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The Symplectic Geometry
of Polygons in the 3-Sphere

Thomas Treloar

Abstract. 'We study the symplectic geometry of the moduli spaces M, = M,(S?) of closed n-gons with
fixed side-lengths in the 3-sphere. We prove that these moduli spaces have symplectic structures ob-
tained by reduction of the fusion product of n conjugacy classes in SU(2) by the diagonal conjugation
action of SU(2). Here the fusion product of n conjugacy classes is a Hamiltonian quasi-Poisson SU(2)-
manifold in the sense of [AKSM]. An integrable Hamiltonian system is constructed on M, in which
the Hamiltonian flows are given by bending polygons along a maximal collection of nonintersecting
diagonals. Finally, we show the symplectic structure on M, relates to the symplectic structure obtained
from gauge-theoretic description of M,. The results of this paper are analogues for the 3-sphere of
results obtained for M, (H?), the moduli space of n-gons with fixed side-lengths in hyperbolic 3-space
[KMT], and for M, (E?), the moduli space of n-gons with fixed side-lengths in IF> [KM1].

Introduction

This paper is an analogue to [KM1] and [KMT] which studied the symplectic geom-
etry of moduli spaces of polygonal linkages with fixed side-lengths in Euclidean 3-
space and hyperbolic 3-space, respectively. We obtain the moduli space of polygonal
linkages with fixed side-lengths in the 3-sphere, $°, by the reduction of a nondegen-
erate Hamiltonian quasi-Poisson SU(2)-manifold in the sense of [AKSM].

We will use the following definitions throughout this paper. An (open) n-gon P
in $° is an ordered (n + 1)-tuple of points in §* C C%, P = [yy,..., Yu1], called
the vertices. We join the vertex y; to the vertex y;;1 by a shortest geodesic segment e;,
called the i-th edge. This puts the restriction on the length of ¢; < wforall1 <i < n.
Let Pol,,(S*) denote the space of n-gons in S°.

An n-gon is said to be closed if y,;1 = y;. We let CPol,,(S?) denote the space
of closed n-gons in §°. Let Isom,(S®) denote the group of orientation preserving
isometries of $*. There exists a natural (diagonal) action of Isom,(S*) on Pol,($%)
by

Syl =18y 0,8 Yurl.

Two n-gons P = [y1,...,yur1] and P’ = [y{,...,y,,,] are said to be equivalent if
there exists ¢ € Isom,($®) such thatg - P = P’.

Fix an n-tuple of strictly positive real numbers r = (r,...,r,) € R}. Denote
the space of open n-gons with fixed side-lengths, d(y;, yir1) = i, by N.(S?). Let
CN,($*) = N,(S*) N CPol,,($?), the space of closed polygons with fixed side-lengths.
Finally, let M,(S*) = CN,($%)/Isom(S®). We study M,(S®), the moduli space
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closed n-gons with fixed side-lengths in S® by the group of orientation preserving
isometries.

Fix * € $°. Denote by Rot($?, %) C Isom,(S*) the group of rotations of $°
fixing . Let Pol,(S’, %) denote the space of n-gons in S® such that y; = *. Let
CPol,,(S?,%) = CPol,(S*) N Pol,(S?, %), N.(S*,%) = Pol,(S>, %) N N,(S?), and
CN,($%, %) = CPol,,(S*) N N,(S?, ).

It is easy to see the space M,(S’) can be identified with CN,(S*, %)/ Rot(S?, *),
the moduli space of closed, based n-gons with fixed side-lengths in S$* by the group
of rotations about the first vertex .

The group of orientations preserving isometries is given by Isom. (S’) =
(SU(2) x SU(2)) /{=£I}. The group of rotations fixing the north and south poles
is the diagonal subgroup, K ~ P SU(2), and translations are given by Isom(S®)/K
which we identify with SU(2).

In this paper, a symplectic structure is obtained on M,(S?) by reduction of a
Hamiltonian quasi-Poisson SU(2)-manifold. We are interested in finding an inte-
grable system on M,(S?). Denote by d;; a shortest geodesic segment connecting the
vertices y; and y; (we assume i < j), which we call a diagonal. Let £;; be the length
of the diagonal d;;. Then /;; is a continuous function on M, (S$?), but it is not smooth
when either /;; = 0 or {;; = 7. If d;; and dy,, are nonintersecting diagonals, then

{gingkm} =0.

By considering a maximal collection of nonintersecting diagonals, we obtain
% dim(Mr(S3)) = 2(n — 3) Poisson commuting Hamiltonians.

The Hamiltonian flow ¥ j associated to a ;; has the following nice description.
Separate the polygon into two pieces via the diagonal d;;. The Hamiltonian flow is
given by leaving one piece fixed while rotating the other piece about the diagonal
at constant angular velocity with period 27. The flow ! j is called the bending flow
along the diagonal d;; and defines a T"~>-action on M,($?).

The paper is organized as follows:

In Section 2, we give the Lie group description of spherical polygons.

In Section 3, we give criteria for the moduli space M,(S*) to be smooth and
nonempty.

In Section 4, we give the necessary background material on quasi-Poisson mani-
folds.

In Section 5, we obtain a symplectic structure on M,(S;) and study the Hamilto-
nians /;; and their associated Hamiltonian flows.

In Section 6, we obtain the an action of the pure braid group on M,(S?) given by
the time 1 Hamiltonian flows of a certain family of functions.

In Section 7, we relate the symplectic form on M, (S?) to symplectic form given on
the relative character varieties on n-punctured 2-spheres.

We note that the moduli spaces of polygons in the 3-spaces of constant curvature
give examples of completely integrable systems obtained from the theory of Manin
pairs associated to a compact simple Lie group [AMM?2]. The Manin pairs corre-
sponding to the various moduli spaces are:
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° (su(2) X su(2)*, su(Z)) for polygons in the zero curvature space (Lie-Poisson
theory);

° (slz((C) = su(2)¢, su(2)) for polygons in negative curvature space (Poisson-Lie
theory);

° (su(Z) ®su(2), su(2)) for polygons in positive curvature space (quasi-Poisson Lie
theory).

