8K0/H1SB�K;BG>0LA/214MN5Ô�;B�5(E � E(J01|>?BGFH��FH9034/kK;BG>0LA/214ML;1 b >?MN1S5 b /21436BG14B _� JAFD/H1�E(J01�M836909;14B!FH98z�JAF b JNE(J01�L;>0>0��FH5C>?BG��369?F��'16: b 3S9�MN36�61�F�Ek:AF � b @0/QEEI>8BG143�:834E�EGFHMN1S5 � � � � "�� � �& �(&'�52"±5*J0>A@0/H:NL;1�L;>�E(JN149 � >S<A36L?/H1�369;:�FH9?dn>?BGMN3�EGF�~?1dn>?BCM834E(J014MN3�EGF b 5�EG1S3 b J01SB�5�1*~?14Bx<�z�J014BG1 _ ��EG@Z:01S9AE�5P369;:R>�E(J014BCM834E(J014MN3�EGF b FD36905MN3�<834/H57>8L01P36L?/H1�EG>�/H1S3SBI9�d2BG>?M .�=>A/ <A3 � 5�3SK;K0BG>?3 b J�EI>�K0BG>0L?/H1SM�5*>A/ ~?FD9;� _

� � ! �>��. 5 � "('1. �-��"��:�?� �! �µ ��" + '1��� "�� )2�4 =<; 0 >��� ���).?3 ����� �� :AFQEG16:ÔLS< � FQEG@ ` 9;:?BG16145 b @=3S9;:�
�@;M�FH9;� Ò 149;� � K?@ZL?/QFH57J016:ÔLS<8E(J01 � 34E(J014MN3�EGF b 3S/` 5757> b FH3�EGF2>?98>Ad ` MÔ14BGF b 3 � ä �6�4Þ� � � � ��} ����å;��� } � ��ßS}*ß � K036K;1SBIL;>A@;9;: � �6��Þ�K;36�41S5 � 
 � 	 äS�Z_ ���;_$#'M( �('�� ';. %� �� ����� �����  ��	 � ��

� * � �/�:(&'1.23�� "0 � � 1 � " '4.2 ��3�;*U1 � " '4.2 ��3�;*=<-> _
� JAFD5-L;>0>0�!J?3S5±5*>A/QF2:�MN3�E(J01SM834EGF b 34/Ü~A3S/Q@Z1�LA@?E�KZ14B(J?3SK;5q/DF�E�EG/21áK;B�3 b EGF b 3S/Ü~A34/D@Z1 _

� E b >?9AE�3SFD905OK0BG>0L?/H1SM85 � JAFD9AEG5 � 369;:�57>A/D@?EGFH>?905Cdn>?B�E(J01 
 9?FQEG16:���EG3�EI145P>Ad ` MÔ14BGF b 3� 34E(J014MN3�EGF b 3S/ � /�<?MNK?FH36:C� 
 � `��|� �I� E(J01 � 9AEG1SBG9034EGFH>?903S/ � 34E(J014MN3�EGF b 3S/ � / <0M8K0FD3�:� �G�|� �I� 369;:�E(J01 � 1436Mæ�614/H1 b EGFH>?9 � 145(Erdn>?B�E(J01 
 � �G�|� EI1436M � 3S/Q/Zd2BG>?M�E(J01�<?1436Bä �6� å0_�� J01SBG1�FD5�3S/D5*>=3N��/2>?5'573SBx< � 3�/DFD5(Ek>Ad�K0BG>0L?/H1SM b BG1S:?F�EG5 � 369;:�3N5(@;MNM836Bx<�>AdBG1S5(@0/QE�5�d2BG>?M�E(J01 
 � `��|� 3S9;: �G�|� d2BG>?M�E(J01O/D365IEr571*~?1SB�34/?<?1S3SB�5 _� J014BG18FD5O9;>{:0>A@ZLAE�E(J?3�E�E(J014BG18FD5P�4>0>0:�MN3�E(J01SM834EGF b 5�FD9�E(JAFD5PL;>0>0� _ � 3 b JK;BG>0LA/214M�J?365�3�JAFH9AE � 3S9;:UM8369�<UK0BG>0L?/H1SM85�J?3�~?1=M8@0/�EGFHK?/21=5*>A/Q@?EGF2>?905 � 5*>?MN1�>Adz�JAF b J836BG1 � 9;>�Er5'@;BGK;B�FH5(FH9;��/ < � �?@0F�EI1PFD9;�41S9?FH>A@;5 _á� J01P5*>A/Q@?EGF2>?905�:0> b >?9AE�3SFD9N3�dn1ÜzE�<?KZ>?5!EG>Ô5IEG@;MÔLA/21�>4~?1SB � 369;: � dn>?B�M�<ÔMÔ>?9;1*< � 3SBG1OzPBGF�E�EI149=3S9;:Ô/D3SFH:=>A@?E�FH9Ô5'@ b J3�zP3�<83S5rEI>�MN36�61�E(J01SM �?@0F�EI1P:?F � b @0/�EáEG>�@;9;:01SB�5IEG3S9;: _� JAFD/H1�5IEG@Z:;149AEG5�z�J0>U36BG1�K0BG1SK036B�FH9;�=dn>?B�>A/�<?MNK?FH36:05 b >A@0/H:Ì:;1��Z9?F�EI1�/�<Ì�41�E5*>?MN1{~A34/D@Z1µd2BG>?M E(J0145*1µK;BG>0LA/214MN5 � � :0> J?3�~?1REÓz�>c36:;:AFQEGFH>?903S/kBG1S571SBx~A3�EGF2>?905 _Ò FDB�5(E � E(J014BG1�3SBG1�>?9?/�<Ì� � K0BG>0L?/H1SM85�FD9µE(JAFD5�L;>0>0�{3S9;:µE(J01�K;BG>0LA/214MN5�3SBG1{J?3SBG:1S9;>A@Z�4J�5*>P3S5�EI>�L01C3 b(b 1S5'5'FHL?/H1!EG>�BG1�/H3�EGF�~?1�/�<Odn1�z _ �61 b >?9;: � 3S/Q/0>AdAE(J01S571kK;BG>0LA/214MN5369;:�34E�/H1S3S5(EC>?9;1�5*>A/Q@?EGF2>?9=EG>�MÔ>?5IEC>Ad
E(J01SM 3SBG1N1S3S5'FQ/�<�>0LAE�3SFD903�LA/21�zOFQE(J�38dn1ÜzM8FD9?@?EI145!5*1436B b JAFD9;�O>?9�E(J01 � 9AEG1SBG9;1�E _� JA@;5 � @;9?/H1S5'5±<?>A@�J?3�~?1�3k�61S1S9OFH9AEG1SBG145(E±FD9P5*1S14FD9;�!JAFD9AEG5
EG>CE(J0145*1!K;BG>0LA/214MN5 �FH9=5*1S14FD9;��M�@0/QEGFDK0/H1�5*>A/Q@?EGF2>?905 � >?B!BG1S36:?FD9;��3�L0>A@?E�E(J01�BG1 b 149AEkJAFH5IEI>?Bx<=>Ad-E(J01 
 �6}`��|� 369;: 
 �ÔKZ14BGdn>?BGMN3S9 b 1Ô3�EkE(J01 �G�|� � E(J0149 � z�>A@0/2:{5'@Z�4�4145(Ek/2>0>0�SFH9;��dn>?B�3b >?M8K0FQ/H3�EGF2>?98>AdqMÔ>?BG1OK;BG>0LA/214MN5áz�JAF b J�3SBG1�J?3SBG:;14B�EI> b >?MÔ1PLS<�d2BG1S1�>Ad b J?3SBG�41 _



�6� �
� � � � � � � �

¯ e�^�g=\#fCf#e�`4^�gq_=e+c9fCk�^$r	s�ine�t8`8u\#lF\$f<v�k+c�f � \�c�^+lNw\�ine�v)e�_=o�\�c]g�c]e�^8f�s]k+ino�\�c�_qixk�^Ts)`4^8fTgqk+i>v`=\��8{�z���� � ����zn{ ���+�9��� ²%c]\�w\8g4e�_ `=\
(?)

k�s�i]u\#fC`=\�c�^8lNw\#ine�_qc)v+_j�]^�\��]^�\<`=\<s�ine�t8`8u\#lF\TkNw\8g+w\
f�e�^8l�_�fxf¦k+c9f�f#e�`4^�gq_=e+c �

Ý J?36�?@Z1µK0BG>0L?/,@1SMN1µ571SB�3RK0@ZLA/DF,=1U:?369058/2145Ô:014@?
µ/D369;��@Z145=>�� b F21�/D/H1S5N:A@ Ý 3S903�:?3�23S9;��/H34FH581�E�d2B�3S9��b 34FH5 � _ Ö 36905�/2145�9?@;M =14BG>?5Ô� � å � � 1�E8ß � /�� 369;��/D3SFD5�K;B4=1 b =1S:;14B�3{/21d2B�369��b 3SFD5 � 1�E�:03S9058/2145N9?@;M =1SBG>?5 ä � Þ � � 1�E � � /21�d2B�369��b 3SFD5ÔK0B4=1 b =16:01SB�3R/�� 369;��/D3SFD5 _Ö 36905C/H3�5*1 b EGF2>?9�:;145�5*>A/Q@?EGF2>?905 � /H1�K;BG>0LA/,@14MÔ1�5*14B�38K0@ZLA/DF,=1N:?36905C/D3�/H3S9;��@Z1N:01�/H3K;B�FH9 b FDK;34/21P57>A/D@?EGFH>?9�K;B4=1S571S9AE4=1S1 _
� 3�B4=16:?3 b EGFH>?9O57>A@ZJ?3SF�EI1�BG1SMN1SB b FH1SB%B71S3S9;} � 3SB b±� 14BIB�F214B-1�E � 36BÓEGFH9 � >A/2:?5(EG14FD9 �:;1O/�� 
 9?F ~?1SB�5(FQE4=1P:;1 � >?9AEIB4=143S/ � :�� 3�~?>AFDB�EIB�36:?@0F�Eá/2145�K;BG>0LA/,@14MÔ145 _

