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In this issue, we present some readers’ solutions to problems from the
Memorial University Undergraduate Mathematics Competition, held in
March 2000. [2000 : 257]

2. Evaluate 3 4+ y® where  + y = 1 and 2 + y2 = 2.

Solution by Catherine Shevlin, Wallsend upon Tyne, England.
Note that

(* +y*) (e +y) = 2> +y°+ay(z+y)

= @’ +9°+3((x+9)? - (2 +9%) (= +v).
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3. In triangle ABC, we have ZABC = ZACB = 80°. P is chosen on line
segment AB such that /ZBPC = 30°. Prove that AP = BC.

Solution by D.]. Smeenk, Zalthommel, the Netherlands.
Draw equilateral AABQ with Q
on the same side of AB as C.

Therefore, 2 4+ y> =

Then AACQ is isosceles, giving
AC = AQ.

Since ZCAQ = 40°, we have
/ACQ = LAQC = T0°.

Similarly, since ZABQ = 60°, we
have Z/CBQ = 20° = Z/BAC, so
that Z/ACP = /BPC—-/BAC =
10°.

Thus, we have

/CBQ = /PAC = 20°,
/CQB = /ACP = 10°, B
BQ = AC,

showing that ABCQ is congruent to AAPC. Thus, BC = AP.



4. Show that (20300) = (1)(1998) + (2)(1997) + ... + k(1999 — k) + ...

.o 4 (1997)(2) + (1998)(1).
Solution by D.]. Smeenk, Zalthommel, the Netherlands.

1998 999
> k(1999 — k) = 2 k(1999 — k)
k=1 k=1
999 999
= 2-1999-> k — 2> k% (1)
k=1 k=1
Also, Z K2 — n(n+1)(2n + 1) . @
6
k=1
From (1) and (2), we obtain
1998
> k(1999 —k) = 2-1999-1.999-1000 — 19991000 - 1999
k=1

2.999.1000-1999 = 1.2000- 19981999
2000
(37) -

7. Let f(z) = (e — 1)(xz — 2)...(x — n).
1. Show that f'(0) = (—1)"n!
2. More generally, show thatif 0 < k < n,
then f/(k) = (—=1)""*k!(n — k)!
Solution by Catherine Shevlin, Wallsend upon Tyne, England.

Taking logarithms and differentiating, we have

1
x—k

fll@) = f@))
k=0

- (:13—1)(:13—2)---(:13—71)<1+wwj+"'+ ? )

Thus, f/(0) = (=1)(—=2)--- (—n) = (=1)"n!.
More generally, if 0 < k < n, we have
fiiz2) = 2(z—1)---(z—k+1)(z—k—1)-- (2 —mn)
y (w—’“+...+£+1+&+...+w—"’)
T x—k+1 x—k—1 z—mn/’
showing that
f(k) = (ke (k=1)---2:1)-(=1)-(=2) - (=(n—k)) = k!{(=1)"""(n—Fk)!.




We end this issue with the problems of the 2000 William Lowell Putnam
Mathematical Competition, reprinted with permission of the Mathematical
Association of America.

SIXTY-FIRST ANNUAL
WILLIAM LOWELL PUTNAM MATHEMATICAL COMPETITION
Saturday, December 2, 2000

Problem A1l.
o0
Let A be a positive real number. What are the possible values of azjz.,
;=0
oo J
given that o, ®1, 2, ... are positive numbers for which >~ z; = A?

7=0
Problem A2.

Prove that there exist infinitely many integers n such that n, n+1, and n 4+ 2
are each the sum of two squares of integers.

[Example: 0 =02 4+ 02,1 =024 12% and 2 = 12 4 12.]

Problem A3.

The octagon P, P, P3P,P5;PsP;Ps is inscribed in a circle, with the vertices
around the circumference in the given order. Given that the polygon
P, P3PsP; is a square of area 5 and the polygon P, P,PsPs is a rectangle
of area 4, find the maximum possible area of the octagon.

Problem A4.
Show that the improper integral

B

lim sin(z) sin(x?) da
B—oo g

converges.

Problem A5.

Three distinct points with integer coordinates lie in the plane on a circle of
radius » > 0. Show that two of these points are separated by a distance of
at least 1/3,

Problem A6.

Let f(x) be a polynomial with integer coefficients. Define a sequence ag, a;,

. of integers such that ap = 0 and an41 = f(ay,) for all n > 0. Prove
that if there exists a positive integer m for which a,,, = 0 then either a; = 0
or az; = 0.



Problem B1.
Let a;, bj, and ¢; be integers for 1 < 5 < N. Assume, for each j, that at
least one of a;, b;, ¢; is odd. Show that there exist integers », s, ¢ such that
raj + sbj + tc; is odd for at least 4IV/7 valuesof j,1 < 5 < N.

Problem B2.
Prove that the expression
ged(m, n) (n )
n m

m!(n;m)!

is an integer for all pairs of integers n > m > 1. [Here, () =
and ged(m, n) is the greatest common divisor of m and n.]

Problem B3.
N
Let f(t) = > a;sin(2wjt), where each a; is real and ay # 0. Let Ng
1

J1=

dk
denote the number of zeros (including multiplicities) of ?,{
Prove that No < N; < N3 < --: and lim N = 2N.

k—oco

Problem B4.
Let f(=) be a continuous function such that f(2z2 — 1) = 2z f(=) for all =.
Show that f(x) = 0for —1 < & < 1.

Problem B5.
Let Sp be a finite set of positive integers. We define finite sets Sy, S2, ... of
positive integers as follows:

Integer a is in Sp41 if and only if exactly one of a—1 or a isin S,,.

Show that there exist infinitely many integers N for which

SN =SoU{N +a:aé€ Sp}.

Problem B6.
Let B be a set of more than 27! /n distinct points with coordinates of the
form (x1,=%1,...,x1) in n—dimensional space, with n > 3. Show that

there are three distinct points in B which are the vertices of an equilateral
triangle.
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Send us your interesting solutions.

We are always pleased to receive submissions for this corner.

B aau W e o S o