Acknowledgments The author would like to thank John Millson for introducing
him to symplectic geometry and for many interesting discussions. Thanks are due
to Bill Goldman for many useful conversations. The author would also like to thank
Eckhard Meinrenken bringing to his attention [AKS] and [AKSM].

2 Lie Group Construction of Spherical Polygons

We identify S C C* with SU(2) by the map which takes (z;,z,) to (zl —Z_Zz> Fix
) 7

* € S° to be the north pole of $°, * = ((1) (1)) . The group of orientation preserving

isometries of §*, Isom . ($%), is given by G = (SU(2) x SU(2)) /{+I} with the action
of G on $? given by

GxS =S
((kl,kZ),x) (g klxkgl.

The diagonal subgroup, K ~ PSU(2), of G acts as the group of rotations on
S* fixing the north and south poles. Translations are then given by G/K, which we
identify with SU(2) by the map

G/K — SU(2)
(ki,ko) = kiky

Recall the definitions of the various polygon spaces given in Section 1. We have a
diffeomorphism from n copies of SU(2) to Pol,(S?, %), the space of n-gons in $°
based at the point * given by

®: SU(2)" — Pol, (S, %)
(k17k27 e kn) — [*7k1>i<,k1k2*, ey klkz ce kn*]

The condition for a polygon to be closed is ki k; - - - k, = I. The map P restricts to a
diffeomorphism

®: {(ki,...,k,) €SUR)":ky---k, =TI} — CPol,(S’, %).

It is easily seen that the map ® is K-equivariant where the action on SU(2)" is
given by diagonal conjugation and and on Pol,,($?, *) by the natural (diagonal) ac-
tion.
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We next see that fixing side-lengths for a polygon corresponds to restricting to
conjugacy classes, C\ C G. Letk, k' € C,. If there exists ¢ € K so that ¢g-k = k’, then

Ak #,%) = d(g - ke,g - %) = d(k' - %, %)
We have the following lemma.

Lemma 2.1 The map ® induces a K-equivariant diffeomorphism between []:_, C,
and N,(S?, %), the configuration space of open based n-gon linkages with fixed side-
lengthsr = (r1,r2,...,1,) € R}, wherer; = d(kix, x) fork; € €, 1 <i < n.

We now have the identification {(ki, ..., k,) € [T, C\ : ki ---k, = I}/SU(2)
with M,(S?) by ®.

3 Criteria For Smoothness and Nonemptiness

In this section we give necessary and sufficient conditions for the moduli space
M,(S?) to be nonempty and sufficient conditions for M,(S*) to be a smooth man-
ifold.

Let IT: CPol,(S?) — R" be the map that assigns to an n-gon P its set of side-
lengths, TI(P) = (ry,...,r,) withr; = d(x;, x;41), 1 <i < n. Letl C{1,2,...,n},1
denote the complement of I, |I| denote the cardinality of I, and r; = )., 7i.
Lemma 3.1 The image of 11 is the closed polyhedron D, defined by the inequalities

0<r<m1<i<mn, and

rr<r+ (I —Um I C{1,2,...,n}, withl|I|odd.

Proof The proof for n-gons in $* was given by Galitzer [Ga]. Since any n-gon, P, in
$™ can obtained from a finite number of bends along diagonals of an #n-gon, P/, in
$? C S, these inequalities hold for all n > 2. |

We next give sufficient conditions for M,(S?) to be a smooth manifold. We will use
two results and the notation from Section 5.1 (the reader will check that no circular
reasoning is involved here). By Theorem 5.2 we find that M,($?) is a symplectic
manifold obtained by the reduction of a non-degenerate Hamiltonian quasi-Poisson
manifold,

M,(S?) = (pln,s) ' (1)/ SU(2).

By Lemma 5.1, 1 is a regular value of y unless there exists P € CN,(S?, ) such that
the infinitesimal isotropy su, [p = {X € su; : Xcn, (s34 (P) = 0} is nonzero.

Definition 3.2 An n-gon P is degenerate if it is contained in a geodesic.

We now have the following lemma due to Galitzer [Ga], also see [KM3].
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Lemma 3.3 M, (S?) is singular only if there exists a partition {1,...,n} = I11 ] with
#(I) > 1,#(]) > 1 and m € 7 such that

Zri :Zr]+2m7r.

icl j€J

Proof Clearly su; |p = 0 unless P is degenerate. But if P is degenerate there exists a
partition {1,...,n} = I'IT J as above (I corresponds to the back-tracks and J to the
forward-tracks of P). [ |

Remark 3.4 In the terminology of [KM1], M,($?) is smooth unless r is on a wall of
D,.

4 Quasi-Poisson Manifolds

4.1

We have seen that N, ($?, *) can be identified with the product of # conjugacy classes,
[T, €. In this section, we introduce the machinery needed to construct quasi-
Poisson bivectors on these spaces. We begin by reviewing basic definitions and results
for quasi-Poisson K-spaces. For a complete treatment of quasi-Poisson manifolds see
[AKS] and [AKSM].

Basic Definitions and the Moment Map

Let K be a Lie group whose Lie algebra { is equipped with an invariant nondegenerate
bilinear form. Let {¢;} be an orthonormal basis with respect to the bilinear form on
f. We define p € A’g by

cp:Zfi’}ei/\ej/\ek,

where [e;, e;] = >, fi’;ek.
We denote by the subscript M, xu, the vector field (rgsp. multivector field) on M
induced by the action of K on M and x € f (resp. x € A'f) satisfying

d
M Garf)m) = 2| f(exp(=tx) - m)

where f € C>®(M) and m € M. This is a Lie algebra homomorphism, i.e.
[xm, ym] =[x, ylm forx, y € 1.