×�¹ Ñ × _�³ . �M���>3 �'�� �&. ���>30+���� � ' �$���0 !��* 7 � � �!3 ��·>�@* � �
���?� _

 9NEIB�3SK#@1��'1�FH57> b @14/H1

ABCD
3�~?1 b

AB = BC = CD
1S5IE�FH905 b BGF�E!:?36905�@;9b 14B b /21

Γ
_ �6>AF�E

E
@;9�KZ>AFD9AE�~A36B�FH36L?/H1�5'@;B±/�� 3SB b

AD
:01

Γ
9;1 b >?9AEG1S903S9AE
K0365

B
1�E

C
_�6>AFQE

F
1�E

G
/2145�FH9AEG1SB�571 b EGFH>?905�BG1S5'KZ1 b EGF�~?145á:;1

EB
3�~?1 b

AC
1�E�:;1

EC
3�~?1 b

BD
_

�H3 � � >?9AEIBG1SBr�?@Z1O/�� 34FHBG1P:?@Ô�?@;36:0B�FD/D34E4@14BG1 FBCG
1S5IE b >?905IEG3S9AEI1 _

�nL � � >?9AEIBG1SBC�A@Z1 [EFG] : [EAD] = BC : AD � >�@@ [PQR]
:;=1S5(F2��9;1�/�� 34FHBG1:?@�EIB�FH3S9;��/21

PQR
_

×�¹ Ñ º _�³ . �M���>3 �'�� �&. ���>30+���� � ' �$���0 !��* 7 � � �!3 ��·>�@* � �
���?� _
Ö 36905æ@;9 �A@;3�:?BGFQ/H3�E!@1SBG1 b >?9�~?1�


ABCD � 57>AFQE O
/�� FH9AEG1SB�571 b EGFH>?9 :01S5:?FD3��4>?9034/2145

AC
1�E

BD � 1�EC57>AFQE M
1�E

N
/2145PK;>AFH9AE�5PM�FD/QF21�@µBG1457K;1 b EGFQd25�:01

AC1�E
BD

_�� 9Ì5(@;K;K;>?5*1{�?@Z1
[OAB] + [OCD] = [OBC] � >�@@ [PQR]

:;=145'FH��9;1/�� 3SFDBG1�:A@8EIB�FH3S9;��/21
PQR

_�� >?9AEIBG1SB��A@Z1
AN � DM

1�E
BC

57>?9AE b >?9 b >A@;B�369AE�5 _
×�¹ Ñ � _�³ . �M���>3 �'�� �&. ���>30+���� � ' �$���0 !��* 7 � � �!3 ��·>�@* � �
���?� _

Ö 36905�@;9�EIB�FH3S9;��/21 ABC � >?985(@;K;K;>?5*1P�?@Z1 BC < AB
1�E

BC < AC
_ � 145L?FD57571 b EIB�F b 1S5�1�
SE4=14BGFH14@;BG1458:;145�3S9;��/2145

ABC
1�E

ACB
b >A@;KZ149AE�BG1457K;1 b EGF ~?1SMN1S9AE

AC
1�E

AB
149

D
1�E

E
_ �4F

I
:;=1S5(F2��9;1�/21 b 149AEIBG1�:?@ b 1SB b /H1OFD905 b B�FQE � MN>?9AEIBG1SBr�?@Z1

BD

CE
=

(AI2 − BI2)CI

(AI2 − CI2)BI

_
×�¹ Ñ � _�³ . �M���>3 �'�� �&. > 'M(&'4�����&.2� �)#* �&�M,>.�'?%;* 4 .'�?� "�� ' _

Ö 14@?
�57K;J;@1SBG145�:01PB�3�<?>?9 r
57>?9AE�1�
SE4=14BGFH14@;BG14MÔ149AEáE�369;�4149AEI145 _?� BG>AFD5!5'KZJ @14BG1S5:;1�B�3�<?>?9

R
5*>?9AEq1 
4E!=1SB�F21�@;BG1SMN1S9AEZEG3S9;�41S9AEG1S5-/�� @;9;1 @3�/�� 34@?EIBG1 _ �4F b J?3 b @;9;1!:;145±EIBG>AFD557K;J;@1SBG145�:;1CB�3�<?>?9

R
57>?9AE�1S9�M �14MÔ1�EG1SM8K;5r1 
4E!=1SB�F21�@;BG1SMN1S9AE
E�369;�4149AEI145r3S@?
P:014@?
57K;J;@1SBG145�:;1OB�3�<?>?9

r � 1 
6K;B�FHMN1SB R
1S9�dn>?9 b EGFH>?9N:;1

r
_



�6� �
×�¹ Ñ � _�³ . �M���>3 �'�� �&. ���>30+���� � ' �$���0 !��* 7 � � �!3 ��·>�@* � �
���?� _

Ö 36905�@;9��A@;3�:?BGFQ/H3�E!@1SBG1 ABCD � 57>AFQE P � Q � R 1�E
S
/H1S5�KZ>AFD9AEG5á5(@;B-/2145 b �>�E4=145

AB � BC � CD
1�E

DA � BG1457K;1 b EGF ~?1SMN1S9AE � :;1CEI1�/D/H1O5*>?BÓEI1P�A@Z1
AP

PB
· BQ

QC
· CR

RD
· DS

SA
= 1

_
�6>AFQE

O
/�� FD9AEI14B�5*1 b EGF2>?9N:01

PR
1�E

QS
_q� >?9AEIBG14B��?@Z1

DS · AP

PB
+ AS · DR

RC
= AD · SO

OQ

_
×�¹ Ñ 
 _�³ . �M���>3 �'�� �&.�4 +-.2��3!"��M� + '1. ��A@¶ .,�D.> ('+ M*'¶ .2��3!"��& @*'¸'¶ _

Ö 36905P@;9�EIBGFD369;��/H1 ABC � /H1S5 b =1�~AF214909;1S5 AL � BM
1�E

CN
5*>?9AE b >?9 b >A@Z}B�369AEG1S5C1S9

K � 1�E�/H1S5 b =1Ü~?FH1S909;145 AU � BV
1�E

CW
5*>?9AE b >?9 b >A@;B�3S9AEI145�149

T
_�� 95'@;K0KZ>?5718�?@Z1

MN
b >A@;K;1

V W
1S9

P � �?@Z1 NL
b >A@;K;1

WU
149

Q
1�Ek�?@Z1

LMb >A@;K;1
UV

149
R
_

�H3 � � >?9AEIBG1SBr�?@Z1 QAR � RBP
1�E

PCQ
57>?9AE�:;145!:0BG>AF�EI145 _

�nL � � >?9AEIBG1SBr�?@Z1 AP � BQ
1�E

CR
57>?9AEr57>AFQE b >?9 b >A@;B�369AEG1S5 � 57>AFQEáK036B�34/D/,@14/H1S5 _� b � � E�369AE�:0>?909#=1 T � �A@Z14/Q/2145C57>?9AE�/2145 b >?9;:AFQEGFH>?905C5(@;B K

K;>A@;B��?@Z1�/H1S5C:?BG>AFQEG1S5:03S905��2L � 57>AF2149AErK036B�34/D/,@14/H1S5�Õ×�¹ Ñ � _ ³ . �M���>3 �' � �&. ´/���	 ���� � '1. �-��&� .-' � µ �?.2�! Q* 5¦´ � � ��,&�&34"$�M* �D�;,&. �	�� �;*
´?3O� ��,&� ' _

�6>AFQE
q
1�E

s
:01S5!1S9AEGFH1SB�5rEI1�/H5!�A@Z1

q ≥ 1
1�E

0 ≤ s ≤ q − 1
_q� >?9AEIBG1SB��A@Z1

s∑

k=0

(−1)s+k22k

(
q − 1 + k

2k

)(
q − 1 − k

s − k

)
=

(
2q − 1

2s

)

1�E
s∑

k=0

(−1)s+k22k+1

(
q + k

2k + 1

)(
q − 1 − k

s − k

)
=

(
2q

2s + 1

) _
×�¹O¸�¹ _�³ . �M���>3 �'�� �&. ���&3��� '�4��� . ":�?��� '�* � ����(&'4. 3 �("��' .-' ³  ��&�(' 3!"��Q* $ �W�&���>�/�(' _

�6>AFQE
A1A2 · · · An

@;9�K;>A/�<?�4>?9;1�B4=1S��@0/DFH1SB!FD905 b B�FQE�:03S905C/H1 b 14B b /21
Γ � 1�E�57>AFQE

P
@;9�KZ>AFD9AE�FD9AE!=1SB�F21�@;Bá:01

Γ
_ � 145�:0BG>AF�EI145

PA1 � PA2 � . . . � PAn
b >A@;K;1S9AE

Γ
K;>A@;B/H3P5*1 b >?9;:01Odn>AFD5!1S9

B1 � B2 � . . . � Bn � BG1457K;1 b EGF ~?1SMN1S9AE _�H3 � � >?9AEIBG1SBr�?@Z1 n∑
k=1

(PAk)
2 ≥

n∑
k=1

(PBk)
2 _

�nL � � >?9AEIBG1SBr�?@Z1 n∑
k=1

PAk ≥
n∑

k=a

PBk
_



�6�Aß
×�¹O¸ Ñ _�³ . �M���>3 �'�� �&. ³ �('1. . 'm¶ �?. � 3 �1"(' �$�)*�µ �!��3
�?��3M8��&��� "2" '+* �?.2�>� )�' _

�6>AFQE
E
@;9�1S90571SMNL?/H1��;9?F�:01�KZ>AFD9AEG5�:?@�K0/D369ÔEI1�/��A@�� 34@ b @;9�EIB�FHK?/21�E�9;1�57>AFQE5'@;Bq@;9;1!M��1SMN1�:0BG>AF�EI1!1�E-�A@�� 34@ b @;9��?@;36:0B�@;K0/H1�E-9;1�5*>AF�E±5(@;Bq@;9PM��1SMN1 b 14B b /21 _ �4F

A1�E
B
57>?9AE�:014@?
�K;>AFH9AE�5r:?FD5(EGFD9 b EG5r:01

E � >?9�:?F�E��A@Z1k/H1 b >A@;K0/H1 {A � B} 1S5IE %3�?��5 � FQ/1 
SFH5IEI1!@;9�:AFH57�?@Z1�dn14BIM =1C:03S905�/H1kK?/H3S9 � b >?9AEI1490369AE
/H1S5�K;>AFH9AE�5 A
1�E

B
@3�/�� 1 
 b /Q@;5'FH>?9:;145C3S@?EIBG145 _q� 9�:;=145'FH��9;1�K;3SB

f(E)
/21�9;>?MNL0BG1�:;1�L;>?905 b >A@;K0/H1S5kdn>?BGM =145CK036B�/2145KZ>AFD9AEG5!:;1

E
_� >?9AEIBG1SBá�A@Z1�5(F?/H3 b 36BG:AFH9034/DF�E!=1O:01

E
1S5IE

1003 � 3S/H>?B�5 2003≤f(E)≤3003
_

×�¹O¸C¸ _�³ . �M���>3 �'=� �&. ���&�>� 8�¶ �>31)'� $ �?� '1. �dµ ��&. ���/'��'*	� �/�:(&'1.23�� "M�'�.-' ���4 � ��).X�& 	�:.�*
���! 	 $�D.X�& ���.�*'´>3'� �M,>� ' _

Ö 36905á@;9�EIB�FH3S9;��/21 ABC � 57>AFQE C′ @;9�KZ>AFD9AEá�A@Z14/ b >?9;�A@Z1�5(@;B
/21 b �>�E4=1 AB � 1�E5*>AF�E
M

1�E
N
:;145OK;>AFH9AE�5O5'@;B�/H1S5 b �>�E4=145

BC
1�E

AC � BG1S5'KZ1 b EGF�~?14MÔ149AE � :;1�5*>?BÓEI1�?@Z1
C′M ‖ AC

3S9;:
C′N ‖ BC

_� >?9AEIBG1SBr�?@Z1�/�� 34FHBG1O:?@�EIB�FH3S9;��/21
C′CN

145(E�/D3PMN>S<?14909;1�� =1S>?M =1�EIBGFH�?@Z1P:01S53SFDBG1S5!:;145rEIBGFD369;��/H1S5
AC′N

1�E
C′BM

_
×�¹O¸C× _�³ . �M���>3 �'�� �&.	¶ �;,)./�&�&> � )2�M* � ����(&'4. 3 �("��'mµ )�¸ �� 	 @*xµ �?� " .3�'1�! Q* � 4 _� BG>A@A~?1SB�EG>A@?EI145�/H1S5�57>A/D@?EGFH>?905!149AEGF,@14BG1S5!:?@N5�<05IE!@1SMN1�Ø

ac + bc − 2 = c3 − c �
ba + ca − 2 = a3 − a �
cb + ab − 2 = b3 − b

_
×�¹O¸rº _ ³ . �M���>3 �' � �>. � 'D��µ �>. .2�� � A 7  ��>�!·>���3* � ����(&'4. 3 �("��' .-'  bº !  (% '4. "���*
´X./�&�?� ":�?�)*X!�¶ � '?" 7=AI$ A � A � �&34" .O M*�¶ �>�),>�4 :�?.�'+* 5 ��.-' _

� =149#=1SB�34/DFD5*14B � 3�~?1 b K;BG1�@A~?1 @3 /�� 36K0K0@0F � /�� FH:;149AEGFQE4=1 b F2}':;145757>A@;5 @3 @;9:;=1�EI14BIM�FH903S9AE�:�� >?BG:0BG1
n
34@8/DFH14@Ô:�� @;9Ô:;=1�EG1SBGM8FD90369AE�:�� >?BG:0BG1

3
Ø

∣∣∣∣∣∣

−bc b2 + bc c2 + bc
a2 + ca −ca c2 + ca
a2 + ab b2 + ab −ab

∣∣∣∣∣∣
= (bc + ca + ab)3

_

×�¹O¸ � _�³ . �M���>3 �'�� �&. > 'M(&'4�����&.2� �)#* �&�M,>.�'?%;* 4 .'�?� "�� ' _
.?>A@;B b J?3��A@Z1�K0F,@1 b 1�:�� @;9 � 1�@Ì:�� =1 b J01 b 5 � >?9µ34E�EIB�F2LA@Z1 @3 b J?3��A@Z1 b 3S5*1=:�� @;9

=1 b JAF2�A@0F214Br@;9N9;>?MÔL?BG1��A@0F±145(E =1S��3S/�3S@Ô9;>?MNL0BG1�:01�MÔ>A@A~?14MÔ149AEG5�K;1SBGM8FD5 @3 b 1�E�EI1K0F,@1 b 1 @3PK036BÓEGFHBá:;1 b 1�E�EG1 b 36571 _ � 3 � �!��3030�>� )�'C:01�/D3PK?F,@1 b 1O1S5IEá3S/H>?B�5�:;=1��Z9?FH1 b >?M8MÔ1/H3P5*>?M8MÔ1P:01�EG>A@;5 b 1S5�9;>?MNL0BG145!5'@;B�EI>A@?EG1S5�/H1S5 b 36571S5!:01O/�� =1 b JAFH�?@0FH1SB _
� 
SFH5IEI1S}IE(}IFD/-:01S5�1S9AEGFH1SB�5

m ≥ 2
1�E

b ≥ 2
:;1�5*>?BÓEI1��A@Z1 � 5'@;B�@;9 =1 b JAF2�A@0F214B

m × b � /H3OK?@0FH5'573S9 b 1O:�� @;9;1�EG>A@;Br145(E =16��34/21�@3�/H3O57>?MNMN1O:;145�K?@0FH5'573S9 b 145�:�� @;9�dn>A@1�E�:�� @;9 b 3�~A34/DFH1SB0Õ
_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _



�6� �
×�¹ Ñ × _ ³ .'�M���>34'�. %� �M�>3 +/�:� � ' �����I !�M* 7 � � �!3 ��·>�@* � �
� �&� _

� 5*>?5 b 1�/2145�EIB�3SKZ1��'>AF2:
ABCD

zOFQE(J
AB = BC = CD

FD5!FH905 b BGFHL;1S:NFH98E(J01b FHB b /H1
Γ
_8� 9�E(J0183SB b

AD
>Ad

Γ
z�JAF b J�:;>0145O9;>�E b >?9AEG34FH9

B
3S9;:

C � /H1�E E
L;183~A36B�FH36L?/H1PKZ>AFD9AE _ � 1�E

F
369;:

G
L01�E(J01PBG1S5'KZ1 b EGF�~?1OFD9AEI14B�5*1 b EGF2>?905!>Ad

EB
zOF�E(J

AC369;:N>Ad
EC

zOF�E(J
BD

_
�H3 � .;BG>S~?1CE(J?3�E�E(J01P36BG143�>Adq�?@;36:0B�FD/D34EG1SB�34/ FBCG

FD5 b >?905IEG3S9AE _
�nL � .;BG>S~?1�E(J?3�E [EFG] : [EAD] = BC : AD � z�J01SBG1 [PQR]

:;149;>�EI145�E(J0136BG143�>AdZEIBGFD369;��/H1
PQR

_
×�¹ Ñ º _ ³ .'�M���>34'�. %� �M�>3 +/�:� � ' �����I !�M* 7 � � �!3 ��·>�@* � �
� �&� _

� F ~?1S9�3 b >?9�~?1 
Ô�A@;3�:?BGFQ/H3�EI14B�3S/
ABCD � /21�E O

L;1�E(J01�FH9AEG1SB�571 b EGFH>?9{>Ad-E(J01:?FD3��4>?9034/H5
AC

369;:
BD � 369;:|/21�E M

369;:
N
L;1�E(J01{M8FH:;}(KZ>AFD9AEG5N>Ad

AC
3S9;:

BD � BG1S5'KZ1 b EGF�~?1�/�< _ �4@;K0KZ>?571PE(J?3�E [OAB] + [OCD] = [OBC] � z�J014BG1 [PQR]:;149;>�EI145ÔE(J01Ì3SBG1S3 >AdCEIB�FH3S9;��/21
PQR

_ .;BG>4~?1µE(J?34E
AN � DM � 369;: BC

36BG1b >?9 b @;BGBG1S9AE _
×�¹ Ñ � _ ³ .'�M���>34'�. %� �M�>3 +/�:� � ' �����I !�M* 7 � � �!3 ��·>�@* � �
� �&� _

� F ~?1S9{38EIB�FH3S9;��/21
ABC

zOF�E(J�FH9 b 1S9AEIBG1
I � 5(@;K;K;>?5*1�E(J?3�E BC < AB

3S9;:
BC < AC

_�� J01�1�
SEG1SB�F2>?B!LAFH571 b EG>?B�5C>Ad
∠ABC

3S9;:
∠ACB

FH9AEG1SB�571 b E
AC

3S9;:
AB

34E
D
369;:

E � BG1S5'KZ1 b EGF�~?1�/�< _ .;BG>S~?1CE(J?34E
BD

CE
=

(AI2 − BI2)CI

(AI2 − CI2)BI

_
×�¹ Ñ � _ ³ .'�M���>34'�. %� > 'M(&'1�����>.2���)#* �&�M,>.�'?%;* 4 . �?��"��$� _

� z�>µ5'KZJ014BG1S5�>Ad�B�3�:AFD@;5
r
36BG1�1 
4EI14BI9034/D/ <{EG3S9;�41S9AE�EI>µ1S3 b JU>�E(J01SB _U� J?BG1S157K;J01SBG145P>Ad�B�3�:AFD@;5

R
36BG1834/D/�1�
SEG1SBG903S/Q/�<ÔEG3S9;�41S9AE�EG>�143 b J�>�E(J01SB _ � dá1S3 b J{>Ad
E(J01E(J?BG161�57K;J01SBG145�>Ad�B�36:?FQ@;5

R
36BG1�3�E�E(J01�5'36MN1kEGFDMÔ1�1 
4EI14BI9034/D/ <�EG3S9;�41S9AE�EG>�E(J01kEÓz�>57K;J01SBG145�>AdqB�36:?FQ@;5

r � 1 
6K;BG14575 R
FD9�EI14BIM85�>Ad

r
_

×�¹ Ñ � _ ³ .'�M���>34'�. %� �M�>3 +/�:� � ' �����I !�M* 7 � � �!3 ��·>�@* � �
� �&� _
� F ~?1S9R3=�?@;36:0B�FD/D34EG1SB�34/