Definition 4.1 A quasi-Poisson manifold is a K-manifold M, equipped with an in-
variant bivector field my; € C*° (M, A>TM) such that the Schouten bracket of my, is
the invariant trivector field,

[, Tm] = Qum-

We next define the notion of a K-valued moment map.
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Definition 4.2 An Ad-invariant map pu: M — K is called a moment map for a
quasi-Poisson K-manifold (M, my) if

mho (A" ) = (0" (5 + ) P,

for all functions f € C*°(K). The triple (M, my, 1) is then called a Hamiltonian
quasi-Poisson K-manifold.

The following lemma gives us the formulation of the moment map most useful
for this paper.

Lemma 4.3 Let (M, my) be a quasi-Poisson K-manifold. An Ad-equivariant map
w: M — K is a moment map if and only if

((1+Ad,-)X),,,

N | —

(1”6, X)) =
forall X € tand 6 = k~'dk the left-invariant Maurer-Cartan form on K.

Proof See [AKSM]. |

Although the Schouten bracket of the bivector field on a Hamiltonian quasi-
Poisson manifold is in general a nonzero invariant trivector field, we may still de-
fine a notion of reduction to obtain a symplectic manifold.

Lemma 4.4 (quasi-Poisson reduction)  Let (M, myy, 1) be a non-degenerate Hamil-
tonian quasi-Poisson manifold. Let M, be the subset of M on which the K-action is free.
Let 1 € K be a regular value for p: M — K. Then intersection of = '(1)/K with
M../K is a symplectic submanifold.

Proof See [AKSM]. [ |

4.2 Conjugacy Classes as Quasi-Poisson Manifolds

The basic example of a Hamiltonian quasi-Poisson K-manifold is (K, 7x, ;1) where
the action is given by conjugation, the moment map p = idg is the identity map on
K, and the bivector 7k is given by

1
(k) = 2 dRiei A dLie;.

The bivector 7k restricts to a nondegenerate quasi-Poisson bivector on conjugacy
classes € C K. The triple (C, 7g|e, 1t|e) is a Hamiltonian quasi-Poisson K-manifold.
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4.3 Fusion Product of Quasi-Poisson Manifolds

Given Hamiltonian quasi-Poisson K-manifolds (My, 7, 1) and (M, 72, pp), it is
not true that M; x M, with the product bivector is a Hamiltonian quasi-Poisson K-
space for the diagonal action of K on M; x M,. We must construct a new bivector,
Tus» ON My X M, for the diagonal action to be a quasi-Poisson action. M; x M, with
this bivector is called the fusion product and denoted M; ® M,. This construction is
due to [AKSM].

As defined in Section 4.1, the subscript M denotes the vector field, or multivector
field, induced by the action of K on M. We define ¢ € A(f & 1) to be

1
P = 3 Z e,—l A ef
i
where {e; } is a basis of f and the superscripts refer to the respective f-summand.
Proposition 4.5 Let (M, ) be a quasi-Poisson K x K x H-manifold. Then

Tus = T — Py

defines a quasi-Poisson structure on M for the diagonal K x H-action. Moreover, if
(1, p2, ) M — K x K x H is a moment map for the action, then the point-wise
product (1 42, ppr) is a moment map for the diagonal K x H-action.

Proof See [AKSM, Proposition 5.1].

In the previous section, we showed a conjugacy class € C K was a Hamiltonian
quasi-Poisson manifold. For this paper, the Hamiltonian quasi-Poisson spaces we are
most interested in are the fusion products of n conjugacy classes in K.

Example 4.6 Let (C ,m, p1) and (Cy,, ma, 2) be conjugacy classes in K. Then
Cy, x C,, with the the bivector

mus(ky, k2) = mi(k) + ma(ky) = > (dLye} — dRy,ef) A (dLi, €] — dRy,e}),

where the superscripts denote the conjugacy class on which ¢; acts, is a Hamilto-
nian quasi-Poisson K-space where the action is given by diagonal conjugation, k -
(ky, ky) = (kkyk~!, kkk=1). The moment map associated to this action is the prod-
uct /J/(kl, kz) = klkz.

We are now in the position to give a formula for quasi-Poisson bivector on the
product of n conjugacy classes given by fusion. The fusion product ®7 ,C), is a
Hamiltonian quasi-Poisson K-space with action given by the diagonal conjugation
and moment map p: ®7, C,, — K given by the product, u(ki, ka,. .., k,) =
kik; - - - k,. The quasi-Poisson bivector on this space is given by

1 i i 1 i i j j
Tius = 3 Z zl:(deie, AdLye)) = 5 > (dLe) — dRye)) A (dLye] — dRye])

i<j 1
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where the superscripts i, j denote the conjugacy class C,,, €y, C ®_,C,, on which
e € facts.

The following remark from [AKS, Example 5.5.4] gives the nondegeneracy of
@1 ,Ch-

Remark 4.7 Let (M, m, 1) be a Hamiltonian quasi-Poisson K space. Then (M, 7, 1)
is nondegenerate if and only if for each m € M,

ker(ﬂ'u(m)) = {p" (x,0) : x € ker(1 + Ad () }

where x € T.

4.4 Poisson Bracket on C*>(®!"_ €, )X

For a general quasi-Poisson manifold (M, mys), we can define a bracket on C*° (M) by
{1, 2} = mm(dipy, dipy), where ¢y, b, € C°°(M). This bracket is not, in general, a
Poisson bracket. This is because the Schouten bracket of 7y, is an invariant trivector
field, ¢u, not necessarily zero. The bracket does however define a Poisson bracket
when we restrict to C*(M)X, the smooth K-invariant functions on M.