ABCD � /H1�E P � Q � R � S
L01ÔK;>AFH9AE�5�>?9�E(J01N5'FH:;145

AB � BC � CD � DA � BG1457K;1 b EGF ~?14/ < � 5'@ b J�E(J?34E
AP

PB
· BQ

QC
· CR

RD
· DS

SA
= 1

_
� 1�E

O
L01�E(J01�FH9AEG1SB�571 b EGFH>?9N>Ad

PR
369;:

QS
_ .;BG>4~?1�E(J?3�E

DS · AP

PB
+ AS · DR

RC
= AD · SO

OQ

_



�6� �
×�¹ Ñ 
 _ ³ .'�M���>34'�. %� 4 + .2��34":�M� + '4. ��A@¶ .,�D.> ('+ M*'¶ .2��34":�& Q* �=7 _

� 9 4ABC � E(J01 b 1*~?FD36905 AL � BM � 3S9;: CN
3SBG1 b >?9 b @;BIBG149AE±34E

K � 3S9;:CE(J01b 1*~AFH3S905
AU � BV � 3S9;: CW

36BG1 b >?9 b @;BGBG1S9AEk34E
T
_ �4@;K;K;>?5*1�E(J?34E

MN
MN161�EG5

V W
3�E

P � NL
MÔ1S1�E�5

WU
34E

Q � 3S9;: LM
MÔ1S1�E�5

UV
34E

R
_

�H3 � .;BG>S~?1CE(J?3�E QAR � RBP � 369;: PCQ
3SBG1P34/D/Z5IEIB�3SFH�4J�Eá/DFD9;1S5 _

�nL � .;BG>S~?1CE(J?3�E AP � BQ � 3S9;: CR
36BG1P14F�E(J01SB b >?9 b @;BGBG1S9AE�>?BáK;3SB�3S/Q/21�/ _

� b � � F ~?1S9 T � @;9;:01SB�z�J?3�E b >?9;:AFQEGFH>?905!>?9 K
3SBG1�E(J01�/DFD9;1S5�FD9N�nL � K;3SB�3S/Q/21�/2Õ

×�¹ Ñ � _.³ . �M���>31';.�%; m´/���	 ���� � '1. �-��&� .-' �<µ �?.2�! Q* 5n´ � � ��,&�&34"$�M* �D�;,&. �	�� �;* � � �4�$� _
� 1�E

q
3S9;:

s
L01OFH9AEG16�414B�5!5(@ b J�E(J?34E

q ≥ 1
3S9;:

0 ≤ s ≤ q − 1
_ �6J0>6z�E(J?34E

s∑

k=0

(−1)s+k22k

(
q − 1 + k

2k

)(
q − 1 − k

s − k

)
=

(
2q − 1

2s

)

369;:
s∑

k=0

(−1)s+k22k+1

(
q + k

2k + 1

)(
q − 1 − k

s − k

)
=

(
2q

2s + 1

) _

×�¹O¸�¹ _ ³ .'�M���>34'�. %� ���!3 �	 (' 4��� . ":�?��� '�* � �/�:(&'1.23�� "0 � � ³  :�&� '134"��@* $��?���>�/�$� _
� 1�E

A1A2 · · · An
L;1P3�BG1S��@0/H3SB�K;>A/�<?�4>?98FD905 b B�F2L016:�FD9�E(J01 b FHB b /H1

Γ � 369;:�/21�E
P
L01�3S9ÔFD9AEI14BGFH>?B�K;>AFH9AE!>Ad

Γ
_�� J01P/DFD9;1S5

PA1 � PA2 � . . . � PAn
FD9AEI14B�5*1 b E

Γ
dn>?BE(J01P5*1 b >?9;:�EGFHMN1O34E

B1 � B2 � . . . � Bn � BG1457K;1 b EGF ~?14/ < _
�H3 � .;BG>S~?1CE(J?3�E n∑

k=1

(PAk)
2 ≥

n∑
k=1

(PBk)
2 _

�nL � .;BG>S~?1CE(J?3�E n∑
k=1

PAk ≥
n∑

k=a

PBk
_

×�¹O¸ Ñ _ ³ .'�M���>34'�. %� ³ � '4. .�'F¶ �?. ��3 �1" ' ���3*xµ �!��3
�?��3M8��&��� "2" '+* �>.,�&� ) ' _
� 1�E

E
L01|3U�Z9?F�EI1U571�EN>AdOKZ>AFD9AEG5ÔFD9cE(J01UK0/D369;1 � 9;> E(J?BG1S1Ì>Adkz�JAF b Jg36BG1b >A/Q/DFD9;1S3SBP369;:U9;>µdn>A@;B�>Adáz�JAF b JU3SBG1 b >?9 b < b /QF b�_ � d

A
369;:

B
36BG1ÔEÓz�>U:?FD5(EGFD9 b EKZ>AFD9AEG5!>Ad

E � z�1P5'3�<�E(J?3�EáE(J01OK;34FHB {A � B} FH5U,D�3�3.�FDdZE(J014BG1�1 
SFH5IEG5�3 b /2>?5716:8:AFH5 bFH9PE(J01CK0/D369;1!z�JAF b J b >?9AEG34FH905�L0>�E(J
A
369;:

B
369;:Oz�JAF b J b >?9AEG34FH905á9;>�>�E(J014B�KZ>AFD9AE>Ad

E
_Ô� 1N:;149;>�EI1ÔLS<

f(E)
E(J01Ô9?@;MNL;14BO>Adr�4>0>0:{K;34FHB�5Odn>?BGMÔ1S:µLS<�E(J01NKZ>AFD9AEG5>Ad

E
_ .;BG>S~?1CE(J?34EáFQdZE(J01 b 36BG:AFH9034/DF�E�<8>Ad

E
FD5

1003 � E(J01S9 2003 ≤ f(E) ≤ 3003
_



���S�
×�¹O¸C¸ _ ³ .'�M���>34'�. %; ���&�>� 8�¶ �>31)'� $��?� '4.'� µ ��>.'����' �'* � ����(&'4. 3 ��./�). .-'
���! 	 $�D.X�& ���.�*����4 � ��).X�& 	�:.�* � � �4�$� _

� F ~?1S9 4ABC � /21�E C′ L01�369�<NKZ>AFD9AE!>?98E(J01�5(F2:01 AB � 369;:N/H1�E M
3S9;:

NL;1PKZ>AFD9AEG5�>?9�E(J01�5(F2:01S5
BC

3S9;:
AC � BG1457K;1 b EGF ~?14/ < � 5(@ b J�E(J?34E C′M ‖ AC

3S9;:
C′N ‖ BC

_.;BG>S~?1�E(J?3�E�E(J01�36BG1438>Ad 4C′CN
FD5�E(J01��41S>?MÔ1�EIBGF b MÔ14369�>Ad±E(J01�36BG14365C>Ad

4AC′N
369;: 4C′BM

_
×�¹O¸C× _ ³ .'�M���>34'�. %� h¶ �;,D./�>�6> �() ��*xµ )�¸ �� 	 � ����(&'4. 3 �("I M*�µ �?� " .�'4�4 @*�� 4 _

Ò FD9;:834/D/;FD9AEI1S�41SBr57>A/D@?EGFH>?905!>AdZE(J01O5�<05IEI14M{Ø
ac + bc − 2 = c3 − c �
ba + ca − 2 = a3 − a �
cb + ab − 2 = b3 − b

_
×�¹O¸rº _ ³ . �M���>31';. %� �" + '� �� " '�µ �>. .2�� � A-7  $�&�!·>�$�)* � ����(&'4. 3 �("I � � !  (% '4. "���*
´X./�&�?� ":�?�)*X!�¶ � �&� . 7=AI$ A � A � �!3!" ./ �*�¶ �&�3,&�! ��?. '�* 5 � .>��� _

� 149;1SB�34/DF��'1 E(J01�dn>A/D/H>6zOFH9;�aFH:;149AEGFQEx<�57>�E(J?34E|F�EUFH9�~?>A/ ~?1S5c3S9
n �	� >?BG:;14B:;1�EI14BIM�FH903S9AE�FH9|K?/H3 b 1�>Ad!3

3
� � >?BG:01SB�:01�EG1SBGM8FD90369AE � 369;:|K0BG>S~?1Ô<?>A@;B��4149;1SB�34/2}FQ�(3�EGF2>?9±Ø

∣∣∣∣∣∣

−bc b2 + bc c2 + bc
a2 + ca −ca c2 + ca
a2 + ab b2 + ab −ab

∣∣∣∣∣∣
= (bc + ca + ab)3

_

×�¹O¸ � _ ³ .'�M���>34'�. %� > 'M(&'1�����>.2���)#* �&�M,>.�'?%;* 4 . �?��"��$� _
Ò >?Bq1S3 b J b J014575-K0FH1 b 1 � z�1�365'5'FH��9kEG>O143 b JC57�?@;3SBG1�>Ad�3 b J01S5'5*L0>?36BG:�3�9?@;MÔL01SBz�JAF b J�FH5�E(J01P9?@;MÔL01SB�>Ad±MÔ>4~?1S5!3�~A3SFQ/H36L?/H1�EI>�E(J?3�E�K0FH1 b 1Pd2BG>?M�E(J?3�E�5*�A@;36BG1 _r� J01

��� � '4.�>Ad±E(J01�K?F21 b 1�FH5!E(J01S9�:014�;9;16:ÔEG>�L01�E(J01�5(@;M >Ad
3S/Q/qE(J01S571�9?@;MÔL01SB�5O>4~?1SB3S/Q/0E(J01P5*�A@;36BG145�>Ad;E(J01 b J0145757L;>?3SBG: _
Ö >µE(J01SBG1{1 
SFH5IE�FD9AEI1S�41SB�5 m ≥ 2

369;:
b ≥ 2

5'@ b JµE(J?3�E � >?9Ì369 m × bb J01S5'5*L0>?36BG: � E(J01!KZ>6z�14B
>AdA3kBG>0>0��FH5�1S�?@;34/6EG>CE(J01�5(@;M´>Ad�E(J01�K;>6z�1SB�5�>Ad?3kL?FD5*J0>?K369;:83���9?FH�4J�E(Õ