We will next find a formula for the Poisson bracket on the K-invariant functions
on the fusion product of n conjugacy classes in K. Let f; C €D._, f denote the i-th
summand, v; € fj,and k = (ky,...,k,) € ®",C),. Fory € C°(®_,C),) we define

Diwi @;—1:1 G,\[ — 1§, D;w @:—l:l G)\i —
by

d

. N = til.
(D), vi) = | ok, ki k)

d
(Divp(k),v) = —

ki kil k).
2wtk ke )

Here (, ) is the nondegenerate invariant bilinear form on f extended to @!_, f by
(x,y) =20 (xi,yi) forx = (x1,...,x,) € P, fand y = (y1,...,ys) € P, L.

Lemma 4.8
Ady, Dip(k) = Diy(k).

Proof

(Ady, Div(k), v;) = (Dj3(k), Ady—1 1)

d v
= 2| vk Ad ek
d v
—E‘tzo’(/}(kh...,e k,,...,kn)

= (Dip(k), vi). ]
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We also define

j—1
Ui(k) = [Dip(k) = Diyp(k)] + Dy (k)

i=1
We now give a formula for the Poisson bracket on C>°(®"_, €, )X.

Proposition 4.9  Let ¢, € C®(®"_,C\)X then

n

{6, 9} (k) =) _(Djp(k) — Djp(k), ¥ (k).

j=1

Proof Let us first note that ) (x, e/)(y,e)) = —(x,y) forx,y € fand {¢} an or-
thonormal basis of . Now,

(6,0} (K) = Tras(db, di)
= 23 S @R A dLi g, do)
i 1

= 33 S (el — dRye)) A (L] — Ry e)) (0o, )

i<j 1

1 . . ) )
= 3 22D (D6, ) (Dfsef) — (DI, e} {Divr, )
i 1

S DL6 — Dy ) (D} — Dy )

i<j 1
23S (D}~ Dy (D} - Ditnef

i<j 1l

- %Z(D{d),Diw) — (Di¢, D))

+2 3" (Dl6 — D6, Dl Dy} — (D} — Dy, Dl — Di)

i<j

_ %Z@;(p,pm — (Di¢, D})

+2 S7{D{6+ Di6, Dl — Dy) — 3 (Dl — Didy, Dl — Dy).

i<j i>j
But since ¢ € C*°(®_,C), )K is K-invariant, a quick calculation shows

> _IDigp = Digp] = 0.

1



Symplectic Geometry of Polygons 39

Using this fact and also that (D!¢, D/) = (D;¢, Dj1) for all i, we can rewrite the
above as,

{6,0} = 5 S 2(D{6 — D, Dip + D/)

1

3 S2UDI6 ~ Dig, Dy — Dy) — 5 S(DI6 ~ Di6, Dl — D)

i>j i>]
= Z<DZ<P—D1‘<P, ;). u
From the above proposition we can also define the Hamiltonian vector field X,
associated to ¢ € C®(®"_,C\ )X by X, = T (di)).

Corollary 4.10  The Hamiltonian vector field X, (k) = (Xl(k), - ,Xn(k)) associ-
ated to the K-invariant function ¢» € C>(®"_,C\,)X is given by

Xj(k):dej\I/j_de]\I/j7 1 §]§n

Proof We use the convention {¢, ¥} = do(X,) = Z?:1 dj¢(X;(k)). Proposi-
tion 4.9 gives us

dp(Xy (k) = {o, v}

=Y (Dj¢—D;¢, 1))

j=1

=" dip(dLy, ;) — d;jé(dRy, T ;)

j=1

= Zdjd)(dl,kj\:[fj — dej\I’j). |
=1

5 Integrable Systems on M, (S°)

We restrict to the case which gives rise to M,(S?), that is K = SU(2) and (, ) =
—% Trace(), although most of the results of this section follow for K = SU(n) and
(, ) the Killing form.

5.1 M,(S®) as a Symplectic Manifold

In Section 2, we constructed the K-equivariant diffeomorphism ®: [], €), —
N, (S?, %), defined by

(I)(kl, .. .,kn) = [>|<,k1>l<,k1k2>k7 .. .,k1k2 . kn*]
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In Section 4.4, we constructed a nondegenerate quasi-Poisson structure on H?:l Cy
with moment map associated to diagonal conjugation given by p(ky, k, ..., k,) =
kiky - - - k,. By Lemma 4.4, if 1 is a regular value of ;1 we obtain a symplectic structure
on i~ !(1)/K given by reduction.

Lemma 5.1 1 is aregular value of p if and only if {x € ¥ : xpy» | ey, = 0} = 0 forall
ke p (D).

Proof We refer to Lemma 4.3. Letx € fand k € []"_, C),. Then

x € (Im(dpl)) T w{x,0) =0

S 0= 7Tﬁ(,u* <X, 0>) = xH;‘:l Cy "

By Lemma 3.3, a polygon is said to be degenerate if it can be contained in a geodesic
of $°. It follows from the above lemma that if there does not exist k € p~!(1) C
[T, €, such that ®(k) is a degenerate polygon, then 1 is a regular value of .

We can therefore construct a symplectic structure on 1~ !(1)/K by quasi-Poisson
reduction.

Theorem 5.2  The moduli space M, (S?) containing no degenerate polygons has a sym-
plectic structure which is obtained from the symplectic structure on i~ '(1)/K via the
diffeomorphism ®.

In [AKSM], the authors prove the correspondence between nondegenerate quasi-
Poisson K-manifolds and quasi-Hamiltonian K-manifolds in the sense of [AMMI1].
In Section 7, we need a formula for the 2-form on [, €, which corresponds to
Tys. We will relate this 2-form to the 2-form obtained from the gauge-theoretic
description of M,(S?).

Remark 5.3 The 2-form on []"_, €, which corresponds to 7 is given by

w = Zw,‘ + % Z Z (Adkl---k,-_l é,’ Np Adk1-~-k7-_1 é])
i=1

i=1 j=i+1

where w; is the quasi-Hamiltonian 2-form on the conjugacy class C; C SU(2), see
[AMM1], and 6; is the right-invariant Maurer-Cartan form on C; C SU(2). We
denote by A, the wedge product together with the Killing form on K.

5.2 Hamiltonian Vector Fields

Let d; denote the diagonal connecting the 1-st vertex with the (i + 1)-th vertex. Let
¢; be the function giving the length of d;. We show that {¢;}!~,! give us an integrable
system on M, (S?). We first consider the functions

filk) =tr(ky -+ ki), 1<i<n.
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They are related to ¢; by
_ 1
l; = cos 1(—5]‘1) .
In this section we compute the Hamiltonian vector fields X, associated to the func-
tions f;.
See Section 4.4 for the definition of the Poisson bracket on C*=(&®"_,C,,)X. We
leave it to the reader to verify the following lemma.

Lemma 5.4
Dii fi(k) = D{fi(k), 1<i<j—1
D, fi(k) = D;f;(k)
foralll < j<n
We define F;: ®!_, C), — tby
Fi(k) = ((ky---kj) = (k- k™).
We then have the following lemma.
Lemma 5.5 F;(k) = —D, f;(k)

Proof Fork € ®,C) and X €t

d
<D1fj(k),X> = & Otr(etxklkz...kj)

= tl‘(Xkle e k])
= tr(kiky -+ k;X)

but since
tr((kiky k) 7'X) =t (ks k)" X) = tr(Xky - kj) = — te(ky - kjX)
it follows that
1 —1
trlkiks ki) = 2t (( (ko k) = (k- k) ™) X)
= (=(ky-- k) + (ky - - k)71, X).

Since —(ky - --k;j) + (ky - -- kj)_1 € fand (, ) is a nondegenerate bilinear form, we
have D, f;(k) = —((kl k) — (kp - kj)_l) = —F;(k). [ |

We have the following formula of the Hamiltonian vector fields X.
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Theorem 5.6  The Hamiltonian vector field Xy, has an i-th component given by
(Xj,(K),; = dR Fj(k) — dLi.Fi(k), 1<i<j,
(Xp(k)., =0, j<i<n
Proof Recall from Corollary 4.10 that for 1) € C*°(®7_,C), K, Xy (k) is given by
(Xy(k)), = dLi, ;(k) — dRy, W;(k)

where U;(k) = Dy1)(k) — Djb(k) + Dyw(k) — - - - — Di_19(k) + Ditp (k). This together
with Lemma 5.4 gives us

(X5 (k) ; = dLi, Dy f;(k) — dRi D fi(k), 1<i<j
and
(X5(k), =0, j<i<n.
In Lemma 5.5 we obtained —F;(k) = D f;(k) completing the proof. ]

5.3 Commuting Hamiltonians

In this section we will show the family of Hamiltonians under consideration, {f; }_,,
Poisson commute.

Proposition 5.7 {f;, fi} =0 foralli, j.

Proof Without loss of generality we may assume i < j, then by Proposition 4.9
j
{fi, i} (k) =Y (D fi(k) — Defi(k), F;(k))

k=1

j
= (Y2 (Difi0) - Defi)  Ei(h)
k=1
= (0, F;(k))
=0

Here we use 34, (D¢ fj — DLf;) = 0. u

5.4 Hamiltonian Flow

In this section we will calculate the Hamiltonian flow, QS», associated to f;. We will
see that these flows are the bending flows described in the introduction. The Hamil-
tonian flow is the solution to the ODE

dki . .
(2) == dRy, Fi(k) — dLFj(k) = [Fj(k), k], 1<i<j,
dk;
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Since we are working with matrix groups, we use the matrix commutator [, ] in the
above equation.

Lemma 5.8 F;(k) is invariant along solution curves of (2).

Proof To prove the lemma, it suffices to show that @3(1{) = ky(t) - - - k;(t) is invariant
along solution curves of (2).

pn ~§(k) (kl(t)kz(t) -kj(1))

dk;
= &(t)kz(t) ki—1(Dkj(0) + - + ki (D)ka(2) - - - d—t](t)

= [Fi(k®)),ki()] ka(t) - - kj(t) + ky (ko (t) - - - [Fj (k(2)) , kj(1)]

— Fj (k) k(1) - ;1) — k(1) - - K (O F; (k(1))
=0. |

Lemma5.9 The curveexp (tF;(k)) C K is periodic with period 2t/ | 4 — f7.

Proof To simplify notation, let X = F;(k) € f. Then

R N
~ det(X)
giving us
X = —(det(X)) X~ 'X = — det(X)I.
So,

o0

exptX = Z an

(D" (tdet(X))" X (~D)"(rdet(x))" X
Z (2)! ”; Qn+ DI Vdet(X)

:cos(tm)H%X

B o sin(tw/4—]‘}(k)2) A
705(1«,/4 f](k)>1+ T F;(k).

Therefore the curve is periodic with period 27 / 4 — fi(b)>. ]

We are now able to calculate the formula for the Hamiltonian flow g?.
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Theorem 5.10 Suppose P € M,(S>) has vertices given by [, ki, ... ki ---ky*].
Then the Hamiltonian flow, P(t) = Q;—(P), associated to the Hamiltonian f; has ver-

tices given by P(t) = [x, ki(t), ... ka(t) * } where

]E(t) — Adexp(tFj(k))(kl - ki)7 1 S 1 < ]
i kl-..k,‘7 j<i<n'

The flow is periodic with period 2t/ | /4 — f7.

The flow ¢’(P) has the following geometric description. Let d; be the diagonal
connecting the first vertex with the (j + 1)-th vertex, that is * with k; - - - kj*. Then
g?(P) rotates the first j vertices, ki - - - ki_1*, for 2 < i < 2, about the diagonal d;
at constant angular velocity. The flows {¢’}, 1 < j < n, do not give rise to a torus
action on M, ($?) since they do not have constant period. For example, as the length
of a diagonal goes to zero, the period of flow about that diagonal goes to infinity.