���6�
�a� ��� ��
�� � �

>2��� .'�-%& ('1� ��3 'M(&'1. �;'4. ���&� '1� "� 0 )  :�>31';.�A �&+ '�'�.>� "��?. ��3*�! � �� !3��  ('1�&31';. "��
)'�?��3 ��.-'4. � �?.�� � %& 	�() � "����?��� '
� 3
�& �� "����?� 3 �?.�� '
� ��� 3��@,&+ "�3 �?� � �!3!"W� . �-%& '4�*3MA
� 1µ36K;>A/2>0��F��'1{dn>?B8>?M8F�E�EGFH9;��E(J01µ9036MN1|>Ad Ý0` � � �?� � � � � 
 9?F�~?14B�5'F�E�<g>Ad � J0>0:01� 5'/D369;: � D FH9;��5IEI>?9 � �;� � 
 � ` d2BG>?M�E(J01O/QFH5IE�>Ad�5*>A/ ~?1SB�5!>Ad ä�����ä �H3 � _
¸ � � Ñ ? _ � ä ��� ä Ø å����

�
ä ��� å ØSÞ0� �M� ³ . �M���>31';. %; &1 ��1�' � 4 +-�D�;*C¸=�>�&�3, �!+ �W�

� �/�:(&'1.23�� "0 
(
> '
�

)
*'¸=�>�&�3, �&+��W� 4/�("I M*'¸=�>�&�3, � �?�), ³ . �D(1��� ) '+*=4 +/�$� � _

Ò FD9;:834/D/ZK03SFDB�5�>AdqK;>?5'F�EGF�~?1CFH9AEG16�414B�5 a
3S9;:

b
5'@ b J�E(J?3�E

(a + b)b = ab + ba _
! � '
� 3+�& #��"��:�?� %� µ �&� �/'  �¶ '1���(":�;* �<#34) �>. 4/�$�3�>. .2�Q**�&� ..´/���	 ���� � '1. � ��>��.-'��'*
�D�;,>.'� ����;* � � �!��� A �!+ ' �$.*'1�>.2 	�('1. 3
�& �� "����?� � ä ��� å Ø-Þ?� � 
4Þ?�?ß � ���).-' �&31' � � " + '
� '1. ��� "#8+1 �� '13 �!+ '��?. '1� A �&+ '�3
�& �� "����?� % '  �� � �&31'13��?�� 0 '  '4� '1� "��>./ � �>� % '1.
" + '��?.O 3A �&+ ' �$�/� "����! 3� �>. " ��3 '13 34'1� "����! 	 I *" + ' 30�>� ' �!3 % ' � �?.�'DA

Ý /H1S3SBG/ < � (a, 1)
FH5P3=57>A/D@?EGFH>?9{dn>?BC3S/Q/�KZ>?5(FQEGF ~?18FH9AEG16�414B�5

a
_=� 1N5*J0>6z�E(J?3�EE(J01S571P3SBG1�E(J01P>?9?/�<�5*>A/Q@?EGF2>?9�K;34FHB�5 _` 575(@;M8FD9;�kE(J?34E�E(J01P16�A@;34EGFH>?9NJ0>A/2:?5�dn>?B

b > 1 � z�1PJ?3�~?1
ab + ba = (a + b)b =

b∑

k=0

(
b

k

)
ab−kbk > ab + bb �

369;:�E(JA@;5 � a > b > 1
_ � 1�E

d = gcd(a, b)
_ �61�E

a1 = a/d
369;:

b1 = b/d
_r� J01S9

a1 > b1
3S9;:

gcd(a1, b1) = 1 � 369;:�E(J01P��F�~?149Ô1S�?@;3�EGF2>?9NL01 b >?MÔ145
(a1 + b1)

b = ab
1 + da−bba

1 � �x� �>?B�1S�?@0F ~A3S/H1S9AEG/ <N�H36K0K0/ <?FD9;�CE(J01 � FD9;>?M8FD3S/ � J01S>?BG1SM 3S9;:N:AF�~AF2:AFH9;�OLS<
b2
1 �I�

dab−1
1 +

(
b
2

)
ab−2

1 + · · · +

(
b

b − 1

)
a1bb−3

1 + bb−2
1 = da−bba−2

1

_ � ä �
Ò FDB�5(E � 5'@;K0KZ>?571�E(J?34E b1 = 1

_�� J01S9
d = b > 1

369;:
a1 > b1 = 1 � 3S9;:16�A@;34EGFH>?9Ô�n� � L01 b >?MÔ145

(a1 + 1)d = ad
1 + dd(a1−1) _ � å ��HF � � d

a1 = 2 � E(J01S9µ16�A@;34EGFH>?9µ� å � L;1 b >?MN1S5 3d = 2d + dd _ � @?EkE(JAFH5OFD5P9;>�EK;>?575(F2LA/21 � 5'FD9 b 1 3d > 2d + dd z�J01S9 d = 1
>?B

d = 2 � 369;: 3d < 2d + ddz�J0149
d ≥ 3

_
�DFDF � � d

a1 = 3 � E(J0149Ì1S�?@;3�EGF2>?9|� å � L;1 b >?MN1S5 4d = 3d + (d2)d _ � @?E�E(JAFD5�FD5FDMNK;>?575(F2LA/21 � 5'FD9 b 1 4d < 3d + (d2)d dn>?Br34/D/ d > 1
_



��� ä

�DFDFQF � � d a1 > 3 � E(J01S9{1S�?@;3�EGF2>?9�� å � b 36909;>�ECJ0>A/H:�L;1 b 34@;5*1 a1 + 1 < da1−1 dn>?B34/D/
d > 1

_
� 1 b >?9 b /D@Z:01�E(J?3�E

b1 6= 1
_

� 1�
SE�5'@;K0KZ>?571�E(J?34E
b1 = 2

_
� J01S9
b = 2d

_ Ò @;BÓE(J01SBGMÔ>?BG1 � a1
FD5�>0:0:��H5'FD9 b 1

gcd(a1, b1) = 1�(� 369;:N1S�?@;3�EGF2>?9N�n� � b 369NL01PBG1�zPB�FQE�EG1S983S5
(a1 + 2)2d = a2d

1 + 2a1ddd(a1−2) _ �DÞ ��HF � � d
a1 = 3 � E(J0149�1S�?@;3�EGF2>?9=�DÞ � L;1 b >?MN1S5 25d = 9d + 8ddd _�� 1 b 369=14365(FD/ <b J01 b �ÔE(J?34EkE(JAFH5�16�A@;34EGFH>?9U:;>0145�9;>�EOJ0>A/2:{dn>?B

d = 1 � d = 2 � >?B d = 3
_

� E�:0>01S5�9;>�E�J0>A/H:�dn>?B
d > 3 � 5(FH9 b 1 25 < 8d

z�J0149
d > 3

_
�DFDF � � d

a1 = 5 � E(J0149816�A@;34EGFH>?9��DÞ � L01 b >?MÔ145 49d = 25d + 32dd3d
_ � @?E � FD9�d23 b E �

49d < 25d + 32dd3d dn>?Br34/D/ d ≥ 1
_

�DFDFQF � � d a1 > 6 � E(J01S9N1S�?@;3�EGF2>?9N�QÞ � b 3S909;>�E�J0>A/2:8L;1 b 34@;5*1 (a1 + 2)2 < 2a1

_
� 1 b >?9 b /D@Z:01�E(J?3�E

b1 6= 2
_

� >6z$5(@;K;K;>?5*1kE(J?34E
b1 = 2` zOF�E(J ` > 1

_
� J0149
a1 > 2` � 369;:81S�?@;3�EGF2>?98� ä �L;1 b >?MN1S5

dab−1
1 +2`−1d(2`d − 1)ab−2

1 +

(
b
3

)
2`ab−3

1 + · · · +2`(b−2) = 2`(a−2)da−b _
� J01��ZB�5IEqEG1SBGM´>?9CE(J01!/H14dDE±5'FH:;1�>Ad6E(JAFH5�1S�?@;3�EGF2>?9�FH5

dab−1
1 = da2`d−1

1

_-� JAFH5EI14BIMæM�@;5(E�L;1�1*~?1S9 � 5'FD9 b 1�E(J01�>�E(J014BáEG1SBGMN5�FD9�E(J01�1S�?@;3�EGF2>?9N34/D/ b >?9AEG34FH98d23 b EI>?B�5>Ad
2
_ � @?E

a1
FH5!>0:;: � 5(FH9 b 1 b1

FH5!1*~?1S9N369;:
gcd(a1, b1) = 1

_�� J014BG14dn>?BG1 � a2`d−1
1FH5!>0:0: _
� JAFD5!MN1S3S905�E(J?3�E

d
FD5!1*~?1S9 � 5'3�< d = 2d1

_ � >6z�1S�?@;3�EGF2>?9N�n� � L01 b >?MÔ145
(
(a1 + 2`)2

`−1d1

)4

=
(
a2`−1d1

1

)4

+
(
2`a1d1dd1(a1−2`)

)2 _
� @?EkE(JAFH5�16�A@;34EGFH>?9 b 3S909;>�EPJ0>A/H:µL01 b 3S@;5718E(J01Ô16�A@;34EGFH>?9

x4 − y4 = z2 J?365P9;>9;>?9;}IEIB�F�~AFH34/ZFD9AEI1S�41SBá5*>A/Q@?EGF2>?905 � 365�FH5áz�1�/D/Z��9;>6zP9 _� E
>?9?/ <OBG14MN34FH905-dn>?Bq@;5±EI>�B�@0/21�>A@?E�E(J01 b 3S5*1áz�J01SBG1
b1
FD5�3!M8@0/�EGFHK?/21!>AdA5*>?MN1>0:;:�K0BGFDMÔ1

p
_�� 9ÔE(JAFH5 b 36571 � z�1�M8@;5IEkJ?3�~?1 a1 > b1 ≥ 3

369;:
gcd(a1, p) = 1�25(FH9 b 1

gcd(a1, b1) = 1� _ �4FH9 b 1 p
:AF�~AF2:01S5

b1 � FQEádn>A/D/H>6zP5�d2BG>?Mæ16�A@;34EGFH>?9Ô� ä � E(J?3�E
p
:?F ~?FH:;145

dab−1
1

_ �4FH9 b 1
a1
3S9;:

p
3SBG1�BG1�/H3�EGF�~?1�/�<ÔK0BGFDMÔ1 � z�1 b >?9 b /Q@Z:;1�E(J?3�E d

FD53�M8@0/�EGFHK?/21=>Ad
p
_ � 1�E

d = pkd1
369;:

b1 = p`b2 � z�J01SBG1 d1
369;:

b2
3SBG1�1S3 b JBG14/D34EGF ~?14/ <�K;B�FHMN1CEI>

p � 3S9;: k
369;:

`
3SBG1PK;>?5'F�EGF�~?1CFH9AEG16�414B�5 _
� J01S9

b = pk+`d1b2 �369;:N1S�?@;3�EGF2>?9N� ä � L01 b >?MÔ145
pkd1ab−1

1 +

(
b
2

)
ab−2

1 +

(
b
3

)
ab−3

1 p`b2 + · · · +

(
b

b − 1

)
a1p`(b−3)bb−3

2

+ p`(b−2)bb−2
2 = p`(a−2)+k(a−b)ba−2

2 da−b
1

_ � � �
� 9NE(J01�3�L0>S~?1�16�A@;34EGFH>?9 � 1S3 b J�EI14BIM tm =

(
b
m

)
ab−m

1 p`(m−2)bm−2
2

dn>?B
m ≥ 2FH5�:AF�~AFH5(F2LA/21�LS<{E(J01�K0BGFDMÔ1=KZ>6z�14B

pk+1 _µ� >µ57161NE(JAFD5 � E(J014BG1�3SBG1ÔEÓz�> b 3S5*145PEG>b >?905(F2:01SB _



��� å

m �SÛ�	�� � � Ø
pj < m < pj+1 dn>?Br57>?MÔ1O9;>?9;}(9;16��3�EGF�~?1�FH9AEG16�414B j

_� J0149
(

b
m

)
= pk+`d1b2·

·p
k+`d1b2 − 1

1
· · · pk+`d1b2 − pj

pj
· · · pk+`d1b2 − m + 1

m − 1
· 1

m
�

z�JAF b J�FH5�3PM8@0/�EGFHK?/21P>Ad
pk+` 3S9;:�E(J01SBG1�dn>?BG1P3�M�@0/QEGFDK0/H1�>Ad pk+1 _ � Eádn>A/D/H>6zP5rE(J?3�E

pk+1 :AF�~AF2:01S5 tm
_

m �SÛ�	�� � � � Ø
m = pj dn>?Bá57>?MÔ1OK;>?5'F�EGF�~?1�FD9AEI1S�41SB j

_� J0149
(

b
m

)
= pk+`d1b2 · pk+`d1b2 − 1

1
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zOFQE(J
AB < AC � /H1�E I

L01�F�EG5kFH9 b 1S9AEIBG1�3S9;:=/21�E
ML;1�E(J01CM�F2:0}'K;>AFH9AE�>Ad

BC
_ �4@;K0KZ>?571�E(J?34E

D
FD5�E(J01kFH9AEG1SB�571 b EGFH>?9�>Ad

IM
zOF�E(J

AB369;:�E(J?3�E
E
FD5rE(J01OFH9AEG1SB�571 b EGFH>?9N>Ad

CI
zOFQE(J�E(J01PK;1SBGKZ149;:?F b @0/H3SBrd2BG>?M

B
EI>

AI
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DE ‖ AC
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� �& �� "����?� %; ³ '>"('1. � A 1��3�;*�¶-�:�& �� � �/�:(&'1.23�� "0 �* �&��µ �$.2�)./�M*=4;! * � � ! _
� 1�E

A′ = AI ∩BC
3S9;:

B′ = BE ∩AC
_

� 1�E�E(J01N/H1S9;�ÜE(J?5�>Ad
BC � CA � AB � L01 a � b � c �BG1S5'KZ1 b EGF�~?1�/�< _ �4FH9 b 1

BB′ ⊥ AIA′ � z�1RJ?3�~?1
AB = AB′ = c

_ � 1S9 b 1 � B′C = b − c
_ �4FH9 b 1

EC
LAFH571 b E�5

∠B′CB � z�1�J?3�~?1
BE

EB′ =
BC

CB′ =
a
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A

A′B

B′

C

D

E

I

M�4FH9 b 1
BA′ : A′C = AB : AC � z�1�J?3�~?1 BA′ =

ac

b + c

_�� < � 149;14/D3S@;5 �
� J01S>?BG1SM � z�1PJ?3�~?1

BD

DA
=

(
BM

MA′

)(
A′I

IA

)
=




a

2
a

2
− BA′



(

BA′

c

)

=


 1

1 − 2c

b + c



(

a

b + c

)
=

a

b + c − 2c
=

a

b − c

_
� JA@;5 � BE : EB′ = BD : DA � z�JAF b J|FDMNK?/DFH1S5�E(J?3�E DE

FH5�K036B�34/D/H14/EI>
AC

_
�)N L#H L#HONSY'E'[ 	�
�� ��� � � � 
 � � � � � � � � ��H�P9E#C � � J@VOCMG0E � � �&�  � � ���MB 

� � ��B � �)B ��� � B��

�I\ 
D\ ���=F N FZH ��E#J0J@VOJ@F ���9VON N VR[�HON FS[ � � � VOF C ��� � ��� � � B�� � �����'\ 
��&��� � �	��� 

J@F L#KZHON � � ����� � �
� � ��� � � � �
� F L�L#H�POJ@F �RH�P9K �ME#J0C �RK VRKQE��
HON NSE��9E����OH � N F C ����B���� ��� � � � � � � ����� �  B � � ���MJ0L/PON F C
E#C � 
 � C9V'LIFZP � �
�SC9C�L�	 J�PRG � � � POL#KSJ@F V�� � \ � \ �
� � �  �� ���/V/NZK 	�H � � E�N �WK �
E  �E'K �
E#J@N VOCM[ L	� � ��� � B � ���
HON � �
H � ��POC9FSK 

�
HON NSE��9E�� � F CMKZE#J � VRY'E#C � � ����� ��� � � � � �����
B! �� � � ���
H ���VOCME��L#K F � ��H � VOC9F V��MVOCM[ K �
E � J�H � H'L#E#J#\

� �
E�L#HONSY'E#J@L L �
HRT E'[ V TXFS[�E Y#VOJ@FZE'K 
6H�
 � E'K �
H9[ L�H�
-L#HONZY�F C �6K �RF L � J�H 	'NZE�� ��F CMGZNQPR['F C �
	 V'J 
 GIE#C
KSJ@FSGXG0H9H'J�['F C9V9KZE#L ���9VOJ:KQE#LIF V'CUGIH9H9['F C�VRKQE#L ��K J@F �RH'CMH � E'K J 
��
V'C
[ Y'E'GIKQH'J@LO\

� �����	��

�������f�(����� I ������� �! #"�$%"�&('�)�*�,��v. } &#�E4 ;?&#�
�A9�&{7 } @�'>&{&{9�:H"�4��E5��E7��  #'�'��\'��
� KDT S = A1A2A3A4

a K�M�T]KDT\d
M�L1K�`�d]S G M G ` _ K(T M
a KsTVL1K QDT]K�W G K�dup!S�W G T �

TVL�M�TYWEX(I1TVL1K�p!S�W G T M W?X�X#[!Z#L+TVL�M�T 4∑
j=1

AjM W?X�efW G W?e+W j#K�` ��� X{XV[6e+W G6^ TVL�M�T M

WEX�M G W G T\K�d]WES�dYp!S�W G T�S�g S IBM G `3`6K G S�T]W G6^ a�y A′
j TVL1K W G T\K�d
X�K�Z]T]WxS G S�g AjM J�W TVLTVL1K�S�p6p6S�X#W T\KsgxM�ZVK�I�p6d]S�N�KsTVL�MDT

4∑

j=1

AjM ≥ 3

4∑

j=1

A′
jM

�
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� J01�5'@;M 4∑

j=1

AjM � L;1�FH9;��1�
SEIBG14MN34/�34E�E(J01=FH9AEG1SB�F2>?BPK;>AFH9AE M � 5'34EGFD5'�Z1S5
grad

(
4∑

j=1

AjM

)
=

−→
0 �
E(J?34EáFD5 �
−→u1 + −→u2 + −→u3 + −→u4 =

−→
0 � �x� �

z�J01SBG1 −→uj
:01S9;>�EG1S5�E(J01N@;9?F�E�~?1 b EG>?B −−−→

MAj

MAj

dn>?B
j = 1 � 2 � 3 � 4 _ �#´3.�� � d�z�18/21�E

M = (x, y, z)
3S9;:

Aj = (xj, yj, zj) � E(J0149�E(J01�EI14BIM85�>Adr>A@;BC5'@;M J?3�~?18E(J01dn>?BIM
Fj =

√
(x − xj)2 + (y − yj)2 + (z − zj)2

3S9;:
grad(Fj) = −→uj

_ �
� 1�E

α1 � α2 � α3 � α4
L01�E(J01PK;>?5'F�EGF�~?1�BG1S34/�9?@;MNL;14B�5!5'@ b J�E(J?34E
α1 + α2 + α3 + α4 = 13S9;:

α1A1 + α2A2 + α3A3 + α4A4 = M
_

Ò BG>?M 4∑
j=1

αj
−−−→
MAj =

−→
0
3S9;:N�n� �(� z�1P:;1S:?@ b 1

(α1MA1 − α4MA4)
−→u1 + (α2MA2 − α4MA4)

−→u2

+(α3MA3 − α4MA4)
−→u3 =

−→
0 �z�JAF b J=FHM8K0/QF2145CE(J?3�E

α1MA1 = α2MA2 = α3MA3 = α4MA4
_�� JA@;5 � FQd c:;149;>�EI145�E(JAFD5 b >?MNMN>?98KZ>?5(FQEGF ~?1k~A3S/Q@Z1 � z�1PJ?3�~?1

4∑

j=1

MAj = c

4∑

j=1

1

αj

_ � ä �
Ò @;BÓE(J01SBGMÔ>?BG1 � (1 − αj)

−−−→
MA′

j = −αj
−−−→
MAj

dn>?B!143 b J
j = 1 � 2 � 3 � 4 _ Ò >?B1 
S3SMNK?/21 � b >?905'FH:;14BGFD9;� j = 1 � E(J01�KZ>AFD9AE M − α1A1