To get a torus action on M,(S?), we need to look instead at the length functions
{j(k) = cos™'(—1£;(k)). Then

and

1
/; —ﬂ

It is not difficult to see that the family of functions {/; }’]1;22 also Poisson commute,
although the Hamiltonian flows for these functions are not everywhere defined on
M,(S?). We restrict to the space M/(S?) such £; # 0 or {; # wforall1 < j < n.
The Hamiltonian flows { ¥’} on M;(S?) associated to {¢;} are periodic with constant
period 27 and constant angular velocity. These flows define a Hamiltonian (n — 3)-
torus action on the space M/(S?).

6 Braid Action on M,($°)

There exists an action of the pure braid group P, on the manifold M,(S*) which
preserves the symplectic structure. In this section, we show that the generators of the
pure braid group arise as the time 1 Hamiltonian flows of the family of functions h;;,

1<i<j<n—1whereh; e C‘X’(M,(SS))K is defined by,
2

hij(K) = %(cos*(f% tr(kikj))>

Let 7y, denote the quasi-Poisson bivector on C; ® €,. We have the following
proposition.
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Proposition 6.1 [AKSM, Proposition 5.7] The diffeomorphism R: Ci®C, — C,®C,
given by R(ky, ky) = (Ady, k2, k1) is a bivector map taking m; to 7).

A similar proof gives us,

Proposition 6.2  The diffeomorphism R': C; ® C, — C, ® C, given by R'(ky, k) =
(kz, Adk;1 ky) is also a bivector map taking i, to ;.

Remark 6.3 RoR' =Idc,ec, =R'oR

WenowdefineR;: C;®- - -®(C;®Ciy1)®- - -®C,, — C1® - -®(Ci 1 ®C;)®- - -®C,,
to be the map given by

Ri(ky, ... kiskivi, . ky) = (kyy oo, Adg ki Ky o k)

that is, R applied to the i-th and (i + 1)-th term of M,($%). R/ can be defined in a
similar way. See [Bi] for definitions of the full braid group, B,, and the pure braid
group, P,,.

Lemma 6.4 The full braid group B, has a faithful representation as a group of auto-
morphism of the closed n-gons in' S® in which side-lengths are fixed but the order of the
sides is not fixed. The generators of B, are given by R;, 1 <i <n— 1.

We now restrict B, to P, to get an action of the pure braid group on ®_,C,,.
This action induces a symplectomorphism on the moduli space M, (S?).

Corollary 6.5 LetAjj =Rj_10---oR;joR;oR/ o oR;_l, 1<i<j<nm
Ajj induces a symplectomorphism from M,(S®) to itself. The Ajj; 1 < i < j < n
are generators of P,, which has a faithful representation as a group of automorphisms of

M,(S?).

We will now show that the braid group actions A;; can be realized as the time one
Hamiltonian flows of the Hamiltonians h;; given at the beginning of this section. We
first study the Hamiltonian flows associated to the functions f;; € C®(®" €, )

given by f;;(k) = tr(kik;). Define F;;: ®i, C\, — tby F;;(k) = ((ki/l\cj) — (kikj/)\_l).
iltoni i s oi t _
thrlle Hamiltonian flow associated to f;; is given by <I>ij(k) = (kl(t)7 .. ,k,,(t))
ki, O<l<iandj<l<n+1
k() = { Ad eXp(tFij(k)))kl, 1=1i, ]
Ad((exp(tF;(0) Ky exp(—tF;(0) K ) ki, i <1< j.

Following the proof of Lemma 5.9, we obtain

Lemma 6.6

. <cos_1(—%tr(k)) k k1)> L
X -~ £ 7 — =
P \/4 —tr2(k)
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. . “H=1fik)
We now notice that for time t = M

>

T
=
2
=
z

The time for which ®! j flows depends on the point in M,(S?) at which flow begins.
We would like this time to be independent of the starting point. This can be achieved

by taking functions h;; = 1 (cos™'(—1£)) > The Hamiltonian flow éfj associated

to h;; is the renormalization of the flow ®} j so that

We can see the pure braid group as the integer points in the Hamiltonian flows ®! I

1<i<j<n

7 Connection With Symplectic Forms on Relative Character Varieties

7.1

of n-Punctured 2-Spheres

In this section, we relate the symplectic form on M,(S®) given in Remark 5.3 to the
symplectic form of Goldman type obtained from the description of M,($?) as the
moduli space of flat connections on an n-punctured 2-sphere. We follow the ar-
guments of Kapovich and Millson [KM1, Section 5] which considers the analogous
question for M,(E®). As a consequence, we obtain, using a result of L. Jeffrey, a sym-
plectomorphism from M, (E*) and M, ($?) for sufficiently small side-lengths.

We begin with the general case in which G is any Lie group with Lie algebra g
which admits a nondegenerate, G-invariant, symmetric, bilinear form.

Relative Characteristic Varieties and Parabolic Cohomology

Let ¥ = S* — {p1,..., pu} denote the n-punctured 2-sphere and Uy,...,U, be
disjoint open disc neighborhoods of p;, ..., p,, respectively. Further, I" is the fun-
damental group of ¥ with generators v; and T = {I'y,...,T',} is the collection of
subgroups of I" with I'; the cyclic subgroup generated by ;.

Fix py € Hom(I', G) a representation. In [KM1], the relative representation vari-
ety Hom(I", T; G) is defined as the representations p: I' — G such that p|r, is con-
tained in the closure of the conjugacy class of po|r,.

Remark 7.1 1f G = SU(2), there exists a py such that the relative character variety
Hom(T', T; G)/G is isomorphic to M,(S?). We will make this isomorphism explicit
later on.

Let p € Hom(I', T; G). Then p induces a flat principal G-bundle over . The
associated flat Lie algebra bundle will be denoted by ad P.