1 − α1

=
α2A2 + α3A3 + α4A4

1 − α1FH5N>?9|E(J01�/DFD9;1
A1M

3S5�z�14/Q/!365�FD9|E(J01RK?/H3S9;1
A2A3A4 � 369;:|E(J014BG14dn>?BG1 � E(JAFH5KZ>AFD9AEÔFH5

A′
1

_ � JA@;5 � (1 − α1)A
′
1 = M − α1A1 � 369;: J01S9 b 1 � z�1 >0LAE�3SFD9

(1 − α1)
−−−→
MA′

1 = −α1
−−−→
MA1

_
� Eádn>A/D/H>6zP5rE(J?3�E

4∑

j=1

MA′
j = c

4∑

j=1

1

1 − αj

_ � å �
Ò BG>?M � ä � 369;:N� å �(� E(J01OBG16�A@Z1S5IEI1S:�FH9;1S�?@;34/DF�E�<�FD5!16�A@0F�~A34/2149AE�EI>

4∑

j=1

1

1 − αj
≤ 1

3

4∑

j=1

1

αj

_ �DÞ �
� >6z � zOF�E(J�E(J01PJ014/DKÔ>AdZE(J01 `�� 
 ��� � 9;1S�?@;34/DF�E�< � z�1P>0L�EG34FH9

1

1 − α1

=
1

α2 + α3 + α4

≤ 1

9

(
1

α2

+
1

α3

+
1

α4

) _
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` :;:AFH9;�ÔE(JAFD5�EI>RE(J01 b >?BGBG1S5'KZ>?9;:AFH9;�=FD9;16�A@;3S/QFQEGFH1S5�dn>?B 1

1 − α2

� 1

1 − α3

� 1

1 − α4

�z�1��41�E
4∑

j=1

1

1 − αj

≤ 3 × 1

9

(
1

α1

+
1

α2

+
1

α3

+
1

α4

) �
369;:N�QÞ � dn>A/Q/2>6zP5 _

�)N L#H L#HONSY'E'[�	�
 � � � � B � � �
HON � �
H � ��P'CRFZK 
��
HON NSE��9E�� � F CMKZE#J � VRY'E#C � � � ��� ��� ��VOCM[2K �
E
� J�H � H'L#E#J#\

� �MH�P GIH � � E#C
K L3K ��VRKMK �
EXJ�E#L/P/NZK � V 
 	�E E�
�KZE#CM[�E'[ KQH�V'C
n � LIF � � NZE�


Sn = A1A2 · · · An+1

TXFZK � K �ME GIH'C
GQNZP'LIFSH'C n+1∑
i=1

AiM ≥ n
n+1∑
i=1

A′
iM

\

� ����
 ? � 
]������� �!����� I ������� �! #"�$%"�&('�)U*�, �0�'	�x51'�; "q w&#:E9�419��D� ��+9�4B) ��9� >��58�' � 4 ��:E9�@��E7! �4�� ��'( 
&V�w;x,f"�� 0�9� ]9 � ' ��"�7 0�9� ]9 � ' ��"�7 ��"�&{4��E9�9�4�) ��'( ��>'(��"(�>�x4196�
F g x1 I x2 I x3 I x4 I x5 ≥ 0 M G ` x1 + x2 + x3 + x4 + x5 = 1 IBp6d]S�N�K+S�d`�W?X{p1d]S�N�KsTVL�MDT

x1

1 + x2

+
x2

1 + x3

+
x3

1 + x4

+
x4

1 + x5

+
x5

1 + x1

≥ 5

6

�
0�"�:w�1;E�H"�4 *�, � @69� 
:<'>& �u.v-u�x2f�E464��<'>7�"q4���'�:<"�01;E91;H'  4�� ��'D w&#�<;A,�7u0�9�4�"q4���'�:<"�7 }�� 7 %0#"�.

o L1K	X\T]MDT\K�e�K G TvWEXqgxM _ X�K � F g!J�K _ KDT x1 = .5 I x2 = .4 I x3 = .05 I x4 = .03 IM G ` x5 = .02 I�TVL1K G x1 I x2 I x3 I x4 I x5 ≥ 0 M G ` x1 + x2 + x3 + x4 + x5 = 1 Ia [�T
x1

1 + x2

+
x2

1 + x3

+
x3

1 + x4

+
x4

1 + x5

+
x5

1 + x1

=
.5

1.4
+

.4

1.05
+

.05

1.03
+

.03

1.02
+

.02

1.5
= .829384 . . . <

5
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√
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√
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O
x I y ∈ ��PvM G ` x2 + y3 ≥ x3 + y4

� � d]S�N�K�TVL�MDT
x3 + y3 ≤ 2

�
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� K	p1d]S1ZVK�K�` a�y p6d]S�N�W G6^ TVL1KsgAS _?_ S�J�W G6^ XVT\d
W G6^ S�g!W G K���[6M _ W T]WxK�X �
x3 + y3 ≤ x2 + y2 ≤ x + y ≤ 2

�
� d]W T]W G6^

x3 + y3 = 〈x3/2, y2〉 · 〈x3/2, y〉 I
TVL1K �BM�[!Z#L y � Q�Z#L�J	M�d
j FHG K���[6M _ WkT y I TVL1K ^ W N�K G W G K���[6M _ W T y I~M G ` TVL1K ���~� z �FHG K���[6M _ WkT y WEe+p _ y TVL�MDT

x3 + y3 ≤
√

x3 + y4 ·
√

x3 + y2

≤
√

x2 + y3 ·
√

x3 + y2 ≤ 1
2
(x2 + y3 + x3 + y2) I

gxd]S�e J�L�WxZ#L�W TvgAS _k_ S�J	XvTVL�M�T x3 + y3 ≤ x2 + y2
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x2 + y2 = 〈x3/2, y3/2〉 · 〈x1/2, y1/2〉 ≤

√
x3 + y3 ·

√
x + y

≤
√

x2 + y2 ·
√

x + y ≤ 1
2
(x2 + y2 + x + y) �

FHM8K0/ <?FD9;�CE(J?3�E
x2 + y2 ≤ x + y

_
Ò FD903S/Q/�< �

x + y = 〈x, y〉 · 〈1, 1〉 ≤
√

x2 + y2 ·
√

2

≤
√

x + y ·
√

2 ≤ 1
2
(x + y + 2) �

FHM8K0/ <?FD9;�CE(J?3�E
x + y ≤ 2

_�� J01SBG1�dn>?BG1 � x3 + y3 ≤ 2
_
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� 1=K;BG>4~?1ÔE(J01=MÔ>?BG1��4149;1SB�34/�BG145'@0/�E�E(J?34E�FDd
x � y > 0

369;:RFDd
r
FH5�3�BG143S/9?@;MÔL01SB�5'@ b JOE(J?3�E

xr−1 +yr ≥ xr +yr+1 � E(J0149 xr +yr ≤ xr−3 +yr−3 _-� J01b @;BIBG149AE�K;BG>0LA/214M FD5�E(J01�5'KZ1 b FH34/ b 36571�z�J0149
r = 3 � 5(FH9 b 1�E(J01 b 3S5*145rz�J0149 x = 0>?B

y = 0
3SBG1 b /H1S3SBG/ <�EIBGF ~?FD3S/ _

� 1�E
S = xr−2(1 − x)+yr−1(1− y)

369;:
T = xr−1(1− x)+yr(1− y)

_� J0149
T ≥ 0

d2BG>?M�E(J01O365'5'@;M8K?EGFH>?9 _ �4FH9 b 1
S − T = xr−2 − 2xr−1 + xr + yr+1 − 2yr + yr−1

= xr−2(1 − x)2 + yr−1(1 − y)2 ≥ 0 �
z�1�J?3�~?1

S ≥ T ≥ 0
_ Ò @;BÓE(J01SBGMÔ>?BG1 � LS<85IEIB�3SFH�4J�EGdn>?BÓzP3SBG:834/2�41SL0B�3 � z�1��;9;:�E(J?34E

xr−3 + yr−3 − xr − yr − xr−3(1 − x)2 − yr−3(1 − y2)2

= −xr − yr + 2xr−2 − xr−1 + 2yr−1 − yr+1

= 2xr−2(1 − x) + 2yr−1(1 − y) + xr−1 − xr + yr − yr+1

= 2S + T
_

� 149 b 1 �
xr−3 + yr−3 − xr − yr

= 2S + T + xr−3(1 − x)2 + yr−3(1 − y2)2 ≥ 0 �
d2BG>?M�z�JAF b J

xr + yr ≤ xr−3 + yr−3 dn>A/D/H>6zP5�FDMNMN16:AFH3�EI1�/�< _
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E#J�[�E#L �!� � � � ��� �
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�� � V �9[�E 	+POJ ��� ��E#J � V'C�
��-VOCM[�K �ME � J�H � H'L#E#J#\
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x1 � . . . � xn

�
n ≥ 3� 3SBG1PK;>?5'F�EGF�~?1OBG143S/Z9?@;MÔL01SB�5!5'34EGFD5'dQ<AFH9;�

1

1 + x2
2x3 · · · xn

+
1

1 + x1x2
3 · · · xn

+ · · · +
1

1 + x2
1x2 · · · xn−1

≥ α �
dn>?Br57>?MÔ1

α > 0
_ .;BG>S~?1CE(J?34E
x1

x2

+
x2

x3

+ · · · +
xn

x1

≥ nα

n − α
x1x2 · · · xn

_
� �& �� "����?� �4� �&+��W��* ³ �& j·64��?��� �>�/� "0 4��& 	 ('�,�'�*-1 �$� "('1. � �D(&'4�)* �!�M* � � ! A

� J01���F ~?1S9 b >?9;:?F�EGF2>?9�FDMNK?/DFH1S5rE(J?3�E
n > α

_ � 1�E
tk =

(
xk

xk+1

)(
1

x1x2 . . . xn

) �
z�J01SBG1PFD9;:?F b 145�3SBG1OE�3��6149ÔMN>0:?@0/H>

n
_ �4FD9 b 1

f(t) =
t

t + 1

FD5�3 b >?9 b 3�~?1OdH@;9 b EGF2>?9
>?9

(0, ∞) � z�1PJ?3�~?1
n(t1 + t2 + · · · + tn)

t1 + t2 + · · · + tn + n
= nf

(
t1 + t2 + · · · + tn

n

)