We define the parabolic cohomology, H;ar(E, ad P) to be the subspace of the de
Rham cohomology classes in H, (32, ad P) whose restrictions to each U; are trivial.
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7.2 Group Cohomology Construction of the Symplectic Form

Let b be the nondegenerate, G-invariant, symmetric, bilinear form on g. A skew
symmetric bilinear form

B: H,,(¥,ad P) x H,

par (X,ad P) — HX(Z,U;R)

ar

is defined by taking the wedge product together with the bilinear form b. Evaluating
on the relative fundamental class of ¥ gives the skew symmetric form,

A: H),(3,ad P) x H),(3,ad P) — R.

Poincaré duality gives us nondegeneracy of A, so A is a symplectic form on
Hom(TI', T; G). We will show A corresponds to the symplectic form @ given in Re-
mark 5.3.

We first pass through the group cohomology description of Hfl,
this correspondence explicit.

We identify the universal cover of 3, denoted ¥, with the hyperbolic plane, H?.
Let p: ¥ — X be the covering projection. We identify the A®(3, p* ad P) with
A*(3, g) by parallel translation from a point x,. Given [n] € H'(X,ad P) choose a
representing closed 1-form n € A!(X,ad P). Let ) = p*n. Then there is a unique
function f: ¥ — g satisfying:

o flx) =0
o df =1

A 1-cochain h(n) € C!(T', g) is defined by

h(n)(7) = f(x) — Ady) f(v'x).

This induces an isomorphism from H! (X, ad P) to H'(T", g). It can be seen that [] €
H;ar(E, ad P) if and only if h(n) restricted to I'; is exact for all i. That is, there exists
an x; € g such that h(n)(’yf‘) =x; — Adp(,’x{f

We construct the fundamental domain D for T' operating on H? as in [KM1].
Choose xy on ¥ and make cuts along geodesics from x; to the cusps. The result-
ing fundamental domain D is a geodesic 2n-gon with vertices v, . .., v, and cusps
v°, ..., vo° ordered so that as we proceed clockwise around 0D we see v;,v{°,. ..,
v, V2. The generator +; fixes v{° and satisfies ;v;.; = v;. Let e; be the oriented edge
joining v; to v{° and é; be the oriented edge joining v{° to v;;;. Then v;é; = —e;.

Let p € Hom(I', T;G) and ¢, ¢’ € T,,(Horn(F, T; G)/G) ~ Hllm(lﬂ7 g) be tangent
vectors at p. The corresponding elements in H,,, (3, ad P) are denoted a and o’ So
f: ¥ — gwhich satisfies df = & and fi(xp) = 0. Let f(v{°) = x;. Then

c(n) = f() = Adyy F(77 ')
= f(r7°) = Adyiy f7 V)
= fO®) — Ad ) f(V)
= x; — Ad () xi.

(3, ad P) to make

ar

) Xi for each ; a generator of I
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There is an equivalent formulas for ¢/, &/, and f’ with f/(v?°) = x/.

Let B4(I") be the bar resolution of I'. Thus Bi(I") is the free Z[I']-module on the
symbols [y1]72] - - - |7x] with

vl %]
k—1 )
=yl Pl + Y =0 il - + (D - el

i=1

Let Ci(I") = Bi(I') ®z 1) Z with Z[I'] acting on Z by the homomorphism e defined

by
> am)=> a.
i=1 i=1

Then Ci(7y) is the free abelian group on the symbols (1| - - - [v) = [ |72| -+ [l ®1
with

O(yilmal -+ )
k—1 .
= (l - 1) + DD ol il - ) + (D - )

i=1

A relative fundamental class F € C,(I") is defined by the property

OF = (7).
i=1

Let [,00] = Y0, (3 -+ - vi—1]7) € Co(1), then
Lemma 7.2 [T, 0T'] is a relative fundamental class.

Proof The proof is left to the reader.

We will now give the symplectic form A in terms of group cohomology. We de-
note by Uj the cup product of Eilenberg-MacLane cochains using the form b on the
coefficients.

Proposition 7.3

n

Ala,a’) = (cUpx{), (1) — (c Uy ¢/, [T, 0T])

i=1
We will use the next Lemmas to prove Proposition 7.3.

Lemma 7.4

/B(f,d’) +/B<f,a’> = b(cn), F'02°)) — blety), /()
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Proof Recall v;é; = —e;, so that é; = —

~lo. 'We then have

i

/e,-B(f,a’)+/B<f LB(f d/H/we,» B(f. &

Lemma 7.5

i=1

- / B(f.a') + / (1) B

=/B(f,a’>+/ (7Y f, (7))
:/B(f,d’)+/ (Adyr (37" fr Adpir (37 *a’)

i

= / (F — Ay (377 )

:/ (), a)

- (C(’%) f (VOO)) _b(c(%) f (Vl ) |

n

D b(ctn), /) =D b(cty), £/35%)) = (cUpyi, (30) +{cUpc’, [T, 0T]).
i=1 i=1

Proof By definition, for any x € H? and v € T’ we have

¢ (7) = f'(x) — Ad ey f (7).

Let v = «; and x = v;, then

C’(’Yi) = fl(Vi) - Adp('n) f/(ViJrl)-

Using f/(v;) = 0, we obtain

y--vi) = f'nm) — Ad p(y-y) fl('V;l e "Yflvl)

We will also need

'(m

and, since 7y - -

0:(;/(»')/1...

= —Adyy,-y) f'Vis1).

) =c (e yim) F Adpiy e € (1)

*Yn

=" (1) +Adyiy) (7)) + -+ Ad gy € ().
= 1’

) = ¢’ (V1) + Ad iy € (V) + -+ + Ad iy ) € ()
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We then have,

> b(c),f' ()

i=1

= - Z b(C("}/i)7Adp(m-~7,)*l CI(’YI e ’Yi—l))

i=1

n i—1
== Z b(Adl)("/l""‘/ifl) (i), Z Ad (21 C/('YJ'))
i=1 j=1

n i—1

= - Z Z b(Adp("/l""Yi—l) C(Vi)7Adp(’71""ijl) C/(’Yj))

i=1 j=1

== > b(Adpiyn ) € Adyiyny €'(7))

j=1 i=j+1

noj
= Z Z b(Adp('\/l""Yi—l) C(’yi)? Adﬂ("/l"")’jfl) CI(’YJ'))

j=1 i=1

= Z b(C('Yl e "Vj)ﬂ Adp(%"'%'*l) C/(’Yj))
j=1

= Z b(C(’YI “ =) A iy €()s Ad iy, C/('VJ'))
=1

= Zb(c(m 1), Ad ey, € (7)) + Z b(c(yj),c'(v)))
j=1 j=1
= (cUp ), [T,0T]) + > b(c(v)), f/(5°) = Ad iy f/(05°))
j=1
= (cUy ¢, [T,0T]) + ) " b(c(y), f/(5°)) =D (Ble,y}), (7)) m
j=1 j=1

Proof of Proposition 7.3

A(a,o/):/B(oz,o/)
T

= / B(&,a’)
D

- /9 5@ )
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:Z(/B(a f)+/éB(a,f’))

i

Z cUp x7), (7)) — (e Uy ', [T, OT]). ]

7.3 Relating Hom (T, T;SU(2)) / SU(2) and M,(S>)
We now restrict to the case G = SU(2). We define the isomorphism
T: Hom (T, T;SU(2)) — CN(S°, %),

where CN,(S?, ) is the closed polygonal linkages in S° based at a point, by

T(p) = (p(1),-- -, p()) -

This induces an isomorphism, which we also denote by T,

T: Hom (L, T;SU(2)) /SU(2) — M,(S?).

The differential dY,: T,)<Hom(I‘7 T; SU(Z)) / SU(Z)) — Tr(p)M,(S?) is then de-
fined by
dTp(C) - (dRp(’Yl)C('yl% cee 7dRP(7n)C(’Yn)) .

Here T, (Hom ( I T; SU(Z)) / SU(Z)) is identified with an element of lejar(F, suy).
We have
dY ,(c) = (dRy,x; — dLyx1, . . ., dRy,x, — dLy,x,)

and
dY,(c") = (dRy,x{ — dLy,x{,...,dRyx, — dLx,).

Recall, the symplectic form on M,(S?) is given by

w = Zw,‘ + % Z Z (Adkl'“ki—l 6_'1‘ Np Adkl,..k}._1 é]) .
i=1

i=1 j=itl
We can now prove the main result of this section.

Theorem 7.6 YT*0 =A

Proof First we note that
Y*6;(c) = c(v;)
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and
(T*w;)(c, ¢') = wi(dRyc(;), dRic’ (7))
(Adk ve(yi) +e(yi), x; )

(c('y,) Ady, x; +x)

—~(c(), ' (7)) = (c(), Ady, x])

N\'—‘ I\JI'—‘ NI'—‘ NI'—‘ —

— = (Ady,..k, c(0), Adgy ook, € () + (U x7), (7))

It follows that

(Y*@)(e, ') =Y (T*w)(c,c)

i=1
1 n n . i i
+ 2 Z Z T (Adk1~~~k,’71 0; Ny Adkl"‘kj—l 9]‘) (c,c")

i=1 j=i+l

n

1
Z (cUpx)), () = D 5 (Adiyok, c(7), Adiy ok, €' ()

i=1

+ Z Z (Adkl---k;_l C(’yi),Adkl.A.kj_l C/(’}/]‘))

i=1 j=itl
=D (M €. Ady, ()

i=1 j=i+l

1
— Z ¢ Up x;, (7)) Z 2 (Adgk, (), Adiyk, €' (0)

i=1 i=1

n j—1
+3 0 (Adik, (), Adg, ok, €/ ()

j=2 i=1

+3 0 (Adky ok, (1), Adgy o, (7))

i=1 j=1

n j—1

= (cUpx/, () + D> (Adgok, c(3), Adgyo, /(7))
i=1

j=2 i=1
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n

= (cUpx)), () + D _(Adigeok, (), el -+ - 7im1))
i=1

j=2
= {cUpx!, (%)) — (cU, ¢, [T, 7))
i=1

= A(a,a’). [ ]

It is easily seen that the functions ¢; from Section 5.3 corresponds to the following
Goldman functions. Let ¢: SU(2) — R be defined by ¢(g) = cosfl(f% tr(g)) .
We then defined the function ¢,: Hom (T, T;SU(2)) /SU(2) — R by ¢,(p) =
¢(p(7)) . We see that

Tl = ¢y -

Then choosing an maximal collection of nonintersecting diagonal on M,(S?) corre-
sponds to a pair of pants decomposition on X.

7.4 Symplectomorphism of M,(S’) and M, (E*)

We now use the following result due to L. Jeffrey.

Lemma 7.7 There exists an open neighborhood U of 0 in g" such that if \ = (A, ...,
Au) € U then the moduli space of parabolic bundles on n-punctured surface with weights
ALy« -y Ay 1s symplectomorphic to the symplectic reduced space {(X,, ..., X,) € Oy, X
X Oy, 1 Xp 4+ X, = 0}/G.

Proof See [Je, Theorem 6.6]. |

We can identify the moduli space of parabolic bundles on #n-punctured surface
with weights Ay, ..., \, with M,(S$). Also, it was shown in [KM1] that {(X,,...,
X,) €0y x -+ x 0y, Cg": X+ +X, =0}/G can be identified with M, (E?).

We have the following corollary.

Corollary 7.8 For sufficiently small side-lengths, M,(S®) is symplectomorphic to

M, (E?).
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