≥ f(t1) + f(t2) + · · · + f(tn)

=
1

1 + t−1
1

+
1

1 + t−1
2

+ · · · +
1

1 + t−1
n

≥ α �
z�JAF b J�FH5!1S�?@0F ~A3S/H1S9AE�EG>

t1 + t2 + · · · tn ≥ nα

n − α
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 � � � � � � ������H�P9E#C � � J@VOCMG0E � � ��� �
� ��� � � � ��� F L�L#H�POJ@F �9H�PRK �
E#J0C �9K V9KZE �
HON NZE��RE��	�/H � N F C ����B�� � ��� � � � � � � � � �3\ � � � �   �� ��� �)C �RE�NZH
�9K V9KZE ��CRFZYOE#J@LIFZK 
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E#C � 
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+FSHON V ��CRFZYOE#J@LIFZK 
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� F N N L �
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9�4B�V'��
� KDT n

a K	M G W G T]K ^ K�d J�WkTVL n ≥ 3
� bYK(T\K�d\efW G KsTVL1K�j#K�d]S1K�X S�g!TVL1KsgE[ G Z]T]WxS G

fn(x) =

n−1∑

k=1

sin(kπ/n)

sin
(
(kπ/n) − x

)
�



� ä ß

� �& �� "����?� %; *" + '�� . �M���>31'4. _
� E
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sin x
36BG1k9;>�E±�'1SBG>0145r>Ad

fn(x)
_� J014BG14dn>?BG1 � z�1 b 3S9�FHM8KZ>?571CE(J01PBG1S5IEIBGF b EGF2>?9 sin x 6= 0

_
� J0149�z�1OM83�<�zPBGF�EI1

(sin x)fn(x) =

n−1∑

k=1

1

cot x − cot(kπ/n)
=

P ′
n−1(cot x)

Pn−1(cot x)
�

z�J01SBG1
Pn−1(z) =

n−1∏

k=1

(
z − cot(kπ/n)

) _
� JA@;5 � Pn−1(z)

FH5-3!KZ>A/ <09;>?M�FH34/�>AdA:;1S��BG161
n−1 � 369;:CFQE�5±�'14BG>01S5
3SBG1rE(J01�9?@;MÔL01SB�5

cot(kπ/n)
dn>?B

k ∈ {1 � 2 � . . . � n − 1} _á� L0571SBx~?1CE(J?34E�E(J01S571P3SBG1P3S/D5*>�E(J01PBG>0>�EG5>AdZE(J01�1S�?@;3�EGF2>?9 (z + i

z − i

)n
= 1

_ � Eádn>A/Q/2>6zP5áE(J?3�E

Pn−1(z) =
1

2in

(
(z + i)n − (z − i)n

) _
� J0149

P ′
n−1(z) = (n − 1)Pn−2(z)

_|� J01Ô�'14BG>01S5�>Ad
P ′

n−1(z)
36BG1NE(J01Ô�'1SBG>0145

>Ad
Pn−2(z) � 9036MN14/ < � E(J0189?@;MNL;14B�5 cot

(
kπ

n − 1

) dn>?B
k ∈ {1 � 2 � . . . � n − 2} _� J0145*1P9?@;MÔL01SB�5!36BG1P9;>�E��'1SBG>0145�>Ad

Pn−1(z)
_�� J014BG14dn>?BG1 � E(J01*<83SBG1OE(J01��'14BG>01S5!>Ad

P ′
n−1(z)/Pn−1(z)

_� 1 b 36989;>6z b >?9 b /D@Z:01�E(J?34E�E(J01��'1SBG>0145!>Ad
fn(x)

3SBG1�E(J01C~A3S/Q@Z1S5!>Ad
x
5'@ b J

E(J?34E
cot x = cot

(
kπ

n − 1

) dn>?B
k ∈ {1 � 2 � . . . � n − 2} _�� J01S571O36BG1CE(J01O9?@;MÔL01SB�5

mπ

n − 1
� z�J014BG1 m

FH5�3S9�<�FH9AEG16�414Br9;>�E�:AF�~AFH5(F2LA/21PLS<
n − 1

_
�)N L#H L#HONSY'E'[ 	�
 � � � � � �&� � �� B � ��� �MJ0L/PON F C
E#C � 
 � C9V'LIFZP � ���SC9C�L�	 J�PRG � � ��P'L#K J@F V ��VOCM[
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E�F C
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K FSK 


fn(x) =
n sin

(
(n − 1)x

)

sin(nx)
�

T �9FSG��=F L Y�VON FZ[ V'L3NZH'C ��V'L
x
F LXCMH9K�V ��E#J�H=H�


sin(nx)
\ �/F C
GIE�K �ME ��E#J�H9E#L H�
�K �
E J@F � �
K�LIFZ[�E�V'J�E �+POFSKQE

EOY#FS[�E#CMK �;K �RF L3FS[�E#CMK FZK 
 � J�HRY#FS[�E#L3V'C=F � � E'['F VRKQE�L#HONZP9K FZH'C KZH=K �
E � J�H 	'NSE���\
� �MH�P L/P � � N FSE'[�V � J�H9H�
;H�
;K �
E�V 	�HRYOEWFZ[�E#C
K FSK 
�\ �)CUE�NSE��'VOCMK � J�H9H�
 � V�
�	�E H 	�K V/F C
E'[ 	�
��RHOF C �V N FZKQK NSE 
@POJ:K �
E#J3TXFSK � K �
EWFS[�E#V'LDF C-K �MEWL#HONZP9K FZH'C V 	�HRYOER\ �=EXNZE#VRY'E K �RF L)VOL3V'C-E�
9E#J�GZF L#E 
QH'JXK �MEWJ�E#V9[�E#J#\
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FHG Z\WEd]Z _ K Γ J�WkTVL3ZVK G T\d]K O M G ` d
M�`�Wk[6X R I6J�K+L�MDN�K TVL�d]K�Kfp6M�d
M _k_ K _ Z#L1S�d]`�X
A1A2 I B1B2 IBM G ` C1C2

� Q�L1S�JiTVL�M�TqTVL1KfS�d
TVL1S1Z\K G T\d]K�XsS�g�TVL1KfKDW ^ L�TqT\d]W?M G6^(_ K�XL�MDN�W G6^ N�K�dwT]WxZ\K�X Ai I Bj I�M G ` Ck

O
i I j I k ∈ {1 I 2}P M�d]K	ZVS _k_ W G K�M�d �
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� '  � ),+/ :�>34% '4.�,�*%¶ �� !3 ��.-'+*X>��3* � � ! � �M�>3 +/�:� � ' �$���0 !��*W7 � � �!3 ��·>�@* � �+� �>� � ³ '>"('1. � AX1��3�;*¶-�:�& �� � ����(&'4. 3 �("I M* �&�pµ ��.,�D./��* 4;! * � � ! � �W� � ' � �&+ �)�;*#34"/�).-'1� "0* ���?�Nµ �	 � �3�4��& �8
 ('�,!��� " '%5 � 34"�� "/��"('�* �M�?. �?� ":�;* <-> � �4� �!+ �W�M* ³ �& =· 4��?��� �>�/� "0 4��& 	 ('�,�'�* 1 ��� " '4.
� �)(&'1�3* �!�M* � � ! � �1� "/� �D(��?� �>.��M*=4��?� ��&� '��34"��@*�$ �?���&����� � �>��. " + ' � . �M���>31'4. _

Ý J0>0>?571 b >0>?BG:AFH903�EI145!57>�E(J?3�E�E(J01�149;:;}(KZ>AFD9AEG5!>AdZE(J01���F ~?1S9 b J0>?BG:05�36BG1
A1(− cos α, sin α) � A2(cos α, sin α) �
B1(− cos β, sin β) � B2(cos β, sin β) �
C1(− cos γ, sin γ) � C2(cos γ, sin γ)

_
� J0149�E(J01�1�F2�4J�E�>?BÓE(J0> b 149AEIBG1S5�36BG1

(± cos α ± cos β ± cos γ, sin α + sin β + sin γ)
_

� � JAFH5�FD5�3µ�69;>6zP9ÌBG1S5(@0/QE
�
5*1S1 � dn>?B�1 
S3SMNK?/21 � �0_ }7� _ � 36J?9 � 4��?���  '/" > �>� % '1.23

�>��.L¸#'��?� '?" ./ � � 3�E(J _�` 5757> b FH3�EGF2>?9{>Ad ` MN1SB�F b 3 � � � � Þ � K _ ßS� _ � EkFD5 � J0>6z�1*~?1SB �MÔ>?BG181S3S5'FQ/�<�K0BG>S~?1S:=E(J?369�/2>0>0�61S:�@;K±Ø � d
P � Q � 3S9;: R

3SBG1�E(J?BG1S1�~?1 b EG>?B�5�d2BG>?ME(J018>?BGFH��FH9
O
EG>=KZ>AFD9AEG5�>?9�3 b FDB b /21 b 1S9AEIBG1S:�3�E

O � E(J01S9ÔE(J01 b 1S9AEIBG>AFH: M
>Ad-E(J01EIBGFD369;��/H18dn>?BGMÔ1S:RLS<=E(J01�EGFHK05P>Ad�E(J0145*1�~?1 b EG>?B�5�FH5�34E

(P + Q + R)/3 � 369;:�E(J01KZ>AFD9AEG5
O � H � M >?9�E(J01 � @0/H1SB�/DFD9;1P5'34EGFD5'dQ<

OH = 3OM
_ �� @;B�K;BG>0>Ad±FH5 b >?M8K0/H1�EG16:=LS<=>0L0571SBx~AFH9;��E(J?34E�3S/Q/-1�F2�4J�E!>AdqE(J01�>?BÓE(J0> b 149AEIBG1S5/DFH1C>?9OE(J01�/QFH9;1

y = sin α+sin β+sin γ � z�JAF b JPFD5�K;3SB�3S/Q/21�/�EG>�E(J01C��F�~?149 b J0>?BG:?5 _
�)N L#H L#HONSY'E'[ 	�
 � � � � � � 
 � � � � � � � � ��H�P9E#C � � J@VOCMG0E � �'B �� �)\ � � � � �&� � �MJ@V'C
[�E

�+J@VOF J@FZE���� 
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